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Page  2. 

la  this  wock  are  studied  the  eachiae  algorithms  of  the  systems 
of  numeration  (both  positional  and  nonpo sit local)  with  the  composite 
bases/bases. 

The  results  of  this  wort  can  be  of  interest  both  for  developers 
of  Tsvtl,  which  lead  the  search  for  fundamentally  new  constructive 
solutions  of  organizing  AO  TsVH,  and  for  the  developers  of 
eleoents/cells  with  the  specific  character  of  the  arithmetic  of 
complex  numbers  in  numeration  systems  with  the  composite  bases/bases. 

The  book  is  intended  for  engineers,  scientific  workers,  graduate 
students  and  students,  who  specialize  in  the  area  of  computational 
tec hnology. 


33  tables,  52  illustrations,  15  references 
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PREFACE. 


The  cates  of  developaent  of  science  and  technology,  depth  and 
comprehensiveness  of  the  conducted  scientific  research  lead  to  the 
setting  of  ever  aore  complex  prcbleas  whose  solution  is  necessary  for 
the  national  econoay.  It  requires  the  growth  c£  the  productivity  of 
electronic  coaputers.  Even  now  on  1970-1980  is  forecast  the  creation 
of  coaputational  naans  by  the  productivity  of  10*  operations  per 
second. 

If  we  clear  the  questions,  connected  with  the  development  of  the 
new  aethods  of  the  nuaerical  solution  of  tasks,  progressing  and  the 
creation  of  new  nachine  languages,  then  the  ways  of  further 
parfsction  of  coaputational  aeans  are  exaained/scanned  both  in  the 
iaproveaent  in  the  engineering  and  technical  basis  and  in  the 
development  of  structure,  logic  and  organization  of  coaputers. 

The  first  path  represents  the  sufficiently  prolonged  process 
which  includes  at  the  initial  stage  the  discovery/opening  the 
physical  principles  of  the  construction  of  elements/cells  with  the 
high  speed  opantion  of  changeover  of  one  state  in  another,  at  the 
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following  stage  -  development  of  new  efficient  technological  methods 
(in  the  eolation  to  the  possibilities  of  mass  production  and 
economically)  and  finally  at  the  completing  stage  -  conversion  of 
those  existing  ud  introduction  of  new  production  enterprises.  This 
is  the  very  heavy  path,  which  requires  considerable  time  and  enormous 
means. 


Computer  technology  in  this  plan/layout  passed  already  the 
serias/row  of  stages,  with  the  advent  of  relay  technology  purely 
mechanical  computational  means  passed  into  the  electromechanical 
ones.  Then,  when  arose  vacuum  electronic  engineering,  began  to  be 
constructed  the  elect ron-tube  electronic  computers,  which  together 
with  radio  electronics  completed  transition  to  the  semiconductor 
technology. 

Page  4. 

it  present  computational  means  prepare  to  do  the  following  step/pitch 
*  to  pass  to  microelectronic  technology  and  integral  chart 
technology. 

another  matter  is  the  alternate  path.  It  does  not  require  any 
technical  and  technological  improvements,  but  is  based  on  the 
creation  of  new  theoretical  concepts  in  representation  and 
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intonation  processing  in  the  aachine,  in  the  construction  of  its 
structure  and  logic  and  in  the  organization  of  the  very  process  of 
the  solution  of  probleas  in  the  aachines. 

At  the  basis  of  all  aethods  created  by  this  aethod,  lies/rest3 
the  idea  very  siaple  and  at  the  saae  tiae  very  coaplicated  -  the 
deparallelization  of  operations,  siaple  it  because  logically  it 
appears,  as  soon  as  one  aachine  net  in  the  state  to  aanage  the  data 
by  the  capacity  of  coaputational  operations  and,  that  naans  it  is 
necessary  to  draw  other  aachines  and  to  distribute  the  work  between 
then  for  its  siaultaneous  and  parallel  execution.  This  is,  in  the 
known  sense,  the  principle  of  the  organization  of  any  nass  production 
when  different  parts  of  article  in  parallel  are  aade  on  different 
eguipaent  and  only  at  the  final  stage  they  are  gathered  into  the 
article  in  the  final  fora.  Is  complicated  this  idea  by  the  fact  that 
the  solution  far  not  cf  any  problea  can  be  disaeabered  to  the  parts, 
which  allow/assuae  parallel  execution  in  different  aachines.  In  the 
aajority  of  the  cases  the  algorithas  of  the  solution  carry  especially 
consecutive  character  and  only  by  coaplicated  artificial  aethods  it 
is  possible  to  produce  necessary  separation,  spending  in  this  case 
the  significant  part  of  the  total  productivity  of  aachine  to  the 
realization  of  this  separation  and  for  the  subsequent 
connecting/fitting  of  all  parts  of  the  solution  between  theaselves. 

In  spite  of  such  very  essential  difficulties  in  the  organization  of 
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the  multiple  oparation  of  different  aactiines  above  the  solution  of 
large  problems,  the  creation  of  aultiaachine  coaputing  systems  is  at 
present  the  important  method  of  the  satisfaction  of  the  necessities 
for  the  high  productivity. 

is  very  promising  and  is  fruitful  in  the  practical  plan/layout 
the  deparallelization  not  of  the  algorithas  of  the  solution  of 
problem,  but  daparallelization  on  the  "microlevel"  of  the  algorithms 
of  the  execution  of  elementary  arithmetic  operations.  Hare  it  was 
reguirad  to  finl  a  theoretical-numerical  basis,  which  is  deteraining 
the  methods  of  tha  separation  of  a  number  into  the  individual  parts, 
which  allow /assume  their  independent  and  parallel  processing.  This 
basis  was  the  theory  of  ccapacison. 

Page  5. 

Relying  on  fundaaental  concepts  and  positions  of  this  theory,  it  was 
possible  to  construct  the  original  numeration  system  in  the  residual 
classes,  in  which  numbers  are  represented  by  their  deductions  on  the 
basis  of  mutually  simple  moduli/modules  -  the  basis  of  system,  and 
the  rational  oparations  on  numbers  are  conducted  independent  of  the 
appropriate  deductions  of  these  numbers  individually,  numeration 
system  in  the  residual  classes  underwent  development  both  in  the 
theoretical  and  prr  -:tical  **  an/layout  and  it  was  used  as  basis  for 
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the  construction  of  high-productivity  computers. 

Meanwhile  the  ideas  and  the  concepts  of  the  system  of  residual 
classes  proved  to  be  such  attractive  that  caused  the  tendency  to 
widen  sphere  thair  applications/a Fpendices  and  to  generalize  them  in 
different  directions. 

Since  in  the  system  of  residual  classes  are  absent  the  evident 
interbit/interbyte  connections,  then  natural  was  generalization  in 
the  direction  of  the  creation  of  the  general  theory  of  nonpositional 
systems,  which  would  contain  all  possible  similar  numeration  systems. 
This  theory  is  developed/ processed  by  the  works  of  the  series/row  of 
Soviet  scientists  and  it  cane  tc  light/d etected /exposed  the  already 
very  interesting  numeration  system,  which  possess  different  specific 
properties,  important  for  the  efficient  practical  realization. 

Another  not  lass  important  direction  -  generalization  of  the 
system  of  residual  classes  to  the  objects  of  more  complicated  nature 
than  the  region  of  real  numbers,  fork  in  this  direction  was  conducted 
in  the  institute  of  mathematics  and  mechanics  of  AH  KazSSB. 

The  following  in  its  complexity  is  the  region  of  complex 
nuabsrs.  The  construction  of  numeration  system  in  the  residual 
classes  in  complex  domain  proved  to  be  possible  on  the  basis  of  the 
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ftaussian  theory  complex  integers,  and  Gaussian  idea  of  the 
isomorphism  between  the  composite  deductions  of  a  number  on  the 
composite  modul us/module  and  his  real  deductions  according  to  the 
norm  of  this  modulus/module  made  it  possible  to  wholly  replace  the 
integrated  numeration  system  with  real  and  thereby  virtually  it 
created  the  possibility  to  work  in  the  real  region  with  complex 
numbers  as  a  whole  without  their  separation  into  real  and  complex 
domains. 

It  is  difficult  to  overestimate  the  practical  value  which  has 
this  possibility  for  solving  the  tasks,  formed/shaped  in  the  terms  of 
complex  quantities.  The  algorithms  of  the  solution  of  problems 
considerably  ara  simplified,  since  in  them  is  absent  this 
element /cell,  as  isolation  of  the  independently  real  and  alleged 
parts  of  the  values  and  their  couplings,  and  the  productivity  of  the 
solution  of  problems  in  this  case  sharply  grows. 

Page  6. 

The  possibility  to  use  with  a  complex  number  (or  flat/plane  vector) 
as  by  the  elementary  inseparable  object  promises  the  interesting 
prospects  for  the  creation  of  the  new  methods  of  the  numerical 
solution  of  many  important  tasks.  Over  the  long  term  -  transposition 
of  this  method  to  the  three-dimensional/space  multidimensional 
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vectors,  and  also  to  the  elemen ts /cells  of  soae  function  spaces. 

The  book  contains  the  results  cf  rssearch  by  construction  of 
aachins  arithmetic  in  complex  domain  in  the  described  above 
direction. 

Ia  the  firsf  three  chapters,  being  based  on  K.  P.  Gauss's  works 
on  the  theory  of  biquadratic  deductions  [  8],  are  studied  basic 
questions  of  ths  division  theory,  theory  of  comparisons,  theory  of 
the  indices  complex  integers.  Special  attention  is  paid  to  the 
analysis  of  the  concept  of  the  full/total/complete  system  of 
deductions  on  taa  composite  mod uli/aodules  and  to  the  analysis  of  the 
tables  of  modular  arithmetic. 

The  fourth  chapter  is  dedicated  to  the  study  of  the  properties 
of  the  positional  numeration  systems  with  the  composite  bases/bases. 

The  fifth  chapter  contains  the  gena ralization  of  the  theory  of 
the  nuaeratlon  system  of  residual  classes  to  complex  domain  and  the 
development  of  machine  algorithms  in  these  numeration  systems.  3y  the 
introduction  of  special  coding  are  examined  the  methods  of  the 
abridgement  of  table  of  modular  addition  and  multiplication.  Are 
studied  the  operations  of  shortening  and  expanding  the  range. 
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The  book  will  be  of  interest  both  for  the  aatheaatlciaos ,  who 
work  in  the  region  to  the  theory  of  eatheaatical  aachines  and  their 
use/application,  as  well  as  for  the  development  engineers  of  the 
digital  conputers,  which  lead  the  search  for  tha  f undaeentally  new 
ways  of  organizing  the  arithaetic  units  of  coaputers  and  increase  in 
their  efficiency. 

The  authors  express  a  deep  appreciation  to  E.  1.  il’zaaarova  for 
the  shown/renderad  help  in  the  calculation  of  tables  and  the 
foraulation  of  tha  manuscript. 


The  authors 
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Chapter  1. 

DIVISI3M  THEORY  IN  A  RING  OP  COHPLEX  INTEGERS. 

§1.  Ring  of  coaplex  integers. 

Let  as  designate  through  r  the  set  of  all  complex  numbers 
a^-bi  (l  =1  =  0,  real  and  alleged  parts  of  which  are  integers.  Such 
nuabers  are  called  coaplex  integers  or  whole  gaussian  numbers 
(soaetiaes  by  Gaussians)  in  the  honor  of  K.  P.  Gauss,  who  for  the 
first  tiae  in  detail  studied  the  arithmetic  coaplex  integers  in  tha 
faaous  research  "Theory  of  biquadratic  deductions"  [8],  Subsequently 
complex  integers  we  will  briefly  write/record  ts. k.ch.r  whole  real 
nuabers  -  ts.r.ch. 

Since  for  any  ts.k.ch.  u,  w,  ve  r  Fulfilled 

B  +  wer, 
iiwer, 

—  iter, 

moreover 

ic-f-v, 

B*B-  Wtt, 

u  (« ■+•  o)  —  aw  +  uv. 
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then  set  of  ts.k.ch.  r  is  carried  out  commutative  ring. 

Ring  &  doas  not  have  zero  divisors,  which  is  equivalent  to  the 
assertion:  from  condition  u«w-0  it  follows  that,  at  least,  one  of  the 
cofactors  is  equal  to  0. 

Lat  us  designate  through  P  the  set  of  all  complex  numbers  whose 
real  and  alleged  parts  are  rational  numbers. 

Page  8. 

Since  sum,  difference,  product,  quotient  (if  divider/denominator  it 
is  different  from  0)  twc  numbers  cf  P  again  belongs  p,  then  P  is 
field.  Ring  &  Ls  contained  in  field  P,  but  it  is  not  it  really  is 
easy  to  construct  quotient  of  two  ts.  k.ch.  which  is  not  ts.  Ic.ch. 

Any  number. of  P  can  be  represented  in  the  form  of  relation  of 
two  ts.k.ch.;  therefore  P  call  the  quotient  field  of  ring  r. 

Norm  of  ts.k.ch.  z=a*bi  is  called  the  square  modulus  of  this 
number.  For  the  norm  is  built-in  the  following  symbol: 

il*!l  -fl’  +  h2.  (1.1) 

It  is  obvious. 


il  flD  ii  =  II  *  !l  •  II  w  II . 


(1.2) 
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§2.  Divisibility  in  the  ts.  K.ch.  ring  G 


Sines 

_*» _ a^W  __  ac-f-M  be— ad 

z  =  e~di  c-  d*  ,'*<*»'•  (2.1) 

that  divisibility  "coapletely"  of  ts.k.oh.  w  to  ts.k.ch.  z  is 
equivalent  to  divisibility  of  ts.v.ch.:  as*bc,  bc-ad  on  :\z  [  =a}  b2,  or 


ae  -  id  2  0  (mod  "  z  i|  ); 


be  —  ad  =0  (mod  z  !l  ), 


(2.2) 


In  such  casos  it  i3  accsptsd  to  write  z/w  (it  is  read:  "z  divides 

3L 

w") ,  otherwise:  zzw.  lhat  the  relation  of  divisibility  in  ring  & 
possesses  the  following  properties:  1)  z/0,  1/z,  z/z  for  any  z:  2) 

Ozz  for  any  z(zj*0):  3)  froa  z/w,  w/u  it  follows  z/u;  4)  froa  z/w,  u/v 
follows  zu/wv;  5)  fron  zu/wu,  u^O  follows  z/w;  6)  fron  i  ■  w,  (1  •-  t  4  a) 
follow 

n 

zi  ^  u,  u>t 
1-1 

for  any  u„  uj,...,  u,. 


If  ts.k.ch.  * / 1.  then  it  is  called  the  di vider/denoeinator  of 
unity.  Hence  it  follows  that  the  divider /denoaina tor  of  unity  in  ring 
Sr  are  all  thosa  nuabers,  the  reciprocals  nuabers  to  which  there  are 
ts.k.ch.:  and  r'er. 
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Sine*  f’(f  ‘r1,  ♦’.hat  f'1  is  also  the  divider /denoainator  of  unity. 

Further,  since  ♦  that  lie  •  e~‘  II  *  Hell  •  ||e‘,||  =  l. 

Page  9. 

Since  the  nci  of  ts.k.ch.  sust  be  ts.  v.ch.,  latter/last 
equality  is  possible  only  (then  .»•,:»  1  and  lie  ' I!  =  1 .  Thus,  ts.k.ch.  z 
then  only  than  it  is  the  dlvider/denoainator  of  unity  when  !U!|  =  l. 

L>t  z*a*bl  and  in  that  case 

o2  —  b*  —  l. 

Lattar/last  equation  has  the  following  solutions  in  the  integers: 

a  «  -  1,  b  --  0;  a  =*  0.  b  --  1. 

In  other  words,  in  ring  (7  four  divlders/denoainators  of  unity: 

-  1;  -1; 

Ts.k.ch.  that  differ  fros  each  othsr  in  terse  of  the  aultiplier, 
equal  to  the  divider/denoainator  cf  unity,  are  called  associated. 
Thee,  the  nuabers,  associated  with  ts.k.ch.  a+bi,  will  be 

—  a  —  bl;  —b  —  ai\  b  —  al, 

andyts.k.ch.  a-ai  (con jugated/coabined  to  nuaber  a*bi)  -  the  nuabers 

—  a~bl;  b  +•  at;  —b  —  at. 

k  soeevhat  special  position  occupy  the  associated  nuabers 

«  — a<;  — a — at;  — a  —  at;  a — at; 

*  —  bi;  —bt; 


(a,  b—  ts.  v.  ch. )  , 


I 
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which  llffar  in  taras  of  tha  fact  that  are  connactad  in  their  group 
tha  con jugatad/coabinad  nuabars. 


Tne  ralation  of  fissionability  is  invariant  to  tha 
dividars/danoainators  of  unity  in  tha  sansa  that  it  is  not  brokan,  if 
givan  ts.  k.  ch.  ara  raplacad  with  any  others,  with  thaa  thosa 
associated,  i.a.,  if  o,  e2  -  dividars/danoainators  of  unity  and  z/w, 
than  **i  / 


Aotually/raally,  sinca  *j/1  and  lx**,  that  £i  *:•  rurther,  since 
z/w  and  ‘i/s  that^ixw*,. 

Ezaapla.  3*2i  divides  4»7i,  i.a.,  (»*7i) /(3*2i) *21. 

Also  (3*21)  (-1)  divides  <«*7i)i,  i.a.,  (-7*ai) / (-3-21)  *  1-2i. 

$3.  Priae  nuabars  of  Gauss. 

Tha  dividars/danoainators  of  unity  and  all  nuabars,  associatad 
with  ta.k.ch.  z,  ara  called  trivial  dividars/danoainators  of  ta.  k.ch. 
z. 
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Ts.k.ch.  ace  called  coaposite/coapound ,  If  there  are  nontrivial 
dividers/denoainators  of  this  number#  and  staple  -  otherwise. 

Priae  numbers  we  will  call  the  prise  nunbers  of  Gauss  (p.ch.G. ) 
in  contrast  to  the  tera  "priae  numbers  (p.ch.),  difference  froa  the 
tera  "priae  nunbers  (p. ch.),  which  relate  to  ts.  v.ch. 

It  is  obvious,  any  compost te/coapound  natural  nuaber  is 
coaposite/coapound  in  ring  6.  However#  not  any  p.ch.  is  p.ch.G. 

Actually  it  is  known  that  p.ch.  of  fora  «n*l  are 
decoaposed/expanded  into  the  sua  of  squares;  therefore  such  nuabers 
can  be  represented  in  the  fora  of  the  product  of  two  of  those 
con jugated/coabined  ts.k.ch.  as#  for  exaaple#  2*  (  Hi)  (1 — i ) , 

5»(2*i)  (2-1)  . 

But  p.ch.  of  fora  4n*3  are  p.ch.G.  Aetna lly/really#  let  p.ch. 
p*4n»3  and  p*(a+bi)  (c*di)  ,  then  "p»  (a-bi)  •  (c-di)  and,  therefore# 

p2  =  (a2  4-  h2)  (c1  -1-  d*). 

Since  p  -  p.ch.  then  a* ♦b*»c* ♦d**?.  Further#  in  view  of  oddness  p 
nuabers  a  and  b  have  opposite  parity,  let  a*2k,  b*2a*l,  then 

p  .  oJ  +  6*  -  4A*  +  4m*  +  4m  + 1, 
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i.e.  pm  l  (mod 4),  whereas  p=  3  (mod  4). 

They  arrived  at  the  contradiction. 

Theorem  3.1.  So  that  ts.k.ca.  z=a*bi(a,  b#Q)  would  be  p.ch.G.  is 
necessary  and  it  is  sufficient  so  that  l|zl|  there  would  be  p.ch. 

Proof.  Let  1|z||  =  p  -  p.*h.  end  let  z=u«w,  then 

p  “ !! » a  •  ii  w  it . 

Since  ions  of  ts.k.ch.  are  ts.  v.  ch.,  then  one  of  the  ■  u lti pliers  ilu/i, 
IWII  Bust  be  equal  to  1.  If||wl|=1,  then  w  -  divider/denoainator  of  unity. 
Thus,  z  does  not  have  other  dividers/denoainators.  except  trivial 
ones. 


Conversely,  let  llzl|*a**b*  be  coaposite  nuaber  and  let  p/l|zf|  (p 
p.ch.).  ire  possible  two  cases. 

Case  1.  p  -  p.ch.  of  fora  4n+1.  then  p*«**0*;  let  us  show  that 
ts.k.ch.  z  is  divided  into  «*i@  or  on  «-i0. 


Page  11. 


He  have  equalities 


.  : 

*Tl  • 

a  i  ib 
t— is 


at+  63 
P 

at— 63 


bt— gi 

p 

bt  -t-g^ 

P 


t; 


l. 


D 
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Hence  we  obtain  tha  identities 

ii  2  li  *  p  =  (oa  4-  b?)J  +  (b*  —  u?)1; 

!|  z  ;j  •  p  =  (aa  —  b 3)2  —  (bi  4*  a’)2. 

Further,  since 

(as  +  &f>)*(«3  —  b'i)  =  a2p  —  i2 ;;  ?  •  , 

the  either  f/(aa*b|3)  ,  or  p/(a«-b0),  In  the  first  case  from  the  first 
identity  it  follows  that  p  ✓  (ha— ap)  and  therefore  (a*i0>  /  (a+bi) ;  in 
the  second  case  from  the  second  identity  follows  that  p/(ba*aP)  and 
therefore  (a-id)  / (a*bi)  , 

Case  of  2.  p  -  p.ch.  of  fora  4n*3;  in  that  case  number  ||zll=*a*«-b* 
is  divided  into  p  if  and  only  if  p/a  and  p/b,  i.e.,  number  a*bi  -  is 
coaposite/coapound. 

Thus,  it  is  shown  that  if  the  norm  of  ts.lc.ch.  z  is 
composite/compound,  then  number  itself  z  -  coaposite/compound. 

Corollary  1.  Nora  jjz|j  p.ch.G.  z  is  either  p.ch.  or  square  p.  ch. ; 
in  this  case  in  the  first  case  p.ch.G.  has  different  from  zero  real 
and  alleged  parts,  and  secondly  -  p.ch.G.  with  an  accuracy  to  tha 
dividers/denoainators  of  unity  coincides  with  p.ch. 
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Corollary  2.  Sat  p.ch.G.  can  be  classed  as  follows: 


XL  *. 

ripocrue 

ncn  r»ycc*  (n. 

i.  r.) 

— T* - 

HopM*  n.  *.  T. 

0 

1 

i 

—1 

— i 

II  2  •  =1 

i 

1 +i 

— 1 +< 

— 1— i 

1—i 

!,  z  i  =2 

2 

«+«? 

— ?+i* 

■— a— i9 

° — ia 

il  *  .  =  p— n.  <j. 
pssl  ( mcd  4) 

3 

P 

iP 

— p 

—ip 

II  Z  II  —  p2 

j  p*3  (mod  4) 

Kay:  (1).  Type  ?f  p.ch.  (2).  $riae  numbers  of  Gauss  (p.ch.G.) 
Nora  of  p.ch.G. 


§4.  Properties  of  divisibility  in  ring  G 


Theorem  4. 
such,  that 

■oreover 

Page  12. 


.  Por  any  ts. k.ch.  z  and  p  there  are  ts. k.ch. 
z  =  tp  r,  (4.1) 

II  r  ii  <  ||  p  || .  (4.2) 


Proof.  Lat  z=a*bi  and  p-a*13.  Let  us  consider  the  nuaber 

a+bl  ai-i-65  .  ol — ’ft  .  .  , 

T ~p=  — •S  +  |T- 

Ui 

r  and  0  -  respectively  nearest  ts.ch.  to  the  real  and  alleged 
of  the  fraction,  i.e. 

i  i  <  -y;  1 3_T<  i  <-r*  <4-3) 

Ve  fora  ts.k.ch.  t*r*i»,  then 


t 


,'oj— fti _ _  ,2  _j_  'it:  -»ft 

I  P  I  V  1  {  .i  P  I 


< 


1_ 

2  • 


(3). 


t  and  r 


parts 
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Let  us  assuae  r=z-tp,  then  r=tp*r,  moreover 

r  :  =  !|(T-t^|  =  ||  "f"  -  '[*  P  '<-Y  'P  <  P  ’ 

The  property  of  ts.k.ch.  expressed  by  the  proved  theorem,  leans 

that  ring  &  is  Euclidian  ring  [7],  for  which  reaains  valid  the 
euclidean  algorithm.  Euclidean  algorithm  for  ts.k.ch.  will  be 
described  below. 

Relationship/r at io  (4.1)  is  generalized  the  relation  of 
divisibility,  in  this  case,  as  usual,  nuaber  z  is  called  dividend,  p 
-  by  divider/denominator  (aodulus/modula) ,  t  -  by  the  partial 
quotient,  r  -  by  reaainder/residue. 

The  relatively  partial  quotient  (t)  and  reaainder/residue  (r) 
theorem  4.1  claims  their  only  existence.  Requirement  (4.2),  generally 
speaking,  does  not  provide  the  uniqueness  of  pair  t  and  r. 

Example.  p_3_2,.  !  p  :  -  is. 

5  +  4i-l.p  +  (2  +  20.  „  2-r  2i  i|  -  8  <  3  pH, 

5  -*•  41  -  2p  (—  1).  —  1  -  1  <  B  p  I  . 

5  —  4j  «•  (2  +  »)  p  -r  (1  —  3i),  1—  3i  .  -  10  <  Sp.. 

A  question  about  the  conditions  of  the  uniqueness  of 
representation  of  ts.k.ch.  in  the  fora  (4.1)  has  important  value  for 
the  machine  arithmetic  of  ts.k.ch.  and  it  will  be  examined  below. 

For  ts.k.ch.  by  the  usual  method  is  built-in  the  concept  of  the 
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greatest  common  divisor  (NOD).  Ts.lc.ch.  d  is  NOD  of  ts.  k.ch. 
*2 . z„;  (d  =  (zi,  . z„)),  if 


1)  d  is  the  common  divisor  of  all  numbers  gu  z; . z„; 


2)  d  ace  divided  into  any  common  divisor  of  numbers  z;,  z; . z„. 


Page  13. 


Ts.lc.ch.  z!t  z:,  ...,zn  is  mutually  simple,  if  (z1(z2 . z„)  1. 


Theorem  4.2.  For  any  final  set  of  ts.lc.ch.  zit  z: . z„  there 

exists  with  an  accuracy  to  the  dividers/denominators  of  unity  only 

NOD.  In  this  case  d=(z{,  z2,  ....  z„ )  when  and  only  when 

zk  —  dwk 

1  r  k  '  n  (4.4) 

ft 

d  =  ]£u*z* 

*-i 

with  some  ts.  k.  ch .  wk,  (l  "  ft  n).  z 

Proof.  Cn  the  basis  of  ts.lc.ch.  *  "we  form  set  of  ts.k.ch. 

by  means  of  all  possible  combinations  of  form  * 

_  ’*  **• 

*=1 

Sat  L  -  subcing,  since  from  a.beL  it  follows 

a  -  be  L,  a,  be  L, 

n 

d  —  b  =  ^  (■•*  ~  )  s*  €  £,* 

kmt  l 

a*b  —  ^  (V**)  zh  e  l. 


A-l 
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Lat  us  consider  the  norms  of  all  ts.k.ch.  of  subring  L.  Since 
fromllzl\=0  it  follows  z=0,  then  among  different  from  zero  ts.k.ch. 
sets  L  there  is,  at  least,  one  ts.k.ch.  d  with  the  seallest  value  of 
norm. 


Lst  us  show  that  any  ts.k.ch.  z&L  Is  divided  into  d.  Let 
z=q»d*r,  where  ||r||<  ||d(|,  Since  d.zeL .  that  r^z—qdZL.  But  ts.k.ch.  d  has 
on  set  L  Minimum  norm;  therefore  from  conditions  rcL  and  r  <  d  it 
follows  that  r=0. 

Further,  since  zkeL(l<k^n),  first  d  ■  zk  ( l-'k  n ),  i.e.  carried 
out  condition  (4.3);  since  del,  that  will  be  located  such  ts.k.ch. 
u;,u2 . u  .  that 

n 

d  = 

*- i 

i.e.  is  satisfiad  condition  (4,4).  But  any  ts.k.ch.  d,  which 
satisfies  conditions  (4.3),  (4.4),  is  NOD  of  numbers  z.z . zn. 

Page  14. 

Actually/raally,  from  (4.3)  it  follows  that  d  is  the  common  divisor 
of  nunbers  z\,  and  from  (4.4)  it  follows  that  any  common 

divisor  of  numbers  zn  *2,  is  dividar/dencsinator  of  ts.k.ch.  i. 


It  remains  to  show  that  NOD  is  determined  by 


DOC 


81024001 


PAG?  2  J 


relationships/ratios  (4.3),  (4.4)  with  an  accuracy  to  the 

dividers/denominators  of  unity.  Let  it  be  e  -  di vider/denominator  of 

unity,  then  (4.3)  and  (4.4)  it  is  possible  to  present  in  the  fori 

24  =  (t.d)-(uve-»), 

e-d  =  V(6U)k).2)k, 

i.e.  t3.lc.ch.  e-d  also  is  HOD  of  element  s/cel  Is,  zi,  z2 . z„. 

Corollary  1.  In  relationship/ratio  (4.3)  numbers  u>\.  w2 .  w„  ar9 

mutually  simple,  in  this  case 

n 

y  *k  u>k = i- 

*-i 

Corollary  2.  If  w,,  w2,  ....  wn  -  is  mutually  simple  and 
2*  —  dwk  (1  <  k  <  n),  then 

d  =  (2jf  2%,  •  • « »  zn). 

Corollary  3.  IE  z=a*bi  and  (a,  b)=1,  then  (z,  z)-1. 

In  fact,  la t  us  assume  that  fz,  z)  =p  [p4 1)  .  since  (z,  z)  =  p  and 
(z,  z)=(z*  z) ,  than  p  -  ts.v.ch.  Hence  we  consist:  z=p(a, *b,i) ,  which 
contradicts  condition  (a,  b)  *  1. 

Theorem  4.3  (auclidean  algorithm),  sod  of  ts.lc.ch.  z,  w  can  be 
found  with  the  help  of  the  algorithm,  described  below. 

Proof.  If  w  =  0,  then  (z,  w)=z;  but  if  w^O,  then  is  realized  the 
process  of  consecutive  indexing  on  the  diagram 
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z  =  wqx  +  rl  ||  rt  ||  <  H  w  || 

“  =  ^92*^  H  r2  !|  <  !!  rl  II 

ri  ~  r2  ?a-r  r s  ir8||<j|r2|| 

.  .  (4.5) 

*-2=r*-i  <h~rrf  li  r,  1  <  |j  r,_,  || 

r>~ i  =  r«  ?»-i  - 1  —  0 

Since  all  !|  rf  |j  -  whole  non-negative  numbers  and 

l  »  I  >  *  |  >  I  r,  |  >  S  r,  |  >  . . . , 

that  the  described  process  of  consecutive  indexing  is  final  and  at 
certain  s*l-  stap/pitch  we  will  obtain 

Page  15. 

Lat  us  show  that  ts.k.ch.  r»  will  be  unknown  MOD.  Proa 
equalities  (4.5) ,  a xaaining/scanning  thaa  froa  bottom  to  top,  we  see 
that 

r,/r,_i,  r,/r,_j,  r,/  r,_s, . . . ,  r,/w,  rjz , 

i.e.  r,  is  common  divisor  of  ts.k.ch.  z  and  w.  Let  now  £  -  any 
divider/denominator  of  numbers  z  and  w,  then,  eraaining/scanning 
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aqualities  (4.5)  also  downward,  we  note  that 

C/r„  l/r2,  C/rs, . . . , 

i.8.  r,  =  (z,  w). 

Observation.  Using  a  euclidean  algorithm,  it  is  possible  to  find 
NOD  for  any  final  set  of  ts.  k.ch.  z,,  z2,  ...  ,  z„  from  the  diagram 
dt~(Zi9  ^2).  do  —  {d\t  2z), —  (dz,  Zi),  •••!  d  =  (dn-z,  zn)  =  (2^9  z2t...f  zn). 

Exaaple. 


a)  To  find  NOD  of  ts.k.ch.  (1*3i#  1-3i): 

1  +  3i  —  <1  —  8i)  (-1  +<)  +  (—  1  —  0,  N  —  1  —  i  .  -  2< 

<  -L  U  -  3:  H  —  _4_  - 10. 

2  2 

1  _  Si  -  (-  1  -  <)  (1  +  2i)  +  0. 

(1  +  Si,  1  —  Si)  —  —  1  —  i. 

b)  to  find  nod  of  ts.k.ch.  (- 3  +  »i,  3  +  n/.  10  +  *i): 

-  3  +  29i  -  (3  +  lli)  (2  +  i)  +  2  +  41,  I  2  +  41 S  -  20  <  I  3  +  Hi  il  -  130. 
3  +  lli  -  (2  +  4i)2  +  v—  1  +  3i),  |  —  1  +  3i  1  =»  10  <  !  2  +  4i  !  -  20, 

2  +  4i  -  (-  1  +  3i)  (1  - «)  +  0, 

whence  (-3»29i,  3*11i)=1-i.  Further 
10+  41-  a  — 0  <8  +  70  +  0. 

therefore 

(—  8  +  29f,  3  +  lli.  10  +  41)  -  1  —  i. 

Theorem  4.4.  if  w/zC  and  (wr  5 ) = 1 ,  then  w/z. 


Proof.  Since  (w,  C)*1,  then  there  are  ts.k.ch.  ulf  u2  such,  that 
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Page  16. 

Multiplying  this  eguality  on  z,  we  will  obtain  z =u, wz*u2  (C*z) .  Since 
w/5«z  and  w/utzw,  then  w/z. 

Theoraa  4.5.  If  z  -  any  ts.k.ch.  and  p  -  p.ch.G.  then  for  (p, 
z)  =  1  i3  necassary  and  sufficiently,  in  ordar  to  prz. 

proof.  Lat  (p,  z)=d;  therefore  d/p.  Since  p  -  p.ch.G.  the 
ts.k.ch.  d  can  ba  either  the  number,  associated  with  p  or  by  the 
divider /denoainator  of  unity.  But  d  cannot  be  the  number,  associated 
with  p,  since  otherwise  they  would  have,  that  p  d.  but  since  d/z, 
then  would  be  obtained  that  p/z.  "thus,  lldll  =1 ,  i.  e.  ,  d  -  the 
divider/denoainator  of  unity  and,  therefore,  p,  z  is  mutually  simple. 

Conversely,  if  (p,  z)  =  1,  then  p)(i,  since  froa  p  *  z,  and  p/p  would 
follow  that  p/1  that  it  contradicts  so  thatj/p||*1. 

Thaoraa  4.5.  If  product  of  ts.k.ch.  zt»z2*. . .  •  *«  is  divided  into 
p.ch.G.  p,  then  at  least  one  of  the  cofactors  is  divided  into  p. 

Proof.  By  induction  on  n  theorea  can  ba  reduced  to  product  of 
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u-M'n 

two  ts.k.ch.  z,*z2.  If  p/2 j according  to  thaorea  4.5  (p,  * a )  =  1 « 
then  according  to  theorem  4.4  p/z2. 

Theorea  4.7.  Any  ts.k.ch.  z ,  different  front  0  and 
dividers/denominators  of  unity,  is  decon posed/ex panded  into  the 
product  p.ch.G.  and  besides  by  only  fora  with  an  accuracy  to  to  tha 
order  of  cofactors  and  di viders/denoninators  of  unity. 

Proof.  Let  z  -  arbitrary  ts. k.ch.  Let  us  demonstrate  at  first 
the  existence  of  its  disintegration  on  p.ch.G. 

Ifl(zll=l  aai  z  is  not  factorable,  different  froa  the  numbers, 
associated  with  z,  then  z  -  p.ch.G. 

Lat  z  have  the  nontrivial  di viders/denominators  z=cl«c<»'l.  At 
least  one  of  thea  (let  us  say  dl\)  it  his  the  nontrivial 
dividers/danoainators  c^, otherwise  the  existence  of  expansion 
z  on  p.ch.G.  is  proved.  As  a  result  of  the  consecutive 
use  /application  of  these  reasonings  we  will  obtain  chain/net  work  of 
ts.k.ch.  cui|#  c&)3,  ...,  aorecver  !1  *  II  >  II  c[u  |j  >  |j  c™  ij  >  c^8’ >  — 

Since  noras  of  ts.k.ch.  are  integers,  then  through  a  finite 
nuabec  of  steps/pitches  this  chain/network  is  broken,  i.e.,  each  such 
chain/natwork  wllL  lead  to  that  decoaposed  ts.k.ch.  (p.ch.G.).  This 
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proves  to  be  the  existence  of  the  disintegration  of  any  ts.  k.ch.  on 
p.ch.G. 


Let  us  demonstrate  the  uniqueness  of  disintegration,  rf  ts.k.ch. 
z  is  p.ch.G.  than  the  uniqueness  cf  its  disintegration  with  an 
accuracy  to  the  di viders/denominators  of  unity  is  obvious.  Let  us 
assume  by  the  induction  that  is  valid  the  uniqueness  of 
disintegration  with  a  nuaber  of  sitple  multipliers  not  more  than  n-i. 
Lat  further  ts.ic.ch.  w  have  two  expansions  (with  a  nuaber  of 
multipliers,  equal  n)  :  w  =  p,  p, . . .  p„  =  q2 . . .  qt,  where  all  Pj  -  p.ch.G. 

Page  17. 

Since  w  is  divided  into  p,,  then  one  of  the  cofactors 

•••’?*  is  divided  into  pt.  Let  this  be  qi.  Since  qt  -  p.ch.G., 
then  gi=fiPt.  where  !>ei II  =  1.  shortening  to  pj  initial  equality,  we  wiLl 
obtain  ts.ic.ch.  with  the  number  of  cofactors,  which  does  not  exceed 
n-i.  Since  by  hypothesis  for  a  number  of  cofactors  not  above  n-1 
uniqueness  of  disintegration  on  p.ch.G.  is  accurate,  then  n-l=s-1. 

Thus,  with  the  adequate/approaching  numbering  we  will  have 
*/  =  ‘iPi,  where  !i  *,  ||  =  i. 

Example.  Ts.ic.ch.  109*1421  uniquely  is  represented  in  the  fora 


109  +  1421  -  (2  +  1)  (3  +  21)  (4  0  (5  —  2i). 
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The  concept  of  the  least  common  multiple  (NOR)  of  several 
ts.k.ch.  Is  built-in  by  the  usual  eethol: 

z  is  NOR  of  ts.k.ch,  ®i>  wj.  •••,  »«.  if  z  is  conon  aultiple  of 
numbers  w*  ■  ■  ■  >  and  divides  any  common  multiple  of  them. 

Dacomposing/axpanding  each  ts.k.ch.  w  ,  . . .  on  p.ch.G.  ve 

fora  t3.k.ch.  z,  equal  tc  the  product  of  all  p.ch.G.  of  entering  the 
disintegration  at  least  of  one  of  the  numbers  w,.  it  is  obvious  that 
thereby  NOR  are  determined  unambiguously  with  accuracy  to  the 
dividers/denoainators  unity. 

Theorem  4.8.  If  ts.k.ch.  z  is  divided  into  each  ts.k.ch. 

Pi.  Pi,  •  •  •  *  Pn  and  these  latter  pairwise  are  mutually  simple,  then 
Pi.  Pi . Pn  '  *• 

Proof.  The  simple  multipliers  of  each  of  the  numbers  p*  enter 

Act 

into  z,  in  this  case  any  pair  of  numbers  P*.  Pi  k  common  factors. 
Therefore 

Pl»  Pi*  •  •  •  .  Pn/ Z. 

Corollary.  If  ts.k.ch.  pi,  pi,  . . . ,  p.  is  pair-wise  mutually  simple, 
then  the  NOR  of  numbers  P\*  Pi.  • , , ,  p„  is  equal  to  their  product 
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Theorea  4.9.  If  ts.k.ch.  z  of  actual  Is  staple  with  each 
ts.k.ch.  Pu  Pit  •  •  • » Pm  the  z  Is  actually  3iaple  with  product 

.  P.  •  •  •  Fn- 

Proof.  According  to  condition  (*.  Pk)  =  1  (1  <k  ca),  i.e.  z  and 
P*(  1  <k<n)  are  priies;  therefore  z  and  P\Pi . . .  pn  are  priaes,  i.e., 

(2.  P  D  ...  pn)=  1. 


DOC 


8 102-002 


P  AG  F 


JJ 


Page  18. 

Chapter  2. 

COMPARISONS  CP  COMPLEX  INTEGERS  AND  THEIR  PHOFZ STIES. 

§1.  Concept  about  the  comparison. 

In  the  previous  chapter  was  de*ersine^  the  al'Torithm  of  tn- 

i 

division  in  accordance  with  which  any  pair  is.fc.oh.  *  and  p  car.  nr 
compared  with  tha  pair  is.  ■  ard  r  such,  that 

z  —  pq  r,  (1.1) 

where  i  r  <  ■!  p  i  • 

Two  ts.fc.ch.  z  and  w  are  called  comparable  in  complex  mo  lulus 

if  with  division  of  z  and  w  by  p  to  them  correspond  one  and  the  sa 

remainder/residue:  in  this  case  they  write: 

zmw  (mod  p). 

As  has  already  been  noted  above,  condition  (1.4.1),  generally 
speaking,  dees  not  provide  s ing le- valued  determination  the  partial 
quotient  q  and  residue  r.  Therefore  it  can  seem  that  to  ere  and  th 
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sant  ~s.fn.zh,  z  can  correspond  several  remainders/resiiues 
such,  that  IkillClIpH,  Hr2||<l!p||.  But  in  that  case,  obviously, 

rt  —  r2  s^O  (mod  p). 

Actually/raall y , 

2=‘9iP+rl, 

2  —  ftp  +  rit 

t»  he  re  ::  r,  ||  <  ||  p  n  .  II  rt  H  <  ||  p  ||  . 

Hance  r t-r (q2-q  , ) f,  i.e.,  ri~r2=0  (nod  p)  . 

Exaaple.  p-3  +  aT.  \pt-a, 

5  -*■  «i  -  1.(8  40  +  (2  4-  21).  ?l  -  1.  rt  -  2  +  2.  1  r,  |  -  8. 

.5  4- 2(3  +  4i)  -M-l-20.  =  2.  r,  -  -  l-2i,  I  r,  |  -  S. 


but  however,  in  this  case  r,_ -(2  +  ao-^-ao- 3  +  «- 0 <«*, pK 
Page  19. 

§2.  Basic  properties  of  ccapariscns  of  ts.j^.ch. 

Property  1.  If  2=  w,  w  ==  u  (mod  p),  to  z  -  u  (mod  p). 

Proof.  Since  z— u;— u-m2p,  the  e=u4ffl2F,  therefore, 
z-u=  (mv  -n2)  p. 
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Property  2.  If 

2,  =  r,  (mod  p), 

22  =  r2(modp), 

then 

zi±  zt  =  r j  =  r 2  (mod p), 

2t*22  =  r,T2(mod  p). 

It  is  possible,  in  particular,  tc  count  If/-, II < J!pi',  "r2\< 

Proof.  Since  z  i  =  lJiFtci,  Z2  =  <3zP*r8#  then 

zi  _  22  =  \<h  ±  5:)-p  -1-  (r,  ±  r 2), 

2j  •  22  =  (?1?2P  T?i'-2r?2''l)PT  T,  r2. 

The  corollaries  of  this  property  are  the  following: 

a)  if  2  +  B=a(modp),  -Hi®- It  z  =  u — w  (mod  p) ; 

t)  if  2  =  w (mod p),  t  rer.  to;  any  '3«v.ch.  J 

2-j-u  sit-i-u  (mod  p); 

c)  if  2=  to  (mod  p)  and  n  -  ts.v.ch.  (positive),  then  2"  s  wn  (modp) 

d)  if  z~w (mod p)  and  »er  then  vz  ==  yu; (mod py 

*  a 

e)  if  Xt  =  flk(modp)  and  z  =  w(modp),  then  ^  <4*  2*  s  V  w*(mod  p). 

*-»  £?i 

Property  3.  If  27  a  u>? (mod p),  aoreover  (q,  p)  =  1,  then 

Proof.  According  to  the  condition  we  have 
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(2  —  w)  q  =  p, 

since  q/nitp  and  (g,  p }  =  1 ,  then  q/w ,  therefore, 

z  —  w  38  0  (mod  p). 

Property  4.  if  z  =  w  (mod  p>)  1  <  i  <  n,  io  reo  ver  ?,,  Pi,  . . . ,  p„ 
pair-wise  .mutually  simple  and  ^—p.Pi...  pn,  then  :3W(modP). 

Page  20. 


Proof.  According  to  theorem  1.4.8,  P/z-w. 

Property  5.  If  z  ss  w  (mod  p)  and  P~qd,  Hqll  ^  i,  then  z^w  (mod  q). 

Proof.  Since  z-v=mp  and  p=<?d,  then  z-w=mdq,  i.  .  2  w  0  (mod  q). 

53.  Concept  about  the  f  ull/total/cooplet  e  system  of  deductions. 

On  the  given  one  modp(pCT)  the  set  of  all  ts.  k.ch.  is 
divided/marked  off  into  the  set  of  the  nonintersecting  sets  each  of 
which  joins  in  itself  all  ts.k.ch.  congruent  between  themselves  ir. 
■od  p. 


A  and  b  -  two  such  sets.  Let  us  show  that  they  do  rot  irf»rs*c 
For  this  purpose  let  us  take  arbitrary  oleasnts/cells  zga  ?r.iweB. 
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It  is  clear  that  w z  (mod  p),  sines  if  would  jrove  to  be,  that 
w=z(modp),  then  in  view  cf  property  1  of  comparisons  arbitrary 
ts.k.ch.  frea  A  would  prove  tc  be  comparable  with  arbitrary  ts.  k.ch. 
from  B  and  thereby  regarding  both  set  A  and  3  they  would  prove  to  he 
coincident. 

This  separation  of  set  f  into  the  subsets  is  called  separation 
into  the  classes  of  equivalences  {in  this  case  two  ts.k.ch.  are 
considered  equivalent,  if  they  are  congruent  between  themselves  in 
mod  p)  . 

Each  eleaent/oell  of  the  class  of  aquivalency  is  called  by  th- 
represer.tati va  of  class.  It  is  cbvicus,  any  representative  of  class 
uniquely  determines  entire  class. 

The  set  of  all  classes  of  equivalency  is  called  a  factor-set  cf 
ring  r  on  elemant  p  and  is  designated  by  symbol  T/(p).  using 
arithmetic  properties  of  comparisons  (property  2),  it  is  not 
difficult  to  show  that  T/{pj  is  ring.  »ith  this  if  z  and  w  are  the 
representatives  of  classes  d,  and  A*,  i.».  ,  and  th«!n 

*  ~r~  w  -*  A,  ~(~  Aw  —  Aj+u, 

Z‘W  -*■  A, •  Aa  =*  A,.w,  (3-1) 

The  classes  of  equivalency  cn  mod  p  are  called  also  residu? 


classes  cn  mod  p. 
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If  we  from  e  ,h  residue  class  select  somehow  cr  one  and  only  fc 
one  representative  (deduction) ,  then  we  will  obtain  the 
full/total/complete  system  of  the  deductions  (abbreviated  as  p.s.v.) 
which  is  characterized  ty  the  fact  that 

a)  all  numbers  cf  this  system  are  not  congruent  between 
themselves  in  mod  d, 

b)  any  ts.k.ch.  of  r  is  ccncruent  with  one  cf  the  numbers  of 
this  system. 

Page  21. 

In  accordance  with  the  determination  of  p.  s.v.  is  valid  th~ 
following  theorem. 

Theorem  3.1.  Set  a  of  ts.k.cb.  forms  p.s.v,  cn  mod ul us/mod ule  p 
when  and  only  when  any  ts.k.cb.  *er  is  unambiguously  represented  in 
the  fora 

z  =  qp  r. 


where 


re:. 


(3.3) 

(3.4) 
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Proof.  Let  with  the  preset  set  of  numbers  a  any  ts.  k.ch.  in  a 

single  manner  is  represented  in  the  form 

*  =  ~  r, 

where  rez. 

Let  us  shew  that  in  that  case  the  set  a  forms  p.s.  v.  or.  nc  :  p. 
Actually/really,  r1(  r.e  :  and  *  r,.  Let  us  show  that  r.  =  r2  (mod  p). 

Let  us  assume  that  r,  =  r2  (mod  p),  then  r^ra+m*?  (m  *  o)  and, 
therefore,  ts.k.ch.  rt  in  the  fcrir 

ri  —  ri  —  Op,  j-j  e  j, 
ri  —  r2  ~  mp,  r2  e  z, 

which  represented  contradicts  the  uniqueness  cf  the  disintegration  cf 
any  ts.  k.ch,  into  form  cf  fortr  (3.3,  3.4). 

Thus,  from  condition  r>.  r2®3  and  n  *  r,  it  follows  tnat  r,:£r,  (med 
p) .  it  remains  to  be  convinced  cf  th9  completeness  of  set  a. 
Completeness  a  follows  from  the  fact  that  any  ts.k.ch.  is  represented 
in  the  form  (3.3,  3.4).  Reverse  assertion  is  the  immediate 
consequence  of  the  determination  cf  p.s. v. 

Theorem  3.2.  If  »x  and  <r2  -  two  different  p.s.v.  in  one  and  oh- 
same  composite  modulus/module  p,  then  sets  »,  and  az  are  isomorphic, 
in  other  words,  between  the  sets  ox  and  *2  there  is  one-to-one 


DOC 


4 1 024002 


PAGE 


ccnf orm ity 


follows 


such,  which  from  the  condition 

*l  * — *■?!.  »i,  a2G3„ 

22  *  *  6  C2 

’l  T  »2  <—*•?!  T  P2, 
lt  •  -*  ►  £J,  *32. 


/ 
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Proof.  According  to  theorem  3.1  any  element/cell  3  e  is 
unambiguously  represented  in  the  fora 

1  =  34-  kp, 

where 

3  e  ' 

moreover  to  two  different  ele ment s/cells  j,.  3,63,  in  this  way  ere 
compared  two  different  elements/cells  ^i.  Bjei,; 

h  =  K,  —  p, 
a2  =  +  *2P 

Actually/really,  from  the  assumption  0 1  it  would  follow  the 

3i  =  32(modp).  The  latter  is  impossible,  since  3i  *  and  *1,  i^.  the 
isomorphism  of  conformity  follows  from  the  fact  that 

*1  —  *2  =  Cei  t  ?s)  ~r  (^1  c~  ^2)  P< 

*1  •  *2  —  ?2  "T"  (ei  ^2  T?l^lT  fcj  &2  P )  Pi- 

That  presented  above  can  be  summarized  as  follows:  the  operati 
of  comparison  of  ts.fc.ch.  on  the  preset  mod ul us/mcdule  p  realizes  t 
single- valued  (but  not  cre-to-cne)  representation  of  ring  r  onto 
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quotient  ring  I7(p),  in  this  case  circular  operations  (addition, 
multiplication)  on  the  elements/cells  on  factcr-ring  T/(p)  are 
equivalent  circular  by  the  operations  of  ring  r  on  mod  p  above  th=> 
representatives  of  each  class  cf  equivalency.  In  ether  words,  the 
study  of  the  properties  cf  comparisons  is  equivalent  to  the  study  o 
the  properties  cf  the  operations  cf  quotient  ring  T  IP)- 

Lat  us  illustrate  this  position  on  some  important  properties  o 
the  theory  of  comparisons. 

Theorem  3.3.  If  ts.k.ch.  w  satisfies  condition  (w,  d)  =  1  and  if 
passes  p.s.v.  on  mod  p,  then  ts.k.ch.  wz*5,  where  5  -  any  ts.k.ch., 
also  it  passes  p.s.v.  on  ired  p. 

Proof.  Let  us  designate  through  n(p)  a  number  of  e la  me rt s/c all 
of  p.s.v.  on  mod  p.  It  will  be  shewn  below  that  for  any  ts.k.ch. 

P  *(P)  =  llpll. 

Since  z  accapts  n(p)  of  different  values,  then  the  linear  form 
wz  +  S  also  assuaa  n(p)  values.  Let  us  show  that  if  *i^Z2(mo 6  p),  -.hen 

w*i  d-  C  s  wzt  4- ;  (mod  p). 

Let  us  assuaa  that 


the  n 


»ar,  -K  *w*,  +  C  (mod  p) 
wai  *  wtf  (mod  p). 
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since  then  hence  it  follows  that 

’  Zl  ~  *»  (mod  p),  ~ 
which  contradicts  initial  condition. 

Let  us  pause  at  sc  me  corollaries  of  this. 

3a low  we  will  assume  that  p.s.v.  on  sod  p  includes  numbers  0  i 
1  belong  to  the  different  classes  of  equivalency.  Let  us  further  r.o 
that  p.s.  v.  which  is  formed  by  the  values  of  the  linear  form  of  wz  + 
can  be  compared  with  p.  s.  v.  whose  value  accepts  the 
variable/alternating  z.  Then  theorem  3.3  can  fce  paraphrased  as 
follows. 

Theorem  3.4.  if  (wtp)=1,  then  the  comparison 

wz  +  :~  u(moi  p),  (3.5) 

where  5  and  u  -  any  ts.k.ch.,  has  single  solution,  belonging  to 

p.s. v. 

Observation.  Let  z0  -  solution  of  comparison  (3.5)  in  ths  s~r.s 
indicated,  then,  obviously,  any  ts.k.ch.  from  the  class  cf 
equivalency,  representative  of  which  is  z0  it  is  solution  (3.5). 
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Theorem  3.5.  If  (w,  p)  =  1,  then  the  comparison 
wz  =  1  (mod  p)  (3.6) 

has  singularly  solution  of  w”1,  belonging  to  p.s.v. 

Example.  To  find  the  soluticr  cf  the  comparison 


Her9  (1  +  2i)  t  m  l(mod  4  +  i). 

(1  +  2t.  4  +  i)  -  1, 

therefore  comparison  has  the  unique  solution,  which  belongs  to 

p.s.v. ,  i.e.  , 

*  —  1  +  x  (mod  (4  4-  i)). 

Th«ore m  3.5  is  corollary  3.3.  In  this  case  the  residue  cf 
ts.k.ch.  v-i  on  mod  p  is  called  reverse  to  deduction  ts.  jc.ch.  w. 

Corollary.  If  p  -  p.ch.  I\,  then  condition  ( w ,  p)  =1  is  satis:: -1 
for  any  i*er.  Consequently,  if  p  *  p.ch.T.,  then  any  element/cell  from 
p.s.v.  has  reverse,  i.e.,  p.s.v.  cn  the  simple  modulus/moauls  is 
formed  field. 

In  the  language  of  quotient  ring  r/(p)the  properties  indicated 
can  be  formulated  as  follows. 
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1.  Element/call.4,, er/(j>),  whose  all  raprasentativos  mutually  simple 
with  p,  it  is  divider/dencsinatcr  cf  unit  I7(p)‘.  as  unit  of  quotient 
ring  r/(p)  it  is  accepted  class  of  equivalencies  which  contains  in 
itself  1. 

2.  Ouctient  ring  r/(p)  is  field,  if  p-p.  <,  r.; 

3.  If  Aw  -  divider/dencminatcr  of  unity  cf  quotient  ring  I7(p)  ^  nJ 
A,  passes  all  elements/cells  T/{p),  then  linear  form 

A*‘A,  A^ 

takes  all  valuas  fro®  I7(p);  in  ether  words,  if  wi»  -  di vider/dencm?'  nat cr 
of  unity  from  I7(p), then  equation 

A v ■  A ,  -|-  ^4 ^  ss  ^4^ 

has  unique  solution  with  any  A„,  A 

Thus,  symbol  of  comparison  (s=)  in  the  language  of  quotient  ring 
r/(p)or,  which  the  same,  cf  cell  of  elements/cells,  p.s,  v,  acquires 
the  sense  of  the  symbol  cf  equality  (=)  . 

Since  arithmetic  ts.k.ch.  in  different  numeration  systems  deals 
concerning  the  alements/cells  of  p.s. v. ,  then  it  is  expedient  from 
the  symbol  of  comparison  to  pass  to  the  symbol  of  equality.  For  this 
purpose  the  chosen  set  cf  p.s.v.  cn  mod  p  we  will  daszgnata  by  the 
symbol 

<•  I 


p  • 
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The  operation  of  extraction  from  number  z  on  th*  basis  of  inodes  p  o 
residua  r,  belonging  to  that  chosen  p.s.  v.  <•  I,  ,  wa  will  designate 
by  the  symbol 

<  *  I  „  . 

In  ether  words,  if  z=qp*r  an  c  re  <.  |  p,t  he  n  r=  <z  j  p. 

In  the  language  of  these  symbols  the  mentioned  agreements  and 
operations  will  take  the  following  fora:  l)0,ie<*.|p  for  any  d, 
it  P  II  ¥=  1;  2)  <z\  ts.V.ch.  3)  <<z  I  ,!  ,=  <*  I  j.:  4> 

<*  +  »  |  ,  =  «*  |  ,+  <W  |  ,  |  p;  5)  iP  <Z  +  U>  \  ,=  <U  \  p, 

<  Z  |  „==«  u.  I  <w  I  ,  I  6)  <w  I  ,  =  «*  I  p-<w  I  9  |  t  7)  j  +  (z,  p)=l, 

then  there  exists  the  single  remainder  <  *~l  I  j>  such  that<  *  I  ,  <  z~l  |  p  | 
Observations.  1.  In  ring  V  symbol  < 2  I  p  is  analog  of  symbol 

\*\P  in  ring  of  ts.v.ch.  [11],  i.e.,  deduction  of  integer  cn  real 

■odulus/module  p. 

2.  Since  for  complex  numbers  the  concepts  "more”  and  "less"  ar 
deprived  of  sense,  the  participation  of  triangular  parenthesis  in 
recording  <  *  |  ,  cannot  introduce  ambiguity. 

For  the  image  of  elements/cells  of  p.s.v.  henceforth  wt  will  u 


mainly  Greek  letters  a,  £, 
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u.  Por  image  of  p.s.v.  on  real  modu  lus/m  cdule  we  will  use  symrol 


§4.  Primitive  roots  and  indices. 


then 


Theorem  4.1.  If  ts.k.ch.  w  satisfies  condition  PXw  ar.  \  llpll  =  <V. 


u)  v~l  s  1  (mod  p). 


Proof.  Let  a  indicate  set  of  f ull/t  ota  1/com pie ta  system  of 
deductions  <•  I  „=  (|,  r\,,e, . . .},  from  which  is  excluded  the  deduction, 

which  separates  into  p. 

We  fern  the  set  of  the  products 

—  'ud,  w>„  wz, . . .}. 

*3  0D7*CUS. 

s  ?'(moi  p),  w,  =  t,'  (mod  p), 

(4.1) 


wt  =  s'  (mod  p), . . . ,  rae  V,  V,  e 

~~ — —since  according  to  theorem  condition  ncn~  cf 


the  numbers  of  sets  a*  is  divided  into  p.  The  set  of  numbers 

t)',  e',  . . .  let  us  designate  through  a".  We  now  form  the  products  r* 
single  numbers  of  sets  o,  o",  taking  into  account  that  a  quantity 


of  numbers  in  each  set  is  equal  N-1: 
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Therefore  fron  (4.2)  we  have 

{wN~ 1  —  1)  M  =  0  (mod  p), 
p  |  (w*-1  —  1)  Af, 

whence,  on  the  strength  of  the  fact  that  PXM,  we  have  plfw”-1  —  ^ 
which  is  equivalent  to 

wM~l  s*  1  (mod  p). 

Theorea  4.2.  If  t  “bile  t  is  the  smallest  index  for  whi 

»'  =  1  (modp),  then  t  is  the  divider/denominator  cf  any  other  ircex  k. 
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for  which 

it*2l  (mod  p).  (4.3) 

Prcof.  Let  t  /  k,  then  is  found  such  ts.v.ch.  n  for  which 
difference  nt-*<t.  In  view  of  the  property  cf  comparisons  from 
theorem  condition  we  have 

w*'  s  1  (mod  p).  (4.4) 

Further  from  (4.3)  and  (4.4)  we  get 

wnt  —  wk  =  wk  (wnt  '*  —  1)  =  U  (mod  p), 
whence,  since  we  ha  ve  p  /  w* 

uat~k  =  1  (mod  p). 

Consequently,  thara  is  a  degree  cf  ruabar  w  with  the  index  l-»ss  than 
t,  for  which  is  satisfied  the  condition  33 1  (mod  p),  and  this 
contradicts  theorem  condition. 

Corollary  t\N — 1  (jv  =  if  p  ;| )  or  t=N-l ,  since  according  tc  the  crc  t 
4.1  w1*-1  =  1  (mod  p). 

If  t=N-1,  then  w  is  called  primitive  roots  on  mod  p.  The 
following  theorem  shows  that  this  primitive  roots  exists. 

Theorem  4.3.  Let  N-1  have  the  disintegration  into  the  simple 
multipliers 

N-l~a'b>ci . (JV  —  B  p  H  )•  (4.5) 

where  a,  b,  c,  ...  -  prime  numbers,  and  let  it  be  further  A,  3,  3, 
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.  ..  -  ts.fc.ch.  not  divisible  ir.tc  p  numbers  which  ic  net  sa*;sf 

respect  to  the  comparisons 

v-i 

x  4  se  1  (mod  p). 

V-l 

i  ‘  =1  (mod  p). 

.V-l 

x  e  si  (mod  p). 

then,  if  ts.x.ch.  w  satisfies  the  ccr.1i*ior. 

V  1  V  -1  .v  -l 

A  •  B  6  -C  c  ...=  Ui  (mod  p), 
w  is  primary  root  on  mod  p. 

Page  27. 

Proof.  Let  us  assume  that  v  is  r.ct  primitive  roots.  This  tears 
index  t  -  smallest  congruent  with  unity  degree  of  number  w  is 
divider /denominator  N-i  (see  theorem  4.2).  Co  ns  -  gur-ntly  ,  i 

integer,  greater  than  unity.  It  is  obvious,  the  simple  mul^ipli 
a  number  are  contained  among  number  a,  b,  c,  .... 

Let  a  be  the  divider/dencminatcr  of  this  number,  i.e.,  'i-i 
a,  but  by  hypothesis  u/  =  l(moip),  therefore  w>'  s£l(rnoip),  °  i*- 

,V-1 

w  a  s=  1  (mod  p),  0  r 

V-l  .V-l  .V-l  V-l  V-l  V-l 

.4  91  *  B  *'  a  C  f:  a  ...  ml(moip).  (46> 

Prom  (4.5)  it  is  evident  that  •v~1  is  ts.v.  ch.  and  thsr^-rcr-'  in 

abJ 
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of  theorem  4.1  it  follows  that 

V-l  V-l  V~1 

*  =  (B  v_1)  ab  s  1  (mod  p) 

and  ir.  exactly  the  sane  aar.net  -v—1  is  ts.v.ch.  ;  therefor- 

ac: 

N  -l  -v-i 

C  e'  ‘  =  1  (mod  p). 

Consequently,  fcca  (4.3)  we  consist  that 


v-i  v-l 
.1  • 


A  *  =1  (mod  p ). 


(4.7) 


Further  we  select  ts.v.ch.  X>0  such,  that  /.*V . . .  s=  1  (mod  a).  This  is 
possible,  because  (*,c,...a)  =  l. 

Page  23. 


Lat  us  assume  now  c ' • . .  = 1  -ran,  then,  obviously,  from  (4.7) 


have 


o% 


v-i  v-i 


A 


1  (mod  p) 


A  .  ~J  =(1  -  B|l)  =(iV  _  1)(1  +  Vz_l 


that 


or 


V-l  V-l 
.j  a 

A  '  =A 


<V-1)»  . 


1  (mod  p) 


v-i 

A's  “*  A  *  —  1  (mod  p), 


but  according  to  theorem  4.1  "‘* -i(mod p),  ‘■here fere  probably 
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■V-l 

A  —  1  (mod  p), 

bat  this  contradicts  theorem  condition. 

Theorem  4.4.  if  w  is  primitive  roots  or.  mcd  of  p,  then  the  ^ris 
of  the  series/row 

1,  w,  W2,  w3 . wN~2  (4.8) 

comprise  the  total  system  of  deductions  cn  mod  p ,  with  exception  cf 
zerc  deduction. 

Prccf.  Lot  us  suppose  series/row  (4.8)  dees  net  ccipris'  <•  I  p> 
then  among  the  members  cf  this  series/row  are  located  such  members, 
as  satisfy  the  condition 

w‘  =  w*  (mod  p), 

where  fer  the  clarity  let  us  assure  or 

w‘-k  =  1  (mod  p), 

but  this  contradicts  the  determination  of  primitive  roots. 

And  here,  as  in  the  case  of  real  numbers,  it  is  possible  to 
introduce  the  concept  of  index. 

If  A  =  u?*  (modp)  (bUt  this  always  occurs  according  to  thecr-m 
4.4),  where  A  -  ts.x.ch.,  then  p  is  called  index  A  on  mod  p  with 
basis/base  p  with  base  w  and  is  designated  by  the  symbol 
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^  =  in  dvA. 


It  is  obvious,  has  the  place 


Page  20. 


i  nd  ABC  . . .  KL  =  ind  A  ~r  ind  B  g-  ind  C  + 
—  ind  JiT  —  ind  L. 


Actuall y/really ,  we  have 

A  =  wind  A  (mod  p), 
B  5=  w‘aA  a  (mod  p). 


L  =  wind  £  (mod  p) 


and  after  multiplication  we  will  cfctain 

AB...L  =  U)lai  *  -‘®d  B  -  . . .  -  .nd  L  (mod 


whence  the  sum 


ind  A  -f-  ind  B  — 


ind  £, 


being  one  of  tha  indices  cf  product  A*B«C.. .  *L,  is  equal  tc 


ind  A-B'C  ...  L  =  ind  A  g-  ind  B  —  ind  C  ~  ind  L. 
Example.  Let  us  lock  the  table  cf  indices  for  inodw+i.  He 
p=4«-i,  N=  4-t-i.  =17.  and  as  the  primitive  roots  can  be  taken  w  =  - 
since 


Therefore  we  find 


(  1  —  i)>*  ss  i  (mod  4 ~i) 


4  GO 2 


(- 1  - 1)"  -  1. 

(—1  —  0' 

T 

M 

1 

III 

1 

T 

<—  l  —  H” 

(—  1  —  i)-  =2i. 

( —  1  —  £)‘° 

(—  1  —  i)3  -  1  -  2i. 

< —  1  —  i)11 

(_!_,)«  =  £. 

( —  1  —  i  )L~ 

( —  X  —  t)«  ss  1  —  i. 

(-1  -  i)33 

(-1-iN-i 

(—1  -  i)14 

(-14-  i)t*-2  -t. 

(-  1  -  !)>* 

ill  £)<:•  re::r^  sir. -f-  -i  ir  *’■  -  foil  ?w  ir. 


()HHaeKc  j 

W  1 

Bi>r«eT 

1 

(L 

Hhaokc 

— 

BuTeT 

1  u 

UiueKC 

& 
Bl.l4f  T 

o  ! 

1 

6 

_ 2 

i  12 

_ { 

i 

— 1— £ 

» 

—2  ~i 

13 

— 

2 

2i 

,  8 

—1 

14 

o 

3 

l-2t 

9 

l  —  i 

;  15 

2—i 

4 

i 

10 

!  —2: 

5 

1— i 

11 

i  — l — 2i 

i 

r.dex.  (2).  D«c 'Jc-ticn . 
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Chapter  3. 

MOST  IMPORTANT  METHODS  OF  THE  ASSIGNMENT  OF  THE  COMPLETE  SYSTEMS 
RESIDUES.  ANALYSIS  OF  T  A  E  I ES  CF  MCCULAR  ARITHMETIC. 

§1.  Method  cf  tne  assignment  cf  the  ruli/totai/complste  system  of 
deduct  ions. 


Lat  ?=c*di  -  mcdulus/mcdulc  and  z=a*bi  -  arbitrary  ts.k.ch.  »- 


have 


d  +  bi  (j-- bi)  (c — di)  ac-^bd  .be — ad 

c~<ii  i  P  .i  _  f  if 


(1-D 


Let  us  assign  certain  of  p.s.v.  [  •  |  lp,  on  r«al  modulus/mcduie  !  p '! 
Then  the  following  expansions  are  determined  by  the  single  form: 

ac  +  bd  =  nti  )  p'\  +  \  ac-i-bd  \  , ,  | , 
be  —  ad  —  m2  ii  p  !l  +  I  be  —  ad  |  t  pt  • 


(1.2) 


Here,  as  it  was  stipulated  earlier,  by  symbol  is  designated 

deduction  of  ts.  v.ch.  X  on  real  mcdulus/module  ilpH- 


In  accordance  with  equalities  (1.1)  and  (1.2)  we  will  ontain 
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a  —  bt  —  (m,  ;  im2) p  —  (  |  ac  ~  bd  | 

-\-l\bc—ad\  (1.3) 

Sine?  a*bi,  m,+m2i,  c  +  di  -  ts.fc.ch.,  than  value 

(  I  ac  —  bd  |  up  —  l  1  be  —  ad  \  ;p)) — —  (1.4) 

is  * 3  •  .<  •  ^ r. • 
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Since  expansions  (1.1)  and  (1.2)  are  i -- term! n-d  in  a  sir.;1, 
manner,  expansion  (1.3)  is  also  determine  2  in  a  single  rai.r.'  r , 
for  any  ts.x.ch.  a»bi  formula  (1.4)  in  a  single  manner  determi.r 
r eaaindar/rasidia  from  the  division  of  number  a*bi  into  c+df.  1 
consequently,  in  view  of  theoretr  2.3.1,  valid  tae  formula 

<  a  —  bi  |  „  =(  |  ac  g- bd  j  \9t  — t  |  be  —  ad  j  p  )  — ,  (1.5) 

from  which  it  follows  that  the  method  of  assignment  or  p.s.v.  .• 
respect  to  the  composite  modu  lus/ trcdule  p=c*di  depends  cr.  fh-  ,n 
of  assignment  of  p.s.v.  with  respect  to  real  tc.1  u  lus/mod  uia  itpii. 


Formula  (1.5)  we  will  call  tb*  basic  formula  of  de-auctions 
the  composite  modulus/mcd ule  p=c*di. 


From  basic  formula  (1.5)  fellows  the  identity  tor  the 
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element  s/cel  Is  of  p.s.v.  If  2— then 

i-*-i3=(  |  ic  I  3  pi  -r  i  I  ?c  —  id  |  ,,p  )  — j-  .  (1.6) 
Actually/really,  on  cne  hand,  cn  the  strength  of  the  fact  that 
a-f  iie  <«  (  p,  we  have  <  !  „  =  2  —  >1.  On  the  ether  hand,  by  fcrc'1 

(1.5),  we  have 

<  1 T  ?(  I  f  =  (  (  ic  -L  id  |  1  p  j  -r  i  I  'c  —  id  j  -  p 3 )  — . 

^  p  . 

Consequently,  relat ior.shi p/ratic  (1.6)  is  ccrract  for  ary  ts.:<.  ch. 

a  -f  (3  e  <  •  |  ,  . 

Hence,  in  particular,  we  will  obtain  that  if  2  — t?e<.|p,  -;h^r. 


(1.7) 


|  2c  +  3d  |  3  p  3  =  2c  —  3d, 

|  ?c  —  2d  |  i,6_=  ?c  — 2d. 

Let  us  consider  a  question  about  quantity  nip)  of 
of  p.s.v.  concerning  the  composite  modulus/module  p. 


b lem^r  ts/c-l Is 


Correctly  following  assertion. 

Theorem  1.1.  A  number  of  ele sent s/cells  of  p.s.v.  on  the 
composite  modulus/module  is  ecual  tc  the  norm  of  mod  ulus/ module  p, 

i  .e . 

n  (P)  **  !t  P  3  • 

Proof.  In  accordance  with  formulas  (1.7)  the  set  of  fcs.k.c;..  :f 
form  x,*ix2  is  formed  p.s.v.  cn  mod  p  when  and  only  when  xt  and  x? 
are  the  integral  solutions  of  the  systems  of  the  form 


cxx-r  dXi  =  yu 
—  dx  1  +  cx  2  =  y2, 


(1.8) 


DOC  =  8 1 024003 


PAGE 


where  Yi  and  y z  pass  the  values  of  certain  p.s.v.  cn  real  mod  HpH. 
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Consequently,  a  question  atcut  a  r.umbar  cf  sit  ments/c*  11s  c f 
p.s.v.  concerning  the  ccajosite  mcdulus/mcd ule  o  is  reduced  to  a 
question  about  a  number  of  pairs  (yt,  y2)  ,  for  which  systems  (1.3) 
have  the  integral  solutions. 


Since  from  (1.8)  it  follows  that 


_  gyi— 

i  P  ;l  ' 


*2 


_  cVt+dy.. 


(1.9)  . 

J  P  l!  ’ 

then  the  stated  requirement  satisfy  only  these  pairs  (ylf  y2)  , 
which  it  is  carried  out 


cyi  —  dy2  =  0 


(mod  !  p  !  ) 


(1.10) 


I  cyt  —  dyi  =  0 

Subsequently  it  suffices  to  consider  threa  cases. 


Case  1.  c#0,  i  =  0,  (llpd  =  c2).  system  (1.10)  takes  the  form 


I  cy}=0 

\  cy2ss  0 


(mod  c2) 
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Each  cf  th<=se  comparisons  has  s  cf  different  (ineem para ol <=  cn  me: 
solutions  and,  therefore,  in  all  different  pairs  (ylf  y2)  ,  whirr 
satisfy  system  (1.10),  there  will  te  c* ,  i.  e.  ,  ||p||. 

Case  of  2.  c,  d£0,  moreover  (c,  d)=1.  In  t.nis  case  appears  tr 
possibility  cf  resolving  ere  cf  comparisons  (1.10)  relative  tc  any 
variable/alternating,  since  (c.  Ilpll)  =  l  an \  (d,  |tpH)=*l. 

Solving,  for  example,  the  first  comparison  is  relative*  y , ,  w r 
will  obtain  p,  ==  |  e~l  dy2  I  i,, . 

Giving  tc  value  y2  values  from  p.s.v.  mod  llpll,  we  will  obtain 
ilp'i  .different  pairs  of  numbers  (yt,  y2)  ,  which  satisfy  the  first 
comparison  of  system  (1.10).  Let  us  shew  that  tnase  pairs  satisfy 
second  comparison. 

Actually/raall y ,  we  have 

I  +  I  i,i  -  |  cy2  +  d  |  c-‘dy,  (  = 

=  i  +  |  a,,  =0. 

Page  33. 

Thus,  a  number  of  different  pairs  (y,,  y 2) ,  which  satisfy  sys 


(1.10),  is  equal  to  ilpil. 
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Case  of  3.  p=pp1#  where  pl=c1>dii/  moreover  (c,,  d,)=1  and 
ts.v.ch.  Systems  (1.8)  take  the  form 

p(cj  x,  -f  dt  x2)  =  i/„ 
p(— d,Xi  +  c,  xi)=yi. 

Prom  this  it  follows  that  for  the  integrality  of  the  solutions  e 
system  (1.3)  in  the  class  of  pairs  (ylf  y2)  it  is  n?cossary  to 
examine  those  deductions  yt  and  y2  or.  modllpll,  which  satisfy  the 
requirements  p/y t :  p/y2. 


Let  yi  =  prl#  y2=pr2.  In  accordance  with  this  system  (1.10)  w 
take  the  form 


|  ?2  r,  —  d,  r2)  32  0 
l  ?2  (Ci  r2  -f  dx  rt)  =  0 


(mod  ;  p,  ). 


Ull) 


The  solutions  of  system  (1.10)  can  be  cotained  as  follows.  ?.«-  iuc 
system  (1.11)  on  pz,  we  will  obtain 


jCl  r1-d1  r2  =  0 
I  c,  r,  -f  dj  r,  ==  0 


(mod  'I  Pi  ). 


The  general  solution  of  this  system  is  written/reco  rde  1  in 


form 

ri-C  +  M  ft  a. 

r2  =  r'®'  +  k,  !|  ft  3. 


where  r{*e  (  •  |  ,,,,  and  r',0’  —  (cfld,  r,|  52,. 


In  accordance  with  this  the  set  of  the  solutions  of  system 
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(1.10)  will  taka  the  fern 

j/i  =*  Pri01  +  ?*i  !l  Pi '!  • 

J/2  =•  P rf  -r  p*s  0  Pi  il  • 

Hence  a  quantity  of  different  pairs  (ylf  y2)  ,  where  y.  y:e  -hat 

satisfy  conditio?.  (1.10),  will  fce  equally  to  ilpll.  since  i  juanfi*-y  cf 
pairs  (r1,01.  r'2m)  is  equal  tc  llPiil.  and  values  kt  an  1  x2  can  ta*" 
independently  only  p  different  values  (deductions  on  tod  d)  . 

Page  34. 

Observations.  1.  As  can  te  seen  from  procf,  ir.  the  cas;  c:  2 
requirement  (c,  d)=l  reduces  dimension  of  system  (1.10).  It  will 
evident  below  tnat  this  requirement  makes  it  possible  to  introduce 
one-dimensional  p.s.v.  on  the  composite  mod uli/modules,  i.?.,  to 
examine  p.s.v.,  on  the  composite  moduli/ modul es  those  wholly 
consisting,  for  example,  cf  the  real  deductions. 

2.  Given  pcoof  of  theorem  1.  1  contains  algorithm  of  corstructic 
of  p.s.v.  on  composite  modul  us/ module  p.  Since  this  algorithm  has 
independent  interest,  then  it  is  expedient  to  formulate  it 
independently. 

Method  of  construction  of  p.s.v.  on  the  composite  mo dui us/modu 1 


p=»c*d  i 
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Case  1 .  (d  =  0 ,  ck=0)  . 

P.  s.  v.  is  described  by  set  ts.k.ch.  xi*ix2,  where  x,  ar.  3  x2 
independently  pass  values  cf  o.s.v.  |  •  |  c«  on  tha  th  5  real  mcd  <;* 

Case  2.  (d^O,  c^O,  (c,  d)  =  1). 

P.s.v.  is  described  by  set  ts.k.ch.  xt«-ix2: 

*i=  777  (c  i  c~ldr  !  1  * D  —  dr), 

l  ......  .  ,  (1-12) 

*i  =  ——  (er-rd  I  c~l  dr  \  ,,,), 

where  r  passes  value  of  p.s.  v.  |«|  on  real 

Case  3.  (c,  d)  =  p,  (c=ctp,  d=diP,  p  =  ptp). 

P.s.v.  is  described  by  set  ts.k.ch.  x,*ix2: 

*1—  r^r (ci  icrl dx r  i  i*i  —  dir>+(«?i  *t— 

(1.18) 

**=  i77y(c«r  +  <i»  I  *7' dir  f  iM)  +  (ci*s  +  di*i). 
where  r  passes  value  of  p.s.v.  { .  |  „  ^,  on  real  mod  Hpill,  and  k,  and  k 
accept  independently  p  the  values,  incomparable  on  mod||p||. 
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§2.  flost  customary  p.  s.  v.  on  the  composite  moduli/modul*s. 

Generally  speaking,  the  selection  of  one  or  the  ether  syst-m  '' 
deductions  can  be  dictated  by  different  considerations. 

Page  35. 

As  one  of  such  considerations  can  serve,  for  example,  the  p  r rc p  1  * 
of  tight  packing,  i.e.,  the  requirement  of  that,  so  that  ts.x.cr. 
that  are  the  dsducticns  cr  med  p,  would  tigntly  cover/coa*-  c^rtiii. 
geometric  form. 

hat  us  explain  the  character  of  the  location  of  thr  inte  i-r 
points  of  composite  plane,  which  represent  ts.k.ch.  divisible  into 
modulus/mcdule  p. 

Let  p=c«-di  -  preset  aodulus/nodule  (c,  d£Q). 

We  have 

=  k,  -r  t  kt  *,  k3  —  n.  r<T  (2.1) 

Key:  (1).  and.  (2).  ts.ch. 


cx  +  dy  =  A,  |j  p  ||  , 
—  dx-\-cy  =  Aj  p  . 


Hence 


(2.2) 

(2.3) 
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The  joint  solutions  of  these  equations  with  the  arbitrary  wholes 
and  k2  describe  the  set  of  all  ts.k.ch.  separata!  into  p.  Straigh* 
lines  (2.2)  and  (2.3)  fern  crthcgcnal  family.  After  leading  the 
equations  cf  thase  straight  lines  tc  the  normal  mode 

. - .  x  + 

sign*i  V 

d  __ 

"P  axgakiV ~ 

-  I  *1 1 

- -t— *  4- 

«lgn*,/a*+6«  r 

■< _ £ _ 

«*ni,  / a>  +  6*  ^  * 

=  i  a.  I 

we  consist  that  the  parallel  lines  this  family  ire  arranged  ^ 
equivalent  at  a  distance  from  each  ether  (Fig.  i)  . 

The  vector  sense  cf  the  points,  which  represent  ts.k.ch.  th.a- 
separate  into  p,  is  such.  Let  us  present  (2. 1)  in  the  fora 

*  +  <!/=>=  ^(c  -rid)-*-  A,  (— d  —  ci). 

Hence  it  follows  that  the  unknown  points  are  th^  apexes/vurt*3  x  is  cf 
the  integral  linear  combination  of  the  orthogonal  vectors  c«-ii  and 


~d*ci 
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Pig.  1.  Geometric  representation  cf  p.s.v.  accordir.  j  to  mod  c  ♦ 
-  straight  lines  (2.2)  ar.^  (2.3);  (*)  -  congruency  points. 

Page  36. 

In  other  words,  if  we  initial  integral  grid  consider  as  the  in 
coordinate  system  with  the  case  vectors  {1,  i},  then  the  point 
which  represent  ts. k.ch.  that  separate  info  p  =c ♦ i d ,  represent 
integral  coordinate  system  with  the  orthogonal  oase  {c*id,  -d* 
obtained  by  the  rotation  cf  base  (1,  i)  to  the  angle,  :ual  to 
c+i&)  (see  Fig.  1)  .  All  integer  pcirts,  which  do  not  coincide 
the  apexes/vertexes  of  the  squares  examined,  represent  complex 
integers,  which  do  not  separate  entirely  into  p-c+id. 

Lat  us  explain  the  new  geometric  location  of  all  points, 
represent  congruent  between  themselves  in  mod  p  ts,  k.ch.,  i.e. 
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set  of  all  points,  which  are  determining  the  class  of  ®q  u  iva  1  enc  y . 


Me  have 


Henco  v?  cotair. 


x  -f-  ly  =  (fc,  4-  iA2)  p  -J-  a  -f-  i'3. 


<?(*  —  *)  -f-d(y—  J)  =  ftj  pi, 

—  d  (x  —  3)  4-  c  (y  —  3)  =  A.  p  ;  . 

being  congruent/equating  the  obtained  system  cf  equations  with  sysr 
(2.2),  (2.3),  we  consist  that  the  urkr.own  points  are  the 

apexes/vertexes  cf  the  squares  cf  arid  with  the  bas?  (c*id,  -d*ci}, 
in  parallel  tc  that  moved  the  vector  a*i(3.  Such  points  we  will  call 
congruent  (see  Pig.  1). 


In  conclusion  let  us  refine:  in  what  cases  and  in  what  qua:. fit 
on  the  sides  of  the  congruent  squares  of  grid  with  the  case 
{c*id,  -d*ci}  can  be  placed  the  integer  points? 


Theorem  2.1.  Let  p=c+di  -  ts.k.ch. 


If  (c,  d)=1,  then  or  the  sides  of  congruent  squares 
the  integer  points,  different  from  apexes  of  squares;  if 
(pfl),  then  a  quantity  of  integer  points  on  the  sides  of 
congruent  squares,  different  from  the  apexes/vertaxas,  is 


arc  absent 
(c,  !)  =p 

the 

equal  p-1 
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Proof. 

Case  (c,  d)  »1,  (x0,  yQ)  ,  (xtl  yt)  -  two  arbitrary  integer 
points,  which  lie  on  th«  straight  line  (2.2).  Let  as  show  that  * h® 
distance  between  them  is  rot  less  y'a2  —  b2. 

Page  37. 

Since 

^4-^0  =  ^ pi  , 

'*i  +  dyt  =  *,  ;!  p  I!  . 

c(*i  —  *o)  =-•  d(yi  —  y0).  (2.4) 

Since  (c,  d) =1 ,  then 

yi  —  2/o  = 

(a,  ;«■  —  n.  <?). 

x,  —  x0  =  ud 

Taking  into  account  latter/last  equalities,  formula  (2.4)  let  ns 
rewrite  in  the  form  cdfj=cdx  or  x=^..  Thus, 

1  (X\—x0)2~(yl  —  y0)2=  |  >.  |  V  c2  —  d2  >  (  c2  ~d2. 

Case  (c,  d)  =p  (pH)  .  Let  c=c  xp,  d.  =  d.:-.  '  p  \ —y  Pi  ,  th»r. 
equations  (2.2)  and  (2.3)  take  the  fora 

c1i-d,(/  =  fe1?  p, 

(c,  .dj )  —  1. 

—  dxx  -cxy  -  *..?  .  p, 

After  leading  these  equations  to  the  normal  mode,  we  are 
convinced,  that  the  corresponding  integral  grid  has  a  step/pitc:: 


DOC 


81024003 


PAGE 


Ir* 


\  c^—.d,2.  But  cuttings  off  with  a  length  of  V''Cl'-  —  d,a  i-s  placed  axach 
p  once  in  segment  \  c2  —  d2. 

Example  1.  Figure  2  shows  congruent  squares  the  mcJu  lus/moi  ile 
2*3i.  Dr.  the  si! es  of  squares  is  arrange d/lccat ei  not  ore  whole 
points,  since  (2.3)=1. 

Example  2.  For  p  =  3*fei  in  figure  3  arr  constructed  congruent 
squares.  On  each  side  of  square  they  are  arra rged/1  ocatr*d  or.  2 
integer  points,  since  (3.6)-=p=3. 

Observation.  That  presentee  makes  it  possiole  to  give  the 
follow? ng  geometric  inter pretat ice  cf  further 

components/terms/addends  cf  formulas  (1.13).  For  this  purpose  w - 
convert  formulas  (1.13)  tc  the  fora 

i,  +  ix2  =  x1®’  -4-  ixl2m  -r  *,  (c,  4-  d,  i)  -  *s(-d.  -c,  0.  (1.13)' 

w  here 

*'?  =  -r~ (Ci  I  c~l  di  r  |  , ,, ,  —  dx  r) 

re  I  •  I  i  P.I* 

*T  =  — --(Cvr  — di  (  c7'd1r  |  Jp,  ) 

Hence  it  follows  that  the  deduction s  on  the  ccmposite/ccapcur 1 
modulus/module  mod  p(Cj*d|i)  are  obtained  by  addition  to  each 
deduction  on  nod  (c,*d,i)  composite  of  the  deductions  cr  mod  p, 
represented  to  scale  of  the  integral  coordinate  system  with  the 
orthogonal  base  (ct*d,i,  -d,*c,i}. 
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Pig.  3.  Congruent  squares  on  nod  ( 3 -*-61)  . 

Page  39. 


Let  us  now  move  on  to  the  examination  of  seme 
concrete/specific/actual  types  cf  p.s.v.  on  the  composite 
moduli/modules.  Let  us  preliminarily  note  that  the 

full/total/complete  systems  of  the  smallest  nen- negative  or.°s  and  -  he 
f ull/tctal/completa  systems  cf  the  least  positive  residues  cr.  th « 
real  modulus/module  we  will  designate  respectively  by  the  symbols: 


CO 

—  n.  c.  h.  u.  B. 


—  n.  c.  a.  h.  b. 


Key:  (1).  p.s.n.n.v.  (2).  p.s.a.n.v. 


P.s.v.  or.  the  composite  modulus/module  p=c*di,  determined  ay  the 
formula 

<aJrbl\  ;=(  \ac-\-bd  |  +1  I  bc-ad  \ 

is  called  the  f ull/total/ccmplete  system  cf  the  smallest  deductions 
on  the  composite  modulus/module  p  (abbreviated  as  p.s.n.v.), 

P.s.v.  on  the  composite  saodulus/module  p=c  +  di,  determined  by  t  hr. 
formula 

<a-r6t  |  ;  =  (  I  ae  +  bd  (  ~pt  -fi  I  be— ad  |  ?,,)  jfj. 
is  called  the  full/total/complete  system  of  the  least  positive 
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residues  on  the  composite  modulus/modul^  p  (abbreviated  as 

p.s.a.n.v.)  . 

Lat  us  give  examples.  Foe  the  calculation  of  p.s.n.v.  and 
p.s.a.n.v.  we  will  use  the  algorithm,  described  in  rha  previous 
paragraph  (theorem  1.1). 

Example  1.  mod  3  (case  1). 


(I)  a.  c.  m.  ».  CX)  lc.i.  ■.  ». 


0 

1 

2 

—1—1 

—1 

1— i 

1 

1+* 

2+1 

—1 

0 

1 

21 

1+21 

2+21 

-1+1 

i 

1+1 

Key:  (1).  p.s.n.v.  (2).  p.s.a.n.v. 


Page  40. 

Example  2.  mod  3*2i  (case  of  2) 

'  <3,21-1.  13+211-13. 

a)  P.s.n.v.  <•!«+«-*!  +  i*„  where 

!»-2r  I  u-2r), 

0  <  r  <  12 

x.  -  JL(3 r  4-  2.  |  9-2r  |  ‘  >. 

13 
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r 

U  ‘drlu 

*1 

0 

0 

0 

li 

0 

0-^0i 

1 

5 

1 

1 

1+1 

2 

|  10 

2 

2 

2+2i 

3 

2 

0 

1 

i 

4 

7 

1 

2 

1  +  2  i 

5 

12 

2 

3 

2  +  3  i 

6 

4 

0 

2 

2i 

7 

9 

1 

3 

1  +  3  i 

8 

1 

—1 

2 

—1-1-2  1 

9 

6 

0 

3 

3i 

10 

11 

1 

4 

1  +  4  i 

11 

3 

—1 

3 

— 1— 3i 

12 

8 

0 

4 

4i 

b)  P.s.a.n.v.  < •  1 3+21  ”  *i  ~ *»*• 


nhere 


*l»^(3|-4-2r|r,-2r). 

—  6  <  r  C  8 

*«  **  -Ar(^r  +2  |  —4'2r  |  l8), 

13 


r 

|  c  1  dr|is 

*l 

1 3  — 21 

—6 

—4 

0 

—2 

—21 

-5 

1 

1 

—1 

1— i 

—4 

8 

2 

0 

2 

—3 

—2 

0 

—1 

- 1 

—2 

3 

1 

0 

1 

— 1 

—5 

—1 

—1 

—1—1 

0 

0 

0 

0 

0 

1 

5 

1 

1 

1+i 

2 

—3 

-1 

0 

-1 

3 

2 

0 

1 

+  1 

4 

— 8 

—2 

0 

_ o 

5 

—1 

—1 

1 

— 1+i 

0 

4 

1 

0 

2 

21 

Example  3.  mod  2*41,  (case  of  3). 

(2,  4)-2;  c,—  1.  <1,-2.  lip, 11-5. 


Page  41 
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Let  us  calculate  p.s.n.v.  <  •  1 5*  4j  in  acccrdar.ce  with  ( 1 .  1 3>  : 

x,  + ix.  -  (-|-(  I  2r  |  *  —  2r)  +  -g-(r+2-  |2r|j)')  + 

8-  *i  (1  +  2i)  +  *,  (-  2  +  i). 

r  -0.  1.  2.  3,  4;  *,,*,=  0.  1. 

Table  of  values  *i0>.  *j0) 


r  w» 

(0) 

x,"” 

1 

<•1  1*-  21 

0  0 

0 

0 

0+0< 

1  2 

0 

1 

l 

2  4 

0 

2 

21 

3  1 

—1 

1 

— 1-i 

4  3 

-1 

2 

\  — l-r2i 

Possible  values  for  further  compet^nts/terms/ addends 


*1 

*1 

4i  +  c,i) 

0 

0 

O-^-Oi 

0 

1 

-2-i 

1 

0 

1  — 2i 

1 

1 

— 1  +  34 

Conse quently , 


<l2-+il-(°+0L 

— 2+i. 

1+21, 

—1  +  3  i; 

i. 

— 2->-2i. 

1+31, 

— l+4i; 

2 i. 

— 2-r3i, 

l-r4i. 

— l+5i: 

— 1  +  i, 

-3+21. 

3i. 

—2+41; 

— 14-21. 

—4+8). 

4  i. 

— 2+St|. 

Example  4.  mod  J*6i,  (case  of  3). 

(3,  «)*«,  e,  — 1.  2,  llpill  — 5. 


Let  us  calculate  p.s.a.n.v.  from  mod  (3  +  6i)  .  According  to  (1.13),  we 
have: 

*,  +  <*,  -  _L  (  I  2r  I  “  -2r)  4-  -i-(r  +  2-  |  2 r  |  ~)  + 

+  *,  (1  +  20  +  *,  (-  2  +  f). 

r-  — 2, -X.  0,  1.  2;  *,.*,--1.0.1. 
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Table  of  values  A0)- x20) 


r 

Mr  j 

r(°) 

1 

<va 

—2 

i 

1 

0 

1 

—  1 

—2 

0 

—1 

— i 

0 

0 

0 

0 

0 

X 

2 

0 

X 

i 

2 

—1 

—X 

1  0 

—1 

Possible  values  for  further  compcoerts/terms/addends 


*1 

*. 

—1 

—1 

1 — 3t 

—1 

0 

-1-2 1 

—1 

1 

-3— i 

0 

—1 

2-1 

0 

0 

0+0  1 

0 

1 

-2+i 

1 

—1 

3+i 

X 

0 

1+21 

1 

1 

—  1+31 

Page  42 . 


Consequently, 


I  2-31, 

1—41, 

1 

8 

1-21, 

—31; 

—21, 

— 1 — 31, 

S 

1 

*-4 

i 

-1— i. 

— 2 — 2i; 

-2-1, 

— 3 — 21, 

— 3 — 1, 

-3. 

— 4; 

3-i, 

2-21, 

2-i, 

2. 

l-i; 

1. 

—1. 

0, 

i, 

-l; 

-1+1. 

-2, 

-2+1, 

-2+21, 

—3+i 

4+1, 

3. 

3+i, 

3+21. 

2+i; 

2+21, 

2+1. 

1+21, 

1+81. 

8; 

it 

-1+21, 

— 1  +81, 

-1+41, 

-2+81  ), 

<  ‘  1  3+61 
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P.s.n.v.  and  p.s.a.n.v.  ha  ve  simple  geometric  interpretation. 

In  vie*  of  formulas  (1.7)  deductions  x+iy  of  p.s.n.v.  mod  (cMi) 
represent  the  integer  points  cf  the  composite  plane  whose  coo  rii  na4: -.s 
satisfy  the  system  of  the  inequalities 

0  <  ex  +■  dy  <  ||  p  1)  , 

0  <  cy  —  dx  <  |1  P  11  • 

In  other  words,  p.s.n.v.  on  mcd(c+di)  with  (c,  i)  =  1  it  is 
represented  as  the  integer  points,  arran  ged/lccated  within  the  s  ;u=:- 
whose  sides  are  assigned  ty  the  equations 

cx-rdy  =  Q,  cx  —  dy  =  \\pl, 
cy  —  dx^Q,  cy  —  dx  =*  (|  p  l|  , 

including  the  apex/vertex  of  square  witn  coordinates  (0,  0)  . 

Page  43.  From  theorem  2.1  it  fellows  that  with  (c,  d)  =  p  (p^l)  to 
them  it  is  supplemented  cc  p- 1  the  integer  points,  arrang ed/ 1 cca ted 
on  two  adjacent  sides  of  the  square 

cx  4-  dy  =0, 
cu  —  dx  =  0. 

Let  us  nota  that  the  ape  xes/ vertexes  of  square  of  p.s.n.v.  or. 
mod  (c*di)  have  coordinates 

■4,(0.  0),  Ai(c,  d),  At(c  —  d,  c-t-d),  A4(— d,  c ). 

Sy  force  (1.7)  for  the  eleuerts/cells  of  p.s.n.v.  according  to 
mod(c*di)  is  valid  the  following  evaluation: 
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Fig.  4.  p.s.n.v.  on  mod  3. 


Fig.  5.  P.s.n.v.  on  mod  { 3> 2i )  . 


A, 


A  < 


Pig.  6.  P.s.n.v,  on  mod  ( 2 4 i ) 


Fig.  7.  P.s.n.v.  po  mod  (3*6i), 


Page  44 
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Analogously  deductions  x*iy  p.s.a.n.v.  cn  mod  (c  +  di )  :cpr;s?nt 
the  integer  points  of  the  coirpcsite  plane  whose  coordinates  satisfy 
the  system  of  the  inequalities 


'-%-<cx~dy<  If, 


JT<cy-dx<±JLi. 


In  ether  words,  p.s.a.n.v.  cn  mcd(c*di)  is  r«  pr  aser  ted  uy  the  i:.te:e 
points,  arranged/located  within  the  square  whose  sides  art-  ?.ssS  jnc ! 
by  the  equations 


cx-dy  =  -^l,  cx-rdy^lf, 
cy  —  dx  =  —  -iLi  ,  Cy  —  dx  =  ■!£-!.  , 

and  it  is  also  possibly,  by  the  integer  points,  arr  anged/ locata3  or. 
two  adjacent  sides 

cx  ~dy  =  — , 
cy  —  dx  =»  —  -l|i  . 

A  question  about  the  possible  presence  of  integer  points  or. 
these  sides  requires  special  examination. 


Let  us  preliminarily  note  only  that  the  apaxes/vertexes  cf 


square  of  p.s.a.n.v.  cn  ocd(c»di)  have  coordinates 
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a  lc — j  e+d\  .  I  d-i-c 
A'[—  ’ 

a  I  * — c  — d+e\  .  :e+d 

A* \  2  ’  2  J  ’  A*  (  2  ’ 


and  let  us  depict  p.s.a.n.v.  cn  the  aodu li/modules  of  the  given  at 
examples  (Fig.  3-10). 
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A. 


*1 

Pig 

Pig.  8.  P.s.a.n.  v.  on  mod  3. 

Fig.  9.  P.s.a.n. v.  on  mod  (3* 2i) . 

Page  45. 

Lat  us  consider,  in  what  cases  on  the  sides  of  square  cf 
p.s.a.n.  v.  are  integer  points.  For  ts.lt.  ch.  just  as  for  ts.  v.ch.,  can 
be  introduced  the  concept  of  pacify  and  oddness  of  numbers. 

Let  be  is  preset  ts.k.ch.  c*di.  It  is  obvious  that  Ilpll  = 1  (mod 
2)  when  and  only  when  c^d  (nod  2),  and  that  ilpll  s  0  (mod  2)  when  and 
only  when  c=d  (aod  2) .  At  the  same  time  in  the  second  case  it  is 
possible  to  distinguish  t wc  subcases: 

c=d  =0 (mod 2)  Hcsd  =  l(mod 2). 

Ts.k.ch.  p=c*di  odd,  if  pil  ^  1  (mod  2).  half-even,  if  Hpil  3  0  (mod  2) 


a* 


8. 


Fig.  9. 
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and  c=d  =  1  (nod  2),  even,  if  (|p||  =  0  (mod  2)  and  c=d  =  0  (nod  2). 

It  is  possible  to  give  the  following  two  equivalent 
determinations. 

1.  Ts. It.ch.  p=c  +  di  odd,  if  j|p|j  =  1,  3(mod4).  half-even,  if 
llpil  =  2  (mod  4),  even,  if  pH  —  0(mod4). 

it.ch.  p=c+di  odd,  if  pal  (mod  1-i)  ,  half-even,  if  p=  )  ( 
1-1'  .-nd  -.;u=1  (mod  2),  ever.,  if  ps.0  (mod  1-i)  and  c=da0  (mod  2). 

Joining  these  properties,  it  is  possible  to  conclude  that  if 
norm  of  ts.  it.ch.  c*di  is  represented  in  the  fora  ||pl|  =  2ir,  when?  r  =  i 
(mod  2)  ,  then  number  c  +  di  odd  with  X=0,  half-even  with  k=  1,  «v3r.  w 
\>/2. 


Hence,  in  particular,  it  fellows  that  the  product  of  twe  odd 
numbers  is  odd,  the  product  of  odd  number  by  half-even  is  half-=>v= 
product  of  half-even  numbers  is  even,  the  product  even  number  to  i 
ts.  It.ch.  is  even. 

Let  us  note  that  relative  to  addition  are  valid  the  following 


rules : 
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Key :  ( 


if 


1-#  u\ 

nernoe  +  lerooe^  Heraoe ; 
no^^erHoe  ^erooe  ^oji^erHoe ; 
HeHefe°e  +  Hefepe  =  HCTeTHoe ; 
He^Hoe  +  no^yverHoe  =  H^eiHoe ; 

noJTy,'jeTHoe  +  novTTHeTHoe  =  ; 

HeMeTHOe  +  HeneTHoe  =  ( 

l  HeTHQ“. 


).  even.  (2).  half-even.  (3).  od 
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Fig-  10.  P.s.n.v.  on  mod  (3  +  6i)  . 
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Theorem  2.2.  If 
square  of  p.s.a.n.v. 


ts.k.ch.  p=c+di  -  odd,  then  the  sides  of  t.'.e 
contain  not  cne  integer  point. 


Proof.  It  suffices  tc  examine  cne  of  the  sides  of  the  square 
p.s.a.n.v.  It  is  not  difficult  tc  see  that  the  straight  line,  pas 
through  the  apexes/vertexes  cf  square. 


has  the  equation 


,'c—d  c  — d\  .  c  -d  c — d\ 

\  2  ’  2  I M.  2  ’  2  )  ‘ 


cx-f-dy 


ci-t-d1 
2  ‘ 


Since  c2*d2  =  1  (mod  2),  then  not  cne  point  with  the  wnols  cocrdir.a 
can  satisfy  this  aquation. 


Theorem  2.3.  If  p=c*di  -  half-ever.  and  (c,  d)=1,  then  on  tho 


sides  cf  squara  of  p.s.a.n.v.  there  dees  not  exist  integer  points 
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with  exception  of  the  apexes/vectexes  of  square. 

Proof.  According  to  condition  c2+d2/2=k.  -  ts.ch. 

Let  us  consider  equation  cf  one  of  the  sidis  of  the  square  rf 

p.  s. a.n . v • 

cx  —  dy  =  k. 

Since  (c,  d)=1,  the  equation  cx+dy-1  is  solved  in  the  integers.  Le 
(xo»  yo)  ~  certain  integral  solution  of  this  equation,  then  (<x0, 
)cy0)  be  the  solution  of  initial  equation.  In  view  of  mutual 
simplicity  of  numbers  c  and  d  the  general  solution  in  the  integers 
homogeneous  equation  cx»dy=0  will  take  the  form 

x*  =  dm,  y*  =  —  cm, 
where  m  -  arbitrary  ts.ch. 

Therefore  the  general  solution  of  initial  equation  can  be 
represented  in  the  for® 

x  7i  =  kxq  -f-  dm. 

Urn  =  *!/o  —  cm. 

Let  us  determine  the  distance  between  any  two  solutions 
V  (*,  —  xr)2 -t  (ym  —  yrY  =  |  m  —  r  |  V  c2  -f  d2. 

Hence  it  follows  that  the  minimum  distance  between  two  different 


solutions  of  initial  equation  is  equal  to  Vc2-rd2. 
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i  Since  integer  points  with  the  coordinates 

l  c~d  c_±*\  *  c~d  _ g— 

1  2  ’  2  )'  {  2  ’  2  ) 

(apex/vertex  of  square  of  p.s.a.n.v.)  satisfy  the  equation  ir. 
question  and  the  distance  between  them  is  equal  to  |/c2-fd2,  *hta 
between  these  two  points  cn  the  straight  line  cx+dy=c2+d ?/2  that  a 
does  not  exist  integer  points,  which  proves  theorem. 

I  Theorem  2.4.  if  ts.k.ch.  c*di  is  such,  that  c+di=0  (mod  1-i)  and 

(c,  i)  sp(pM),  then  cn  each  side  cf  square  of  p  on 

aod(c*di)  is  p-1,  different  from  the  apexes/vertexes,  integer  points. 

Proof.  Ts.x.ch.  c*di,  that  satisfies  condition  c+di^O  (mod  1-i), 
relates  to  the  class  cf  half-even  or  even  numbers  and  therefore  it  is 
represented  in  the  form 

c  +  di  =  2V  (.Ci  —  dii) , 

where  (clr  d,)=l,  p'  =  l  (acd  2).  In  ‘  .is  case  X^l ,  if  C|«-d,i  -  odd  ar.d 
X^O,  if  cx*dti  -  half-even.  With  x:>1  the  assertion  of  theorem  is 
corollary  2.1.  with  X  =  0  for  elenents/cells  x+iy  of  p.s.a.n.v.  on  moi 
p'  (  Ci+dti)  in  accordance  with  formulas  (1.13)  we  have 

xi  +  ixt  —  xl*  +  lx1®  +  kl  (cx  +  dj  0  +  ( —  dx  +  Cj  i). 


where 
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Xl  “  TTTT^1  *  cilrfir  I  e j>, i  ~d\.r) 

(II  Pn!  =  e12  +  ds2), 

*{*  =  FTTI  *Cl r  +  di  I  <?r1  dt r  I  7j>,  i  > 

i.e.  deductions  on  the  composite/ccmpound  mod  ulus/module  p'  (  Cj+Iii 
are  obtained  by  addition  to  each  deduction  on  mod  (Ct*dji)  of  the 
composite  deductions  of  p.s.a.n.v.  cn  mod  p',  represented  to  scale 
the  int.egral  coordinate  system  with  the  orthogonal  base 
(Cj^dji,  -dl+cli}.  Consequently,  since  p.s.a.n.v.  on  mod  (c^dji)  : 
connected  in  their  composition  ere  of  the  a  pe  xes/ vsrtexe s  of  th.-:'.r 
square  (in  view  of  half-evenness  cf  numocr  ct*dti),  then  in  square 
p.s.a.n.v.  on  mod  p*  (  c^dii)  is  placed  (p‘)  2  squares  of  p.s.a.n.v, 
on  mod  (Cj+dji). 

Page  48. 

Therefore  on  the  sides  cf  square  cf  p.s.a.n.v.  on  mod  p' (  Ci+dti) 
besides  apexes/vertexes  it  will  be  placed  p'-l  integer  points. 

As  an  example  on  Figures  11  and  12  are  depicted  the  squares  of 
p.s.a.n.v.  on  mod  (9  +  3i)  and  med  (18»6i)  . 

Finishing  analysis  of  p.s.a.n.v.,  let  us  note,  in  the  first 
place,  that  the  elaments/cells  a*fi  p.s.a.n.v.  on  mod  p  satisfy 
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evaluation  U  i  +  il  <  (corollary  of  formulas  (1.7),  and,  in  the 

2 

second  place,  p.s.a.n.v.  in  the  best  way  satisfy  the  principle  cf 
tight  packing  of  deductions  ic  the  sense  that  partial  quotients 
a,>m2i,  obtainad  as  a  result  of  dividing  arbitrary  ts.k.ch.  a >bi  in 
modulus/modula  c*di,  satisfy  in  this  case  the  evaluation 


a-rbi 

c-rdi 


(«!  +  im2) 


l 


2  ‘ 


Finally,  1st  us  point  cut  to  the  possibility  of  us-,  cf  ts.v.ch 
as  the  elements/cells  of  p.s. v.  or  the  composite  mod ulus/mcd ule. 


Theorem  2.5  (theorem  of  Gauss).  If  p=c+di(c,  d*0)  ,  moreover  (c 
d)=1,  then  <*|*  =  I  •  li *»»  ic  ether  words,  p.s.v.  on  the  composite 
■  odulus/module  p=c*di  can  be  defined  as  p.s.v.  according  to  r=>al 
aodulus/aodule  ||p(|,  in  this  case  has  place  isomorphism  of  the  modula 
operations  above  the  deductions  cc  mod  p  and  mod  llpij.  if 

<  2  I  p~  I  £. I  .pi* 


<w  |  „  =  |  w  |  m, 

<  z  +  w  (  „=  |  z~u>  I  !p?. 

<  Z'U)  I  ,=•  I  2-W  I 


then 
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Pig.  11.  Image  of  integer  points  cn  the  sides  of  square  of  p.s.a.n. 
on  mod  (9*3i)  . 

Page  49. 

Proof,  since  (c,  d)  =  1,  there  exist  such  ts.v.ch.  x,  p  that 
Xc*Md=1  . 

Therefore  i  =  U\c  +  ad)=‘0.d—  uc)+('c+ id)<u+ik).  Consequently,  ar.v  *s.  ,<.c 
z=a*bi  is  unambiguously  represented  in  the  form 

z^a  +  b(}.d—  nc)  +  p(hp.— t&X).  Let  us  designate  ts.v.ch.  Xd-pC  through  p.  L= 
it  be  further 

a  +  bp  =  I  a  +  bp  l  +k(a,  &)j|/>|i. 

Since  flpll  =/> •  p7  then 

*  =  I  a  4 -bp  1  ;,n  +(*(a,  b )  (c  —  id)  —  b  (a  —  0.))  p. 

Since  any  ts.k.ch.  z  in  a  single  manner  is  reprosented  by  th» 
disintegration  of  this  form,  then 


-  •  i  *  —  i  •  I  i  p .  > 
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moreover 

<  a  -f  'b  j  ,  =  !  a  -f  pd  |  P  . 

Let  us  note  that  if  b=0,  then 

<  a  |  p  =  j  a  | 

Let  us  switch  over  to  the  proof  of  isomorphism. 


Pig.  12.  Image  of  integer  points  cn  the  sides  of  square  of  p .  s. 
on  mod  ( 1 8*6i) . 
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We  have 


<  (*i+  +  (<*2+  (b2)  I  ,  —  «  ax+  f  p+  <  1,1,= 

<  I  al  +P^i  [  Jj>!  +  |  fl2  +  P^2  I  2J>j  (  p  —  [|  «!  -f-pft,  I  ;  ^  |  4- 

+  I  4j  +  P*a  I  1 9 1  I  IPI  =  I  (<h  +  pbi)  +  (a, 4- pi>2)  I  J,,. 

It  is  analogous 

<  <«i  + -*»i)  («*  +  <>*)  ),-««!  +  *M  ,-<*,  +  <M  ,  I  ,  = 

=  <  f  ai  +  p*i  I  *  I  o*  +  p&2 !  jpg  |  ,  =  ||  «x  + 

+  pb*l  I'1'  +  tpl  (  Sp,  —  [(«!  + 

+  P6iM*a  +  phj)  |  (J>|. 

Value  p,  obviously,  is  the  function  of  mcdulus/module  ?=c*l\; 
therefore  we  will  write:  p=p(p). 


Are  valid  the  following  properties.  ^  Property  1.  p(p)=>p WP), 
i.e.  value  p  is  invariant  to  all  ircduli/mod  u  les,  associated  with  fh 
data  by  modulus/mod ule. 


Property  2.  p(p)  =  -p  (p)  ,  i.e.,  value  of  p  on  the 
con jugatad/combined  acdulus/ncdule  is  equal  tc  the  value  cf  this 
■odulus/module,  undertaken  with  the  opposite  sign. 
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if 

Proof,  p  (p)  =X0d- nQc,  where  (X0,  p0)  -  the  solution  of  the 

Diafantov  equation  Xc*pd=1.  Let  us  consider  a  odu  lus/raodu  1  e  ip=-d+ci. 
Corresponding  Diafantov  equation  accepts  the  form  -xd*pc=1,  which  ha 
the  solution 

)•!  — - (10,  |A  =•  X0. 

Consequently, 

P  (<P)  =  xi  e  + }»!  d  —  —  fi0  c  +  M  “  P  (P)- 

The  Diafantov  equation  for  the  cc c jugate d/coa bined  modulus/module 
p=c-di  has  a  form  Xc-^d=1  and  a  solution  X=X0,  p=-*j0.  Consequently, 

P  (P)  =  —~Xd  —  he  =  —  X0d  +  (i0c  =  — p  (p). 

Property  3.  p(p)  -  is  the  solution  of  comparison  of  c+dx“ 

0  (mod,  uph). 

Proof.  The  validity  cf  this  jrcperty  is  established  by  simple 

testing.  In  fact,  let  x=p  (p)  =Xd-pc,  then 

e  +  d  (Id  —  pc)  =*  c  +  Xd2  —  cdp  =  c-f-  Xd2  —  c  + 

+  cJX=  X  (e*  +  d2)  m  0  (mod  ||  p  || ). 
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Table  of  nodular  additions  cn  mcd(4*i). 


+ 

|  0 

1 

2 

-1—i 

— i 

1—1 

;2— i 

—1—21  —21 

21 

1-21 

-2+i 

-l+i 

1 

l  +  l 

—2 

— i 

0 

0 

1 

2 

-1—1 

— i 

1—1 

2-1 

— 1 — 21 

!  —21 

2i 

l-r-2i 

— 2-rl 

-1  +  1 

£ 

l+i 

—2 

—i 

i 

1 

2 

-1-1 

—1 

1—i 

2-1 

1 

1 

62 

i 

to 

21 

1  +  21 

—2+i 

—l  +  i 

1 

l+i 

—2 

—1 

0 

X 

2 

— 1— l 

—1 

t— 1 

2—1 

1 

a 

1 

H 

1 

21 

1  +  21 

— 2 -ft 

-l  +  i 

i 

1+1 

—2 

—1 

0 

1 

- l-i 

— 1 — l 

—1 

1—1 

2—1 

—1—21 

-21 

21 

1+21 

—2+1 

—l  +  i 

t 

l+i 

—2 

—1 

0 

1 

2 

— i 

—i 

1—i 

2—1 

-  1—21 

—21 

21 

1+2 1 

—2+1 

-1+1 

1 

l+i 

—2 

—1 

0 

1 

2 

—1—i 

1-4 

l—l 

2—1 

—1—21 

-21 

21 

1+21 

— 2  +  i 

—1  +  1 

£ 

l+i 

_ 2 

—1 

0 

1 

2 

—1—1 

- 1 

2-4 

2—1 

—1—2 1 

—21 

21 

1+21  ■ 

-2+1 

—1+1 

£ 

l+i 

—2 

—i 

0 

1 

2 

—1—i 

— i 

1—1 

-1-21 

— l— a 

—21 

21 

+21 

—2+1 

-1+1 

1 

l+i 

—2 

—1 

0 

1 

2 

-1—i 

— i 

1—i 

2—1 

—2t 

—21 

21 

1  +  21 

-2+1  • 

-1-1 

1 

1+1 

—2 

—1 

0 

1 

2 

—1—i 

— i 

1—i 

2—i 

-1-2 1 

2 1 

21 

1  +  21 

-2  +  1 

-  1  +  1 

i 

1  +  1 

—2 

—1 

0 

1 

2 

—1—i 

—1 

1—1 

2—1 

—1—21 

—21 

1+M 

1+21 

-2 +1 

-l+l 

1 

1+1 

-2 

—1 

0 

1 

2 

—1—i 

— i 

1—i 

2—i 

—1—21 

—21 

21 

-2+1 

-2+i 

—1+1 

1 

1  +1 

-2 

—1 

0 

1 

2 

—1—i 

— £ 

1—i 

2—i  —1—21 

-21 

21 

1  +  21 

—1+1 

-l+l 

1 

1+1 

-2 

—1 

0 

1 

2 

—1—i 

—1 

1—i 

2—i 

—1—21 

-21 

21 

1+21 

— 2—1 

l 

1 

1  +  1 

-2 

-1 

0 

1 

2 

—1—i 

— i 

1—i 

2—i  • 

1 

1 

K 

—21 

21 

1+21 

-2+i 

—l  +  l 

l+l 

l+l 

— 2 

—1 

0 

1 

2 

-l—l 

—1 

1—i 

2—i 

—1-21 

— 21 

21 

l+2i 

-2  +  i 

—l  +  i 

£ 

—2 

—2 

—l 

0 

1 

2 

-1—1 

—1 

1—i 

2— i  ■ 

-1—21 

— 21 

2i 

1+21  - 

-2+i  ■ 

-l+i 

£ 

l+i 

—1 

—1 

0 

1 

IJ 

1 

1 

—1 

1—1 

2—1  —1—21 

-21 

21 

1  +  21  —2+i  - 

■l+i 

£ 

l+i 

—2 
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The  practical  value  cf  theorem  2.5  lias  in  the  fact  that  it  with 
sufficiently  wide  limitations  on  the  aoduli/mcdules 

establishes/installs  the  structural  adequacy  of  the  tatl  s  cf  modular 
operations  on  the  composite  and  real  mod  uli/acdules,  thanks  to  which 
appears  the  possibility,  in  the  first  place,  circuit  realization  of 
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one  and  the  same  table  to  use  both  with  the  wcr*.  with  the  r'-al  and 
composite  moduli/modules,  secondly  the  properties  of  symmetry, 
inherent  in  p.s.  v.  or.  the  composite  modu li/modules,  to  extend  or 
p.s.v.  cn  the  real  moduli/racdules. 


id t  us  give  an  illustrative  example.  Let  p=4-K  :;4-f-HI  =  i7.  l:  c=-, 

d=1.  The  solution  of  the  equation 

4).  -  a  =  1 

can  be  selected  thus: 


In  that  cas6 


>  =  1.  u  =  —  3. 


?  "  'd—\ie  -  1.1  —  (—  3). 4  =  13. 

As  p.s.v.  on  mod  (44 i)  let  us  select  p.s.a.n.v.,  while  as  p.  s.v.  or 
mod  17  -  p.s.n.v.  Then  the  correctly  isomorphic  relation 

<  J  t  0  I  7+J  —  I  1  -  139  | 

which  is  described  by  the  following  table; 


Hit  0 

i 

oi 

2: 

3 

4 

5 

a 

7 

a 

9 

10 

11 

12 

13 

14 

15 

ie 

<-ir+1|° 

i 

2 

, 

—  1 — 1 

—  i 

1  — 1 

2— i 

-1—2 1 

—21 

21 

1  -(-21 

—  2-!-i 

— 1-t-i 

1 

1 

1 1  — i 

-2 

— i 

Isomorphism  is  clearly  illustrated  by  the  tables  of  modular 
additions. 


Table  of  modular  additions  on  mod  17. 
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*r 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

0 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

X 

1 

o 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

0 

o 

2 

3  4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

0 

1 

3 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

0 

1 

2 

4 

4 

5  6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

10 

0 

1 

2 

3 

5 

5 

ry 

8 

9 

10 

11 

12 

13 

14 

15 

16 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

0 

1 

*» 

3 

4 

5 

7 

7 

8 

9 

10 

11 

12 

1.3 

11 

15 

16 

0 

1 

2 

3 

4 

5 

8 

8 

9 

10 

11 

12 

13 

14 

15 

16 

0 

1 

2 

3 

4 

5 

6 

7 

9 

9 

10 

11 

12 

13 

14 

15 

16 

0 

1 

2 

3 

4 

5 

6 

7 

8 

10 

10 

11 

12 

13 

14 

15 

16 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

11 

11 

12 

13 

14 

15 

16 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

12 

12 

13 

14 

15 

16 

0 

1 

2 

3 

4 

5 

0 

7 

8 

9 

10 

11 

13 

13 

14 

15 

16 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

14 

14 

15 

16 

0 

1 

O 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

15 

15 

16 

0 

1 

n 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

0 

1 

•> 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 
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In  conclusion  let  us  note  that  in  contrast  to  real  number 
complex  numbers  there  are  p.s.v.  consisting  of  an  equal  quanti 
noniscmorphic  between  thetrselves  deductions. 
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Fig.  13.  Squares  of  p.s.a.n.v.:  (-)  -  on  mod  5;  (-•-)  -  on  mod  3+ui 

(-  ~)  -  on  mod  3-4i. 
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Example.  Lat  us  consider  p.s.v.  on  the  n cduli/modu les  3  +  4i, 
3-4i,  5.  A  quantity  of  el ements/ce  11s  of  p.s.v.  on  each  of  these 
moduli/modules  is  equal  tc  25  (Fic.  13). 


w/%  9/2 
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<•1 


3+41 


-81 
-1-21 
— 21 
1+21 
—2—1 
-1-i 
—1 
1—1 
2—1 
—3 
-2 
—1 
0 
1 
2 
3 

— 2  +  i 
—1+1 
1 

1+1 
2+1 
— l+2i 
21 

1+21 

31 


1 3-41 


-31 
—1—21 
—21 
1+21 
—2—1 
-1-1 
— i 
1-1 
2-1 
—3 
—2 
—1 
0 
1 
2 
3 

-2  ri 
-1+1 

1 

1+1 
2+i 
— l+2i 
21 

1+21 

31 


<-ir 


-2-21 
-1-21 
—21 
1-21 
2-21 
-2— i 
—1—1 
—1 
1—1 
2—1 
—2 
-1 
0 
1 
2 

— 2+*i 

+  1 
1+1 
2+1 
—2+21 
—1+21 
21 

1+21 

2+21 


— 2+2!<3<-|~,  2—  ie<-|f 
and  therefore 


—3+21*2—  {(mod  6). 


But 


-2+21— (2-0- -4+31- 1(8+41), 


therefore 

-2  +  21-2  —  ((nod  »+41> 


and,  conversely, 

*1 6  <  •  1 1+4I'  —  21  6  <  •  |  |+4j» 

i.e. 

*  *-21  (-®<1  2+41), 

but 


21 -—21  (mod  5). 
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Thus,  ther?  are  deductions  of  p.s.v.  on  mod(3*4i),  congruent 
between  themselves  in  mcd5,  and  in  irodS,  congruent  between  themselves 
on  mod(3«-4i).  On  the  other  hand,  p.s.a.n.v.  in  aod(3*4i)  and 
mod(3-4i)  simply  coincide,  and,  at  the  same  time,  between  these 
p.s.v.  there  does  not  exist  isomorphism. 

Actually/really, 

<(— 2— o+(i— o  | .+« -a, 

on  the  other  hand, 

<(-2-0 +(-1-01. -4i -1+1. 

§3.  other  methods  of  the  assignment  of  the  full/total/complete 
systems  of  deductions. 

The  development  of  the  machine  algorithms  of  complex  numbers 
requires  the  refinements  cf  the  concept  about  the  range. 

The  nethod  of  coding  ts.  k.  ch.  and  the  algorithm  of  the 
arithmetic  operations  on  ts.k.ch.  depicted  as  the  preset  cod?,  is 
called  numeration  system. 

Range  -  this  the  final  (but  therefore  discreta/digital)  set  cf 


complex  numbers,  with  which  uses  the  computer 
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In  vis*  of  discreteness  any  range  can  be  depicted  as  the  set  of 
ts.  k.  ch.  The  method  of  the  assignment  of  range  depends  substantially 
on  the  method  of  the  coding  of  ts.k.ch.  .  .  .  It  is  more  exact,  th? 
fora  cf  coding  of  ts.k.ch.  accepted  detarminas  that  set  of  *,'n» 
numbers,  with  which  in  the  final  analysis  uses  the  computer. 

of  the  method  of  coding  is  required 

a)  one-to-one  image  of  integral  quantities  by  the  preset 

code; 


b)  the  realizability  of  all  arithmetic  operations  in  the 
language  cf  this  code; 

c)  the  presence  of  the  sigc/criterion  by  which  it  would  be 
possible  to  judge  about  the  output/yield  for  the  range  of  the  result 
of  arithmetic  operation. 

Pros  the  point  of  view  of  simplicity  the  greatest  interest  is 


represented  by  the  methods  of  the  assignment  cf  range  of  p.s.v.  with 
respect  to  the  composite/coapcund  aodolu s/sod ule. 
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In  connection  with  this  let  us  nota  three  most  important  methods 
of  assignment  of  p.s.v.  with  respect  to  ccaposite/compound 
mod ulus/module. 

Theorem  3.1.  The  set  of  ts.k.ch.  of  the  fora 

£*■(■...  4- i Pm~ *t  (3.1) 

where  «*(0<fr<»  — -l)  pass  values  of  p.s.v.  <•  ( p,  it  forms  p.s.v. 


Proof.  In  view  of  theorem  2.3.1  it  suffices  to  show  that  any 
ts.k.ch.  z  in  a  single  manner  is  represented  in  the  form 

2  —  C  + 

whera  5  -  ts.k.ch.  form  (3.1). 

For  this  purpose  we  will  use  the  following  algorithm. 

Let  us  present  number  z  in  the  form  z*€0*qiP#  where  S«,e  <•  |  r 
Here  e  and  q4  ace  determined  unambiguously,  since  <’l*  *  p.s.v.  on 
sod  p. 

Q |  we  relatively  act  analogously,  tie  have  ji^^i^gzP,  whera 
g2  is  newly  determined  unambigucusly,  since 


Page  56 
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As  a  result  we  will  have  a  cbain/network  of  the  equalities 


*-4  +  «iP, 

«o6<-  i,. 

9i  “  5*  +  fc  P. 

MC-  |„ 

$*-5*+.«*P, 

5*e<.  I ,. 

«»-i  “  5— i  +  q.  p, 

5»-i e<-  | 

whence  arbitrary  ts.k.ch.  in  a  single  manner  is  represented  in  th? 
form 

*=  +  «i  P  +  5*  P2  +  •  •  •  +  5— i  p"~l  +  qn  pn. 

Theorem  3.2.  The  set  of  ts.Jc.ch.  of  the  form 

Si  +  5j  Pi  +  5»  Pi  Pi  4-  «4  Pi  Pt P*  +  •  •  •  ~t~  5.  Pi  P*  •  •  •  P*-1* 
where  E*(l  <  *  <  n)  respectively  passes  p.s.v.  <•  I  *»  it  forms  d.s.v.  or. 
modulus /module  P(P=PiP2  •  •  •  P«)- 

Proof  is  analogous.  In  this  case  we  will  have  a  chain/network  of 
the  equalities 

*  =  5i-f«iP„  5ie<.  |„, 

«i  =  'a  +  ?j  Pi,  e  <  •  |  At 

?»-l  =  '« +  In  P,,  5„  e  < .  |  „n, 

whence 

2  =  *i  +  5a  Pi  +  •  • .  +  5,  Pi  Pi  ■  • .  Pi 1-1  +  g„Pi  Pa . .  •  P». 

Theorem  3.3.  Let  Pi.  P*.  •  •  • ,  P„  -  ts.k.ch.  pair-wise  mutually 
staple,  then  the  set  of  ts.k.ch.  of  the  fora 


Ray :  (1)  .  if 
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then 


By  force  (3.4) 


-  =  Jk  (mod  p*)  1  <  k  <  n. 


a  s  ^  (mod  p*)  1  <  k  C  n. 

But,  according  to  property  (2.1.4),  it  follows  that 

z  33  1  (mod  P). 

Let  us  further  consider  two  arbitrary  different  combinations  of  ths 
deductions 

(*i»  *i»  •  •  • »  *»)  J*  e  <  •  |  pk 

1  <  k  <  n, 

(?l»  ?*»•••♦  ?*)  6  <  •  | 

moreover,  at  least,  at  one  value  *:  **  =  i4.  corresponding  to  the® 
ts.  k.ch.  of  form  (3.3)  are  such: 

*^i 

np„. 

Let  us  show  that  (BOd  P) •  Let  us  assume  reverse  that  £i-€z  (mod 

P) ,  then  according  to  property  (2.1.5) 

(mod  Pk).  1  ^  fc  4  b. 

hence  by  force  (3.5)  we  have 

**  3e  (mod  pk),  1  <  k  <  n, 
however,  since  **,  e  < •  |  ,k,  that 

**  “  h  (1  <  A  <  n), 

which  contradicts  assumption. 
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The  theorems  of  the  theory  cf  numbers  indicated  include  thra? 
most  important  methods  of  the  ceding  of  ts. k. ch.  The  first  theorem 
leads  to  the  positional  numeration  system  with  the  composite 
basis/base,  the  second  -  to  the  positional  numeration  system  with  the 
mixed  radices  (to  the  so-called,  pclyadic  code),  to  the  nonposit icna 1 
numeration  systam  in  the  residual  classes.  All  these  numeration 
systems  will  be  traced  telow.  Let  us  note  only  some  special 
features/peculiarities  in  the  gecaetric  image  of  p.s.v.  determined  by 
these  theorems.  These  special  f  eat  ures/pecul  lari  ties  are  connected 
with  the  fact  that  the  cuseraticn  systems  of  complex  numbers  carry 
planar  character. 

Lat  p=c+di  -  ts.k.ch.  It  is  possible  to  give  the  following 
geometric  interpretation  cf  the  product  of  two  ts.k.ch. 

“ts  correct  the  identity 

(«-f-W)  (c  +  dl)-o(e  +  dl)  +  b(—d+ci). 

Hence  it  follows  that  product  of  two  ts.k.ch.  (a*bi)  and  (c  +  di)  is 
represented  as  integer  point  with  the  coordinates  (a,  b)  to  scale  of 
the  integral  system  of  coordinates  cf  orthogonal  base  (c*di,  -4*ci} . 
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Let  us  introduce  designation  P'-=ip=-d+ci.  Then  positional 
recording  of  ts.k.ch.  z 

*  =  $o+SiP  +  &jJ>,  +  .**  +  *■-»  £*“*» 
where  S*=x4-|-*y4e  <•  |  p  can  te  represented  in  the  form 

*  -  *0  +  iy0  +  (*j  p  +  y,  pf)  +  (*,  p*  +  yt  (p*)')  4. 

+  •••  +  (*«-i  p*-1  +  y—i  (p*-1)') 
where  each  component/ter m/addend 

5*P*=-*,p*  +  y4(p*)' 

as  representative  point  with  coordinates  (x„,  yk)  to  scale  of  integral 
system  cf  coordinates  cf  crthcgcnal  base  {p\  (p*)'}. 

Page  59. 

Thus,  the  vector  sense  of  digit  £*=(**,  y»)  of  the  h  digit  cf  positional 
recording  of  ts.k.ch.  lies  in  the  fact  that  numbers  x*,  y»  are  the 
coordinates  of  vector  in  base  {p*,  (p*)'},  and  number  itself  z 

Z  =  (X0*  Poi  XU  !fli  X2i  yii  .  •  . ;  Xu— 1>  Pa— t) 

is  the  sum  of  the  vectors  of  the  given  ones  by  its  coordinates 
<*o.  ye),  (*i.  yi),  (x2,  y2),  . . . ,  (x,_i  ya-i)  respectively  in  the  systems  of 
coordinates 

a.  0.  (a  p')  (p1,  (p*)') . (p-1.  (p*-1)'). 

Example  1.  Let  us  consider  acdulus/mod ule  (basis/base  of  the 
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positional  recording  of  a  number)  p=1+2i.  As  tha  digits  of  the 
positional  code  let  us  select  p.s.a.n.v.  on  mcd(1+2i) 

< '  I  l+ii  *•  ( u  t.  —  1.  —  1 }. 

The  inage  of  the  number 

l+(-<)  (1  +  21)  +  ( —  1)  (l  +  2i)«-l  +  (0.^-h(_l)p')-r((-l)^  + 

+  0-(p*y)  —  6  — 6i 

is  shown  in  figure  14. 

The  diversity  of  the  configurations  of  ranges,  generated  ay  the 
positional  ccda  of  complex  nunbers,  is  illustrated  by  the  following 
examples. 

Example  2.  Figure  15  and  16  depicts  p.  s.  v.  on  mod  (1+25.)  2  and 
mod  (1+2i)3,  rspresented  by  the  respectively  positional  cod? 

<i  +  2i), 

f.+5,  (1  +  21) +«,(!+ 21)*, 

w  here  e*  e  <•  I  r+*  U-o,  l,  21 
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Fig.  14. 

Fig.  14.  Representation  cf  number  z=  1  ♦  (0  «p+ (- 1)  p  i  ♦  (i- 1)  p2  *o  •  (p2)  i ) 
=6-5i . 

Fig.  15.  P.s.v.  on  mod(1*2i)2. 

Page  60. 

Example  3.  on  figures  17  and  18  are  depicted  p.s.v.  cr. 
mod (1 *2i) 2  and  mod ( 1+ 2i) 3 ,  represented  by  the  positional  of  the  cedes 

*0  +  *i  (1  +  21),  +  c,  a  -r  2i)  -f  C,  a  +  2 iF, 

where  '*6<*  I  i -21- 


Example  4.  on  figures  19  and  20  are  depicted  p.s.v,  on 
mod(1+2i)*  mod  (1+21)3  represented  hr  the  1  c^dp 

’«  +  C  (1  -r  2 i).  (l  _  20  -  Cj  (1  -L.  2 i)2. 


voherft.  ;*e-i- 1 
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nodal as/module  let  as  note  that  the  described  principle  of  image  of 
p.s.v.  completely  is  retained  (Fig.  21). 


The  special  feature/pecaliarity  of  the  mix*d  codes  in  contrast 
to  the  appropriate  codes  for  real  numbers  is  the  fact  that  her*, 
generally  speaking  it  is  broken  the  requiraaent  of  invariance.  The 
essence  of  this  requirement  consists  of  the  following. 


If  for  real  numbers  is  satisfied  the  condition:  p.s.v.  cn 

modP(P=*  PlPlr-'-'  Pn)f 
determined  by  the  mixed  pcsiticnal  of  the  codes 


*1  +*tPl  +  *»PlP2+  •  •  •  +  *»Pl  •  •  •  P—U 

where  xn  passes  p.s.n.n.v.  or  p.s.a.n.v.  ,  it  remains  invariant 
relative  to  sequence  cf  mcduli/mcdules  P\>  Pt,  . . . , the  for  complex 
numbers  this  requirement  in  general  proves  to  be  incomplete.  This 
fact  is  illustrated  by  figures  21  and  22,  where  they  are  depicted 
p.s.v.  on  composite/compcund  modu lus/ mod ule  (1*2i)  (1*31).  In  this 

case  figure  21  depicts  p.s.v.  determined  by  the  code  €1-f52(  1*3i), 
where 


;1e<.  } 

2e  <•  I 


and  figure  22  depicts  p.s.v,  determined  by  the  code  2  (  1*2?.), 

where 


1+21' 


*i«< 

5,«<*  I  r+.r 
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The  absence  of  invariance  substantially  complicates  rounding  in 
the  nonpositional  arithmetic  cf  complex  numbers. 

In  chapter  5  will  be  examined  one  version  of  the  invariant  mixed 
positional  code  for  a  complex  number.  In  connection  with  th* 
construction  cf  such  codes  it  is  expedient  to  consider,  in  what 
relationship/ratio  is  located  the  full/total/complete  system  of 
absolutely  smallest  composite  deductions  through  ||p||  and  p.s.v. 
determined  by  mixed  positional  cede  E-f-Tjp,  where  Ee  <•  |  -rje  <•  | 

Theorem  3.4.  Let  P—c+ai  (e,  dj*Q)  (||p(|>2).  Any  ts.k.ch.  is 

decomposed/expanded  on  bases/bases  p,  “p  into  the  mixed  positional 
code  of  the  form 

*-*  +  W  +  «:lP!l . 


>n 
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where 

l®<*  |  tje<.  |=, 

Proof.  Let  us  compare  p.s.v.  determined  by  the  code 

*  +  V  (*<*<•  /  7.  ’i s  < •  |  =). 

with  p.s.a.n.v.  <•  1 7#r  Fcr  this  purpose  let  us  show  that  the  square 
of  p.s.a.n.v.  in  mod  p,  examined/ccnsidered  tc  scale  of  the  integral 
system  of  coordinates  of  base  (p,  p • } ,  coincides  with  the  sguars  cf 
p.s.a.n.v.  <* I  i#r  The  a pexes/ ve itexes  of  the  square  in  questinn  in 
the  system  {p,  d'}  have  the  following  coordinates: 

Page  64. 

In  the  recalculation  upcn  the  integral  grid  of  base  (1,  i}  these 
points  take  the  fora 

c— d  _  c-d  .  ,|  p  .1 

~2~  P  8~  &  =  2  <*-'). 

But  latter/last  points  are  the  apexes/vertexes  of  square  of 
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p.s.a.n.v.  < •  1 7, (•  Purther  by  the  cut  square  <*l7pi  by  the  gril  cf 
the  squares,  congruent  tc  square  <  *  I let  us  show  that  th» 
apexes/vertexes  of  square  <*17  belong  to  this  network. 
Actually/really,  the  faaily  of  the  orthogonal  straight  lin«»s  of 
network  is  determined  by  the  equations 

ex  +  dy  =  ~  I  p  I) , 

—  dx  +  cy=*-j-  ,1  p  | . 

Latter/last  systea  with 

x=e  +  d,  ;i  =  c  —  d,  >  =d—  e,  ;i  =-c-f-d; 

1=  — c  —  d,  p  =  d  — c,  X=»c  —  d,  1*  —  — c  —  d, 

has  respectively  solutions 


/'If!, 

if!'.. 

i  ip 3 

i£i\  i. 

9  pt 

1  Pi  \ 

1  2 

2  r 

{  2  * 

2  /’  l 

2  *  ~ 

(l  Pi  I  p  11  \ 

l  *  ’ 


However,  sat  of  ts.k.ch.  ccvered/coated  with  ths  squares  of  tht 
network  in  question  whose  centers  are  eleeent s/cells  of  p.s.a.n.v.  on 
aod  "p ,  preset  in  scale  cf  the  integral  systea  of  coordinates  of  base 
(P,  p'}  ,  is  foraed  p.s.  v.  described  by  the  code 

; -r  JiP  (««<■  I  J.  !«<•  I  7)- 

Since  in  tais  case  the  apexes/ vert  exes  of  square  <  *I7^i  belong  to 
network,  then  output/yield  for  square  Ol7pi  of  nuabers  of  fcra  l+r\p 
is  feasible  only  in  the  direction  cf  the  axes  of  the  coordinates  cf 
base  {p,  p • } .  The  distance  of  these  points  from  the  sides  of  square 
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<"'"p i  cannot  exceed  value  ^|p|. 

Pag*  65. 

Sine*  inequality  ^—\ p  '!p><2;!p;t  is  fulfilled  for  all  ts.k.ch. 
that  satisfy  condition  llpil>2,  then  the  difference  between  numbers 
i-rnp.  left  beyond  the  Halts  cf  square  and  their  composite 

least  positive  residues  z  in  moduli  it  is  determined  by  equality 
z — <i+ >tp)  =  (!llpll,  whera  irell  =  l. 

Par  all  nuabers  of  aeans  5  +  np,  of  those  rot  eaerging  beycr.d 

<3\ 

liaits  <•  I  is  obvious  e«0.  Thecrea  is  illustrated  by  examples. 
Exaapla.  p=1*2i. 

<  •  I  7i  *IU  -  ( o.  1.  2.  —  l,  —  2.  t,  2i.  —  I,  —  2i.  1  -  i.  2  - 
-  1  -  2i,  2  -  21,  —  1  -  ».  —  2  +  i,  —  l  ~  2i.  -  2  -  2i i.  —  1  —  i. 

—  1—21,  —  2  —  —2  —  2 i,  1  — i,  2  —  i.  1  —  2*.  2  —  11; 

a)  ts.k.ch.  -  -2>2i  e  <•  I  Ti.ju  and  its  disintegration  into  ‘ne 
aixad  positional  code  take  the  fosa 

Vi> 

-2T2i-*-i(l-»)r  0-5,  T.  ».  0; 

Key:  (i)  .  i.e. 

b)  ts.k.ch.  1-2i  ®<- •  Twin*  its  disintagration  is  such: 

+  »)  +  (- 0  w/l!  it  „  _j  =1; 


Key:  (1).  and 
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c)  ts.k.ch.  -2-i  e  <•  I  i.iii .  its  disintagr  ation  takes  the  fora 
-2-i*H  (-i)  (U2i)  M-l)  (5);  therefore  '-‘i-i. 

§4.  Some  special  features/peculiarities  of  the  f ull/total/cca plat® 
system  of  deductions. 

Modular  numbers.  During  the  generalization  of  numeration  syst  =  "> 
to  the  composite  bases/tases  appears  one  special  feature/peculiarif  y , 
which  depending  on  selection  of  p.s.v.  ran  have  an  essential  effect 
oa  the  organization  of  the  processes  of  transfer  with  the  execution 
of  the  arithmetic  operations  above  numbers,  givan  by  the  positional 
code. 


Lat  us  consider  the  elucidating  example.  Let  it  be  preset 
basis/base  p-2+i  and  as  p.s.v.  chosen  p.  s.n.v. 

’  I  p  “  !  0,  i,  l  —  f,  2i,  i  —  21 

It  is  not  difficult  to  check  the  validity  of  the  represantaticrs 

-x  -(-i)  (2  - 1)  -d  -i).  a-te  IT). 

—  1  —  <— <  —  1  —  0  (2  +  0  t21,  (2i  e  <•  I  *). 

Page  66. 

Hence  it  follows  that  nuebers  -1  and  (-1-i)  can  be  depicted  as  th® 
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positional  code  of  how  conveniently  large  length  n,  since  with 
arbitrary  n,  since  with  arbitrary  n  are  valid  the  equalities 

—  1  -  a  +  o  +  a  +  o  p  +  a  +  o  p*  +  • .  •  +  a  +  0  p*  +  (—  i)  p"*\ 

—  1  —  i  —  2i  +  2ip  +  2ip*  +  . . .  +  Zip*  +  (-1  -Op’*1. 

Further,  since  a  product  cf  two  deductions  i»i*-1,  ar.d  r.unber  -1 
is  represented  as  the  positional  cede  of  the  arbitrary  length  n  with 
basis/base  p-2+i,  then  this  complicates  the  process  of  transfer  with 
the  execution  of  multiplication.  As  can  easily  be  seen  from  tha  givar. 
tables,  the  process  of  addition  in  the  case  in  question  does  not 
suffer  the  deficiency/lack  indicated. 


Table  of  summation  on  mod(2*i). 


-r 

0 

l 

l-Hf  j  21 

l+2i 

0 

o  i 

i 

1+i 

21 

1  +  2  i 

i 

i 

2 i 

l+2i 

1+i 

0 

1-i 

1  +  i 

l+2i 

t 

0 

21 

2i 

2  i 

1-Mi 

0 

l+2i 

i 

l-*-2i 

l-i-2< 

0 

2  i 

i 

1+i 

Table  of  transfers  with  the  summation  over  mod(2+i). 


* 

0 

i 

1+i 

2i 

l  +  2i 

0 

0 

0 

0 

0 

0 

i 

0 

0 

0 

I 

1-i 

1  +  i 

0 

0 

1 

1+i 

t 

2i 

0 

i 

1  +  i 

l 

1-i 

l-r-2i 

0 

1+i 

1 

1+i 

1  +  i 

Observation.  Since  -l*lf(-l)2,  then  analogous  situation  aoc^ars 
in  the  binary  arithmetic  of  real  numbers,  if  we  the  sign  cf  a  number 
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do  not  select  by  the  independent  sign  aultipliar. 

In  connection  with  those  presented  it  is  of  interest  to  consider 
the  question:  in  what  cases  there  are  nuabers  x*iy,  which  satisfy  the 
condition 

x  +  iy  —  (x  -t  p -f  * +  -H?  6  <  •  I,.  (4.1) 

This  nuaber,  if  they  exj  ’t.c  we  will  call  by  aodular  on  ®cd  p. 

Equality  (4.  1)  is  equivalent  tc  systea  of  equations 

x  =»  xe  —  dy  -j-  i, 

y  =-  ey  +  dx  -r 

Solving  this  systea,  we  find 

y--r(-.Mc-i)-xd). 

where 

“  (c  —  1)*  +  d*.  (4.2) 
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On  the  other  hand,  we  note  that 

— ^  1  )—'-d  ,  — 5(e— 1)-i4 

(e-D-Wi  ”  ~4  *  - 5 - • 

Hence  we  consist. 

Theoran  4.1.  nodular  nuabers  on  nod  p  exist  when  and  only  when 
p.s.v.  (aod  p)  are  included  deductions  a  +  0i  such,  that 

a  -f  )t  =s  0  (mod  p  —  1). 
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Thus,  the  presence  of  modular  numbers  depends  substantially  cn  the 
selection  of  p.s.v.  on  mcd  p.  Trace  in  this  plan/layout  the 
full/total/complete  systems  of  the  smallest  and  least  positive 
residues. 

For  simplicity  of  reasonings  we  will  be  converted  to  the 
geometric  illustrations  (Fig.  22-26). 

Case  1.  Foe  p.  s.n.  v.  on  mod(c>di)#  where  c> 0,  there  is  at  leas 
one  modular  number.  This  follows  frem  the  fact  that  with  c>0  always 

(c-l)+die<.  |e;<4. 
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Pig. 

23. 

Fig.  24 

Pig . 

23. 

c>2,  d>0. 

Pig. 

24. 

c>2,  d=0 . 

Pig.  25.  Pig.  26. 


Fig.  25.  c*di. 

Fig.  26.  c=1 ,  d^O. 
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Lat  us  note  that  for  p. s.n. v.  <•  | +=  {o,  1  /, lfi} 
nuabers:  by  -1  and  -i,  since 


are  two  modular 
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ItL 

—  1  =  (—  1) 2  -r  1,  (le  < .  |  *), 

-*=(-/)2  +  i,  (/  e  <•  j  * ), 

and  for  p.s.v.  {0,  1}  on  mod(l-i)  is  ons  modular  number:  -i,  sines 
-i=  (-i)  ( 1  — i)  ♦  1  (ie<*  I 

Case  2.  For  p.s.n.v.  on  mod(c*di),  where  c<0,  modular  nujDars 
there  does  not  exist. 

Actually A'aally ,  let  a«-di=  1  (  (— c •  —  1 )  +  di )  ,  where  j+gi  e<<  ard 
c =-c*  (c*> 0)  ,  than 

I!  *  +  II  >  !!  (-c'-D  +  di  I!  =  (c'  -f  l)2  +  d2  >  ii  p  !| , 

which  leads  to  the  contradiction. 

For  p.s.v.  {0,  1}  cn  mod  (-  Hi)  modular  numbers. 

Case  of  3.  For  p.s.n.v.  cc  acd  (c+di)  modular  numbers  ther°  does 
not  exist.  Actually/really,  let  «*di=q(  (c-1)  ♦di)  ,  where  a+die<.|j, 
then 

2*  +  *ll  >  (c-l)‘  +  d2=^  +  (cI±£_2c  +  l). 

/ 

Consequently,  for  all  these  cases  when 

— 2-  — 2*  +  !  >°,  (4.3) 

initial  assumption  proves  to  be  inaccurate,  since  otherwise  we  cone 


to  the  inaccurate  conclusion 
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:i  >  Lj1- 

The  moduli/modulss,  not  included  by  inequality  (4.3),  are  such:  2> 
3,  3+—  i.  By  diract  testing  we  are  convinced,  that  for  p.s.a.n.v,  c 
these  mcduli/modules  there  does  net  exist  modular  numbers. 

Properties  of  the  symmetry  of  p.s.a.n.v.  One  of  advantajes  of 
p.s.a.n.v.  on  any  modulus/module  is  the  absence  of  modular  numbers 
Furthermore,  p.s.a.n.v.  possess  the  series/row  of  other  advantages 
before  other  types  of  p.s.v.  in  view  of  their  properties  symmetric 
These  properties  are  expressed  by  formulas. 

Page  69. 

Theorem  4.2.  If  ts.k.ch.  p=c*di  odd,  then 

1.  <  i  (a  -f-  bi)  |  J  =  i- <a  +  bi  | 

2.  <a+bi  I  ;=  I  f. 

3.  <  a  +  bi  17  =  <  a  +  frt  |  f. 

Here  a-*- bi  and  a»bi  indicate 

a  +  bi=a—  bi;  a  +  bi  =  —  a  4-bi. 

Proof.  In  view  of  the  basic  formula  of  deductions  (3.1.5)  we 

have 


i  <  a  4-  bi  I  ~  ,  1  be~ad  I  1  p  |  L‘  lac-ridl 

*  Tpl  - - - 
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observation  1.  Por  ts.k.ch.,  the  generatrices  p.s.a.n.v.  on  the 
real  aodulus/aodule  p,  the  enuaerated  properties  take  the  fora 

i  <  a  4-  bi  I  ;  =  <r  -  b  4-  ai  |  p, 

<  a  +  bi  |  p  =  ''  a  bi  |  pt 
'  a~bi  I  t>  =  <  a  r  bi  j  p. 

Observation  2.  In  view  of  theorea  2.2.2 .  property  in  their 

arithaetic  sense  they  can  be  spread  to  arbitrary  p. s.v.  over  aod  p, 

(!ipi  3l(mod  2)).. 

Eraaple  (Pig.  27  and  28).  aod  (3^61)  .  Let  us  write  out  the  group 
of  deductions  p.s.a.n.v.  on  aod  (3*6i) ,  arranged/located  in  the  first 
quadrant. 

1,  2,  3,  1  +1.  2+i,  3+i.  4 +i.  l+2i,  2+21.  3-1-21.  1 4-4/. 

By  the  force  of  the  first  property  all  reaaining  nonzero  deductions 
can  be  obtained  by  the  additional  aultiplication  of  this  group  of 
deductions  to  the  consecutive  degrees  of  the  iaaginary  unit 

1.  2 i.  31.  -l-i-i.  -11-2/.  —1+31.  —  1+41.  —2+i.  — 2+2f,  —2+31,  — 4+i; 

—  1.  -2,  —3.  -1— i,  —2—1,  — 3— i.  — 4— i,  -1-21,  —  2— 2i.  —3-21. 

-1-41; 

— »,  —21,  —31.  1—1,  1— 2i.  1—31,  1  —  41,  2—1,  2— 2i,  2—31.  4— i. 
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The  second  and  third  properties  are  illustrated  by  the  following 
esa  spies: 


-i+4<e<  •  | r  „  •  — i+4*e<  ■  I 

— 1— -4ifi  <  •  |  3_#j-  l+4tQ<  •  |  |_u 
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Pig.  27.  aod  ( 3 *•  6 i >  . 


Page  71. 

Par  ts.k.ch.  p=c*di  such,  that  !!p|| == 0  (mod  2)  (i.e.  for  the 

seaieven  and  tha  tha  even  ts.k.ch.)  the  property  of  the  syaaetry  of 
deductions  p.s. a. n. v.  is  broken  in  connection  with  the  presence  on 
the  sides  of  the  squares  p.s.a.n.v.  of  the  integer  points,  froa  which 
in  p.s.a.n.v.  are  included  only  the  points,  arranged/ located  on  any 
two  adjacent  sides  of  square. 

§  5.  Analysis  of  the  tables  of  aodular  operations. 

The  tables  of  aodular  operations  coapose  the  basis  of  any 
nuaeration  systen.  Under  the  table  of  aodular  operation  is  understood 
the  two-input  table,  salient  on  two  input  operands  (deductions)  tha 
result  of  aodular  operation  (addition,  aultiplication  on  the  preset 
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nod  ulus/nodule)  . 

As  an  exaaple  are  given  the  tables  of  nodular  addition  and 
aultiplication  on  aod  (  3*2i) ,  where  the  operands  (deductions)  are 
preset  in  the  class  of  p.  s.  n.  v. 

The  analysis  of  this  type  of  tables  inplias: 

1)  the  data r nination  of  the  character  of  overflow  with  the 
execution  of  nodular  operation: 

2)  the  devalopaent/detection  of  the  properties  of  the  syanetry 
of  the  tables  of  nodular  operations.  There  Is  greatest  interest  for 
the  aaohine  arithmetic  in  the  deteraination  of  the  character  of 
overflow  with  the  addition. 

Overflow  with  the  addition  of  the  eleaents/cells  of  p.s.n.  v.  ffe 
will  use  the  identity,  valid  on,  aany  eleaents/cells  of  p.s.v.  if 
|  p,  (p  =  c-tdt),  *hen 

*-Oi  =  ((W  +  ?d)-M(fc-ad))yyj  .  fifef- 
M  =  +  "t  =  ij  4-  3ji  e  <  •  |  * , 

’i  ~  ( (*i e  “h  ?i  d)  +  (*j  c  4-  ?2d)  4*<  ((3j  c  —  j i  d)  -4* 

Since  for  p.s.  n.v.  it  is  carried  out 

0  <  ixc  -4-  3td  <■  !:  p  t1  ,  0  <  J2e  -t-  3,d  p  , 

0<  ?tc  —  *id  C!p;,,0^  ?  sc  —  ud  ;  ..  p  , 
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then 

whe  re 

(syabol 

integer. 


(ijC  -*-3,  d)  —  (i2c  —  32d)  =  (ij  —  a2)c  -f  (?!  —  %)d  — 

-  I  (^-r^e  -:-(?!  +  'h)d  I  P  ’ 

„  _  -t-Ot  -»-  V<n+  _  f  o 

‘  l  6  p  I  .1  11 

{xj*  iasignated  whole  syllable  x,  equal  to  the  greatest 
which  ioes  not  exceed  x)  . 
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Table  of  nodular  summation  over  nod (3+21). 


-h 

H 

—14-31 

31 

1+31 

2+31 

n 

D 

1-4-41 

—1+21 

2i 

1+21 

|  2-r  2i 

0 

i 

0 

— 1  r31 

31 

l-r3 1 

2+31 

i 

1+1 

4  i 

1 

1-41 

—1+21 

21 

1+21 

2-21 

— -I  -*-3  i 

— l-r31 

31 

1+31 

2+3i 

i 

i+i 

41 

1+41 

—1  +  21 

21 

1+21 

2-r21 

0 

31 

31 

14-31 

2+3 1 

i 

1+1 

41 

1+41 

-1-21 

1 

21 

1+21 

2-r2 1 

0 

—1+31 

1  —  3* 

14-31 

24-31 

1 

l+i 

4 i 

1+41 

—1  +  21 

21 

1+21 

2+21 

0 

— 1+31 

31 

2  —  3i 

24-31 

1 

1+1 

41 

1+41 

-1+2 i 

21 

1  +  21 

2+21 

0 

—1+31 

31 

1  —  31 

i 

1 

i  | 

l+i 

41 

1  41 

—1  +  21 

21 

1+21 

2  +  21 

0 

—1+31 

31 

l  +  3i 

2  +  31 

1  +  1 

1  ~r  t 

a 

1+41 

— 1  421 

21 

1+21 

2+21 

0 

—1+31 

31 

1  +  31 

2+31  j 

i 

4  1 

41 

1+4 1 

—1+21 

21 

1+21 

2+21 

0 

—1+31 

31 

1 4-3t 

2+31 

1 

l-i 

1  -41 

14-41 

—1+21 

21 

1  21 

2+2. 

0 

—1+31 

31 

1+31 

2+31 

1 

1+1 

4 1 

—1-2 1 

—  14-21 

21 

1+21 

2  21 

0 

-1+31 

31 

1+31 

2-r31 

1 

l+i 

4i 

1+41 

21 

21 

1  +  21 

2+21 

0 

— 1  +  31 

31 

1+31 

2-31 

i 

1+1 

4i 

1+41 

— 1—21 

1  -21 

14-21 

2421 

0 

-1  r3i 

31 

1+31 

24-31 

{ 

14  1 

41 

1 4-41 

—1+21 

21 

2^-21 

24-21 

0 

—1+31 

31 

1+31 

2+31 

i 

1 

1  4-1 

41 

r“ 

— 1-^  2i 

. 

21 

1-21 
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Tabla  of  sodular  aultipllcation  on  nod(3+2i). 


<  1 

H 

—1+3/ 

3/ 

1  +  3/ 

2+3/ 

i 

1+/ 

4t 

1-4/ 

—1+2/ 

2/ 

1-2/ 

2-2 1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

—  1  +  3/ 

0 

—1+3 i 

3 Z 

1  +  3/ 

2  +  3/ 

/ 

1  +  / 

4/ 

14  4/ 

—1  +  2/ 

2/ 

1  +  2/ 

2-2/ 

4U 

0 

3/ 

2  +  3/ 

1+/ 

1+4/ 

2/ 

2+2/ 

-1-3/ 

1+3/ 

/ 

4/ 

-1-2/ 

.  CJ 

I 

H 

1-3  Z 

0 

1+3/ 

1+Z 

—1+2/ 

2+2/ 

3/ 

/ 

1+4/ 

1+2/ 

—1+3/ 

2-3 Z 

4/ 

2/ 

2-3  Z 

0 

2  i-3i 

1  +  4 1 

2  +  2/ 

1+3 1 

4/ 

1+2/ 

3/ 

2-H 

2/ 

—1  -3/ 

/ 

-1-2/ 

i 

0 

Z 

21 

3/ 

41 

2+2/ 

2  +  3 1 

—1  +  2/ 

-1-3/ 

1-/ 

1-2/ 

1-3/ 

1-4/ 

1  +  Z 

0 

1+/ 

2  42/ 

/ 

1+2/ 

2+3/ 

21 

1  +  3/ 

-1-2/ 

3/ 

1-4 Z 

—  1+3/ 

4/ 

4  Z 

0 

4/ 

-1+3/ 

1+4/ 

3/ 

—1+2/ 

1  +  3/ 

2/ 

2  4  3/ 

li-2/ 

/ 

2+2/ 

1-/ 

1-4  i 

0 

1+4/ 

1  +  3/ 

1+2/ 

2+1 

—1  +3/ 

—1  +2i 

2  +  3/ 

2+2/ 

4/ 

3/ 

21 

/ 

—  1+2/ 

0 

—1+2/ 

/ 

—  1+3/ 

21 

1+/ 

3/ 

1  +  2/ 

4/ 

1  +  3/ 

2  +2/ 

1+4/ 

2-3 i 

2/ 

0 

2/ 

4/ 

2+3 i 

—1  +  3/ 

1+2/ 

1+4/ 

/ 

3/ 

2  2! 

— 1  +  2/ 

1-/ 

1  -3/ 

1+2/ 

0 

14  2/ 

—1  +2/ 

4/ 

/ 

1  +  3/ 

—1+3/ 

2-2  / 

2/ 

1-4. 

1-/ 

2-3/ 

3/ 

2  +  2  / 

0 

2  •  2/ 

1+2/ 

2/ 

—1+2/ 

1+4/ 

4/ 

1-ri 

/ 

2-3/ 

1-3/ 

3/ 

-1-3/ 
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Is  analogous  [ptc-at5)  +)  (02c-«2d)  =  |  (Pt  *-02)  c-(*t*«*d) 

I  %\  +3  ||p  ||,  whsre 


5  =  \  1+  =  f  0 

L  i  p  i  J  j  i  ' 

Thus, 

(*1+  ?i  0  +  (*s-r  ?2  0  =  (Ti  +  i'1)  (c  -r  di)  +  (  j  (Ji4-  >2)  c  — 
-M?i-r?2)d|  -H[(Pi-r  h)c-  (>it  *~Jd  |  • 
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Second  term  of  the  right  sida  of  tha  lattar/last  equality,  in  view  of 
basic  foraula  for  deductions  (3.1.5),  is  the  eodular  sua  of 
deductions  at*0ti  and  a2^02i.  Thus,  possible  overflows  with  the 
addition  of  two  deductions  of  p.s.n.v.  take  the  fora 

~  (’i  ■+•  -*2)  =  Tt  + 


where 


In  other  words,  transfer  »  with  the  addition  of  two  coaposite 
deductions  aad  C  2  on  aodulus /nodule  p=c*di  is  realized  by  one  of 
the  nuabers  of  the  set:  0,  1,  i,  1*1.  Hence,  in  particular,  it 
follows  that  with  the  addition  a  control  of  departure  beyond  tha 
range,  preset  p.s.n.v.,  can  be  carried  out  by  aeans  of  nodulus/aodule 
2,  since  <.|  *  =  {o,  1,  i,  l  +  i}.  The  character  of  overflow  is  here  such:  it 
is  not  possible  to  indicate  such  composite  aodulus/aodule  p=c«-di  (c, 
d*0)  ,  p.s.n.v.  which  would  contain  in  theeselves  all  nuabers  0,  1,  1, 


1*i. 


Consequently,  with  addition  of  two  ts.  k.ch.,  preset  by  the 
positional  coda 

*0  +  *1  P  +  *!  P*  +  -..  +  «■  P\ 

where 

i»e<-  |  *  (*  =  0,1,  2 . «), 

the  overflow,  which  appears  in  this  digit,  can  affect  not  only  the 
directly  next  dacade. 

for  an  exaapla  let  us  give  the  table  of  overflows  with  the 


addition  of  the  saallest  deductions  on  nod  (3*21) 
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Table  of  overflows  with  the  suaaation  over  aod(J»2i) . 


0 

— 1  +3< 

31 

l+3< 

2  -r 

i 

1  +  i 

41 

I  4< 

—  1  2 i 

2i 

1  -2  i 

2-  2i 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

—  l-3i 

0 

i 

i 

i 

1  i 

i 

0 

i 

1-i 

1 

i 

i 

1  ri 

3 i 

0 

i 

i 

1-i 

1  +i 

0 

0 

1-  1 

1  -  i 

i 

i 

1  -i 

1 

l+3i 

0 

i 

1  -i 

1-ri 

1 

0 

1 

1  L  1 

1  i 

i 

1  i 

1 

1 

2*3 1 

0 

1  - i 

1  -i 

1 

1 

1 

1 

1  <i 

1  •  i 

1  i 

1 

1 

1 

l 

0 

i 

0 

0 

1 

0 

0 

i 

1  i 

0 

0 

0 

0 

1-i 

0 

0 

0 

1 

1 

0 

0 

1  ri 

1 

0 

0 

0 

1 

41 

0 

i 

li  < 

1+i 

1  1-i 

i 

1-i 

l-i 

1  -  i 

i 

i 

1-1 

1-i 

l-r4i 

0 

1-i 

1-i 

1+i 

1  ri 

i+i 

1 

1-i 

1  i 

i 

1  i 

1  -i 

1 

-1-2 i 

0 

i 

i 

i 

1  ri 

0 

0 

i 

i 

i 

i 

0 

0 

2 i 

0 

i 

i 

1+i 

1 

0 

0 

i 

1  . 

i 

0 

0 

1 

1  -2i 

0 

i 

1-i 

1 

1 

0 

0 

1  •  . 

i 

0 

0 

1 

1 

2  *2i 

0 

1  :  i 

1 

1 

1 

0 

1 

1  •  ; 

1 

0 

1 

1 

1 
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Overflow  with  the  addition  of  the  aleaents/cells  of  p. s.a.a.v. 
let  « 1  ♦  0 1  i»  <•  |  (p  =  c-fdi).  than 

(*i  +  ?,<)  +  iH  +  h  t)  +  { (*i  c  +  3,  d)  +  («,«  +  ?.  d)  + 

+  /((?1c-i1d)  +  (?2c-Sld»}i±S. 

Since  for  p. s.a.a.v.  it  is  carried  out 


- 5“  <  *i®  +  ?id  < 


a  p  n 

2 


<  *2 c  +  M 


1  pH 

2  * 


P  1 
2 


<  3,  c  —  *,  d  < 


JLtJ 

2 


I  p  *1 


<  3,c  —  ijd 


i  p  'i 

2  ’ 
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the/| 

(Ji  c  -}■  ?i«0  -f  (a2 c  -f  hd)  =  |  (*!  4-  + 

+  (?i  4-  ?i)d  I  3  +  *)  i!  P  II  • 

where 

—  1 

-  _  r<’,  —  *.)  e-r-C3.  ->-%)  rfl— 

1  [  771 - j  =  0 

(+1 

(by  syabol  [x]-  aarkedly  integer,  near  to  x)  . 

Is  analogous  (0,c-atd)»(  0xc-a2d)  *  l(0t  *8*)  c-  (a(«-az)with  d) 
I  7/«  f  *  i  P  li  .  “here 

I"1 

;  r  (3,+S»)g-(«  +it)d  1-  I  n 


React,  it  is  sinilar  to  the  previous  case,  we  consist  that  the 
possible  overflows  »{  ct*€*)  with  the  addition  of  two  deductions  C t 
and  p.s.a.n.v.  take  the  fors 


where 


TI.  5  - 1  o , 


PAGI 
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Tabla  of  nodular  addition  p.s.a.n.v.  on  nod  (3+21). 


4* 

J 

0 

1 

2 

—  2i 

— l+i 

i 

1-i 

—i—i 

—t 

1—i 

2  i 

—2 

—1 

0 

0 

1 

2 

—21 

—1+i 

i 

1  +  i 

—  1—i 

— i 

1—i 

2  i 

—2 

—1 

1 

1 

2 

— 21 

— 1  +  i 

i 

l-M 

—1—i 

—  i 

1—i 

2  i 

—2 

—1 

0 

2 

2 

-2  i 

— 1  +  i 

i 

1+i 

—1—i 

- i 

1—i 

2  i 

O 

—1 

0 

1 

—  2i  ; 

—2  i 

—1  ^  i 

1 

1  ~i 

—  1—i 

— i 

1—i 

2  i 

—2 

—  1 

0 

1 

2 

-1- 

—  1  -i 

i 

l*i 

—  1—i 

— i 

1—i 

2  i 

-2 

—1 

0 

1 

2 

—  2i 

i 

l 

i  i 

—  1—i 

— i 

1—i 

2i 

_ 2 

—  1 

0 

1 

2 

—  2i 

— 1-i 

1-i 

1-i 

-I-. 

-i 

i—i 

2i 

—2 

—i 

0 

1 

2 

—  2  i 

—  1-i 

i 

—  1— 

-1-i 

— i 

1—i 

2i 

-2 

—1 

0 

1 

2 

— 2i 

-1-i 

i 

1+i 

— i 

j 

l—i 

2/ 

-2 

—1 

0 

1 

2 

—  2i 

—  1-i 

i 

l-*-i 

—1—i 

i  —  i 

l—i 

2i 

-2 

—1 

0 

1 

2 

— 2i 

-1  i 

i 

1  :-i 

—1—i 

— i 

21 

i  2i 

-2 

—1 

0 

1 

2 

— 2i 

—1  i 

■ 

1  -i 

—  1—i 

— i 

1—i 

—2 

-2 

—  1 

0 

1 

2 

— 2i 

-1  + 

t 

1  i 

—  1—i 

— i 

1—i 

2  i 

—  1 

:  —1 

0 

1 

2 

—  2» 

—  1  i  i 

i 

1  i 

—  1—i 

1—i 

2i 

—2 
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Consequently ,  with  the  addition  a  control  of  output/yield  on  tha 
range,  preset  p.s.a.n.v.,  can  be  realized  by  leans  of  nodulus/nodule 
3,  since 

<•  |  ~  =  {0.  1,  1  -l  i,  —  1  -  i,  —1,  —  1  —  i  —  i,  1  —  »}• 

In  contrast  to  p.s.n.v.  the  character  of  overflow  is  such: 
p.s.a.n.v.  on  any  nodulus/nodule  p{\\p\\> 2)  it  contains  as  the 
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deductions  of  a  nuaber  of  foca  0,  1,  1*i,  i,  -1*i#  -1,  - 1  -i ,  -i,  1-i. 

As  an  exaaple  are  given  the  tables  of  aodular  addition  and 
overflows  p.s.a.n.v.  on  acd(3*2i)  and  aod(l-2i). 
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"fche  table  of  ovarflows  with  the  addition  of  a.n.v.  on  aod(3*2i). 


'(•1  -  j) 

!° 

1 

I 

2 

— 2i 

— 1- 

i  i 

1-i 

-1- 

i  — i 

1— i 

2  i 

-2 

— i 

0 

i° 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

i  0 

0 

1 

—  i 

0 

0 

1 

0 

0 

—  i 

1 

0 

0 

2 

1  0 

1  . 

I— l 

- i 

0 

1 

1 

0 

—  i • 

1-i 

1 

0 

0 

-2  i 

!  o- 

—  i 

—  i 

-1  — i 

0 

0 

0 

-1—1 

1  -i 

— i 

0 

— 1 

— 1 

—  1  -i 

1  0 

1 

0 

0 

0 

i 

• 

0 

0 

0 

0 

i 

—l^i 

i 

i 

0 

0 

1 

0 

i 

0 

1 

0 

0 

0 

i 

i 

0 

i-i 

0 

[ 

1 

1 

0 

0 

1 

1 

0 

0 

0 

1-1 

0 

0 

-i-«  | 

0 

0 

0 

-1— 1 

0 

0 

0 

— 1 

-1 

0 

0 

— 1 

-1 

— : 

0 

0 

—i 

—  i 

0 

0 

0 

-1 

0 

0 

0 

-1 

0 

l— i 

0—  i 

1-1 

—  i 

0 

0 

0 

0 

0 

—  i 

0 

0 

0 

2  i  ! 

0 

1 

l 

0 

i 

i 

1^1 

0 

0 

0 

1-i 

i 

i 

-2 

0 

0 

0 

-1 

-1- 

i  i 

0 

— 1 

-1 

0 

i 

— i-i 

-t 

-1  | 

\ 

0 

0 

0 

— 1 

i 

0 

0 

~1 

0 

0 

i 

-i 

0 

Page 
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• 

Tables  show  that  the  overflows  with  the  addition  a.n.v.  on 
nod  (1-21)  are  again  elenents/cells  p.  s.  a.n.v.  on  tsod(l-2i). 

Overflows  with  the  addition  cf  real  remainders  on  the  cosposite 
■odulas/nodula  p=c»di  (  (c,  d)=1). 

Case  of  p.  s.  a,  n.  v.  < •  I  „  =  I  •  I  ~  . 
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Let  Ji.  J2e  1*1^  ,  then 

where 

Since  Hpll-p-p, 

Let  it  be  c>0#  then  ts. fc.ch.  p  it  is  possible  to  present  in  the 
fore  "P=2c-p. 

In  this  case  2ce|.rpr  since  2c<c**d*,  since  c^d  on  the  strength 
of  the  fact  that  (c,  d)  =1.  Consequently,  the  character  of  overflow 
with  the  addition  of  two  real  deductions  is  such: 

Ii  +  *2=  I  *l  +  »*  I  -T-  -p. 


tae  overflow  in  this  case  accapts  fore  n  (c— di). 


where 
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“Xhe  table  of  aoiular  addition  p.s.a.n.v.  on  acd(1-2i). 


- 

i 

i 

—1 

— i 

1 

— i 

—i 

0 

i 

i 

— i 

i 

—  i 

0 

— i 

0 

—  i 

i 

1 

— i 

i 

0 

i 

—1 

Table  of  ovefilling  on  aod(1-2i). 
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Nuabar  -1  in  this  case  is  a  nodular  number,  since 
—  1  =  ( !l  P  !l  —  1)  +  ( II  P  I!  —  2c)  p  -i-  (1  —  J)  p2, 

but 

1-P=  IIP'I  -(2c-l)  +  (l-p)p. 

All  this  substantial!;  coaplicates  the  processes  of  transfer. 


Case  of  p.s.a.n.T.  <*l,=  l*ri,r 
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Lat  3,1  s2e  I  •  I  then 


where 


»l  +  *2  =  I  St  +  J2  I  +*  il  Pil  - 


r(3l  +  *2)=  0. 


for  eraaple,  c<  then  ts.  Ic.ch.  *p  be  is  represented  in 


the  fora  "p=2c-p. 


Since  2 ce  I  •  l  ~  ,  — ie  I  .  |  ~  that  the  value  of  overflow  in  this 

1  1  !!  P I  *  'fc  '  I  i|  p  i  » 

case  is  described  by  the  "two-place"  positional  code. 


Overflows  with  the  aultiplication  of  the  eleaents/cells  of 
p.s.v.  let  us  consider  the  case  of  p.s.a.n.v.  Let  5l=*t«-8,i, 

-2  =  »2  -f  ,V  e  <  •  I  7 (p  =*  c  4- di),  th«n 

(l«+M)  (3|  +  M-(*i  +  ?iO  (i2c  +  }2d)  + 

-iOiC  —  i2d))  —  J [ !■ (J2 c~ h d>l~  . 

»  p  11  l[  ii  p  il  J  ■ 

(,+<0+(Khe+jI«- 

~  ?i  (?2  C  —  12  d)  ,  ,  -f-  /  [  3!  (fS2  C  —  In  d)-j- 


Since 


Ji  (I2<:  -1-  ?2<i)—  ?i  (?2c  —  1 2d)  =  (3j  i2  —  32)<?  — 

*K)jt  32^)d, 

31  ( ,•'2  ®  “  *2  d)  —  ^1  (*2  C  “i”  .'j  d)  =  (?j  —  3j  3])  c  — 

—  (51  *2  —  ?1  /a)  d< 
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that  the  value  of  overflow  w(  with  the  aultiplication 

Ct  and  C2  is  calculated  according  to  the  formula 


where 


15  Gi.  '2)  =  [*i]~  +  i  [x2]~. 


_ ai  (H  d) — 3i  (3«  e — 1 jd).  _  5i  (Sj  e— ■»»  <i)+3i  (54  c+3,  d) 

>1  n  II  .  *2  —  “  m  1 - 
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Table  of  Modular  aultiplication  p.s.a.n.v.  on  aod  (2 ♦ 3i> . 


0 

1 

2 

—1 

—2 

i 

— i 

2i 

—2  i 

i  --t 

1-i 

—  1  +  £ 

—  1—  t 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

2 

—1 

-2 

i 

— t 

21 

— 2i 

1  +i 

1—1 

— 1  +i 

— 1-i 

2  I 

0 

2 

— 1— i 

— 2 

1+i 

2  i 

—2  i 

1— i 

—1  +  i 

— i 

—1 

1 

L 

-1 

0 

—1 

—2 

1 

2 

—i 

i 

—Zi 

~-2i 

— 1— i 

—  1  -1-i 

1— £ 

1  +i 

—2 

0 

—2 

1  +  i 

2 

— 1 — i 

-2  i 

2  i 

—1  ft 

1— t 

i 

1 

—1 

— i 

i 

0 

i 

21 

— i 

— 2i 

—1 

1 

—2 

2 

—i  -t 

1-i 

-1—i 

1-i 

—  i 

0 

—i 

—21 

+i 

2  i 

1 

—1 

2 

—2 

1— £ 

-1-i 

1+i 

—1  -i 

2  £ 

0 

2i 

1 — i 

— 2i 

—1 

-2 

2 

1  •  t 

— 1— i 

1 

—  i 

i 

—1 

—2  i  j 

0 

—2  i 

—1+i 

21 

1— i 

2 

-2 

—  1— t 

1  ‘  i 

—1 

i 

—i 

1 

1  :: 

0 

1  i 

—  i 

— 1— * 

i 

-1  / 

1— i 

1 

—  l 

2i 

2 

—2 

— 2i 

1— ” 

0 

1  — i 

—1 

-1  M 

i 

1  i 

—  1 — i 

-i 

i 

2 

-Zi 

2i 

—2 

—  1 

1 

0 

—  1  i 

1 

1— i 

—i 

-1-i 

1  ■  i 

i 

—■ 

_ 2 

2; 

— 2i 

2 

—  1—  1 

0 

—  1—  i 

/ 

1  i 

— i 

1  — i 

—  1  i 

—i 

\ 

-Zi 

_ 2 

2 

2i 
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Certain  representation  about  the  value  of  overflow  give  the 
evaluations 


or 

l*i+  /*1|</2|a1  +  /pl|, 

where  st»i0|  -  saaller  in  the  absolute  value  cofactor. 
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“The  table  of  overflows  with  the  nodular  Multiplication  on  aod(2+3i) 


** 

1  ° 

1  2 

— 1 

—2 

i 

— 

i  21 

— 2i 

1+i 

1—i 

-1  +  i 

—1—1 

0 

0 

0  0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0  0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

2 

0 

0  1— i 

0 

— 1+i 

0 

0 

1+i 

-1— i 

1 

—  i 

i 

—  i 

—  1 

0 

0  0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

—2 

0 

O 

1 

+ 

0 

1+i 

0 

0 

-1-i 

-1+i 

-1 

i 

— i 

1 

i 

0 

0  0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

— i 

0 

0  0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

2  i 

0 

0  1-l-i 

0 

— 1— i 

0 

0 

-1-i 

1 — i 

i 

1 

—1 

— i 

—  2i  | 

0 

0  -1— i 

0 

14-i 

0 

0 

1— i 

-1+i 

— i 

— 1 

1 

i 

1  -i 

0 

0  1 

© 

1 

>-* 

0 

0 

i 

— i 

0 

0 

0 

0 

1-i 

0 

0-i 

0 

i 

0 

0 

i 

-1 

0 

0 

0 

0 

- 1-f  J 

0 

0  i 

0  -i 

0 

0 

-i 

1 

0 

0 

0 

0 

-1-i 

0 

0-1 

0 

1 

0 

0 

— i 

i 

0 

0 

0 

0 
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The  evaluations  indicated  are  the  iaaediate  consequence  of  the 
inequalities 

I  +  M  I  <  .  |?2c-*,d  |  <  41- 

Multiplication  table  on  aod(l-2i)  is  convenient  fact  that  the 
overflows  with  the  Multiplication  of  any  two  deductions  on  the 
■odulus/aodule  indicated  are  equal  to  0. 


Lat  us  switch  over  to  a  question  about  the  aethods  of  the 
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reduction  of  modular  tables.  With  an  increase  in  the  nora  of 
aodulus/aodule  the  tables  of  aodular  operations  become  bulky,  which, 
naturally,  leads  to  an  increase  in  the  equipaent  and  it  affect3 
triggering  tiaa  of  the  device/equipaent,  which  realizes  nodular 
operation.  In  connection  with  this  thera  is  the  great  practical 
interest  in  the  question  about  the  abridgement  of  table  of  nodular 
operations,  which  in  turn,  is  connected  with  questions  of  the  special 
coding  of  deductions. 

The  in  practice  satisfactory  solution  of  this  question  can  be 
obtained,  using  planar  synaetry  of  p.s.a.n.  v. 

Let  us  consider  at  first  odd  moduli /nodules  (||p||  =1  (mod  2)).  In 
this  case  the  sat  of  all  deductions  on  nod  p  can  be  decoaposed  on 
— the  groups  of  the  associated  daducticns. 

Choosing  on  one  representative  of  aach  group  of  the  associated 
deductions  and  labeling  then  in  the  desired  exponent  1,  2,  3,  ..., 
a  we  will  obtain  the  sequence  which  let  us  naae  the  sequence 

of  the  deductions  of  rank  0.  The  sequence  of  deductions,  obtained  by 
additional  aultiplication  on  t*  each  eleaant/cell  of  the  sequence  of 
the  deductions  of  rank  0  and  that  arranged/located  in  the  appropriate 
order,  we  will  call  consequence  of  the  deductions  of  rank  k.  Tha 
number  of  deduction  in  this  case  we  will  call  the  mantissa  of 
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deduction. 

Thus,  plamr  symmetry  p.  s.  a.  d.  v.  makes  it  possible  to  introduce 
the  general-purpose  coding  of  deductions  for  all  p.s.v.  on  the  odd 
moduli/ nodules. 

Any  deduction  i  +  \~  (Jpf  =l(mod2))  is  unanbiguously 

represented  in  the  form  «»8i=x.  n,  where  X  -  rank,  while  n  -  aantissa 
of  deduction  (point  it  is  used  as  separating  synbol). 


DOC  =  81024005 


PAGE  \Hi 


The  table  of  ths  aodular  aultiplication  of  deductions  p.s.a.n.v.  on 


aod  (1-21)  . 


X 

1  i  -1  —i 

1 

1  i  -1  —i 

i 

i  —  X  —  i  1 

—1 

-1  — i  1  i 

— ; 

—i  1  i  -1 
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Rank  X  can  take  values  of  0,  1 ,  2,  3,  i.e.,  value  froe  p.s.n.v. 
on  aod  4,  and  aantissa  is  coded  by  numbers  1,  2,  3,  . .. ,  -  j>4~1  . 
nodular  operations  respectively  take  the  fore 

<  (Aj.  n2)  I  f  =  (  |  Xj  Xj  |  1)  X 

X  <  (0.  «,)  X  (0.  «!>  j  ~PI.  (5.1) 

<  Aj.  nx  a2.  n2  |  p  =  (X;.  1).  <  0.  + 

I  >-2  — I  4.  «2  I  J.  (5.21 

Here  it  is  thought  that  deduction  1  answers  the  mantissa,  equal 
to  1.  Thus,  with  the  multiplication  of  deductions  the  ranks  of 
deductions  stora/add  up  on  nod  4,  mantissas  are  multiplied  in 
accordance  with  tha  abbreviated/reduced  aodular  table,  and  during  the 
addition  is  present  the  operation  of  the  standardization  of  first 
term  (analog  of  the  operation  of  the  matching  of  exponents  of  the 
positional  coding  of  deductions). 
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Baca  use  of  this  eethod  of  organiziag  t  ha  nodular  operations  of 
nultiplication  table  are  reduced  16  tines  (in  this  case  still  renains 
the  possibility  to  shorten  nultiplication  tables  due  to  the 
connutition  of  the  operation  of  nultiplication)  ,  and  the  tables  of 
addition  -  4  tines. 

Exanple.  P.s.a.n.v.  cn  nod  (3»2t)  lot  us  code  in  accordance  with 
the  table 

<•  I  a  -  ;<|  °  1  2  1-H  i  2 i  — l+i  — 1  —2  — 1— i  —i  —2i 

Koal^l  0.0  0.X  0.2  0.3  1.X  1.2  1.3  2.1  2.2  2.3  3.1  3L3  3.3 

Key:  (1 ) .  Code. 

Than  the  abbra wiated/reduced  tables  of  nodular  nultiplication 
and  addition  take  the  following  fern. 

"£he  table  of  nodular  nultiplication  on  nod(3  +  2i)  ». 


00 

01 

02 

03 

00 

0 

0 

0 

0 

01 

0 

01 

02 

03 

r>2 

0 

02 

13 

21 

03 

0 

03 

21 

12 

footnote  *.  Here  and  below  in  the  tables  for  the  convenience  are 
onitted  separating  points.  ENDPOOTNOTE. 
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Page  85. 

It  is  not  difficult  to  see  that  to  the  tables  of  overflow  also 
extends  principle  axasined  above  of  abridgment  of  table. 

Actually/really,  fro*  formulas  (5.1)  and  (5.2)  it  follows  that 

it  suffices  to  assign  the  table  of  overflows  * 

-(  ;  (0.  n,)-(0.  n  .)  p  ) 

-(■  (0 .  n ,)  ■('.  rt _)  .  ) 

in  order  to  know  overflows  in  any  other  cases,  the  overflows,  which 
appear  in  the  rejected/thrown  part  of  the  tables,  will  differ  froe 
those  overflows  which  are  considered  in  the  abb  re  via  ted /reduced  table 
by  the  dividers/denoainatcrs  of  unity: 

n2))  =  (,'•!  —  >•:  I  4“-  n:» 

-  (('■!•  /»i)  —(’2-  *2))  =  (*J.  !)•■  ((0.  «,)  —  (  ■  '2  —  '  1  >■*?)  • 
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fche  table  of  aoiular  addition  on  aod(3+2i). 


- 

10 

01 

(2 

03 

11 

12 

13 

21 

22 

23 

31 

32 

.33 

00 

oo 

01 

02 

03 

11 

12 

13 

21 

22 

23 

31 

32 

33 

01 

01 

02 

32 

23 

03 

22 

11 

00 

21 

31 

S3 

13 

12 

02 

02 

32 

13 

31 

23 

21 

03 

01 

00 

33 

12 

11 

22 

03 

03 

23 

31 

21 

22 

32 

12 

11 

13 

00 

01 

33 

02 

J nabbr » viated  varsion  of  tha  tables  of  overflow  on  aod(3*2i). 


01 

02 

03 

11 

12 

13 

21 

22 

23 

31 

32 

33 

01 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

02 

0 

33 

01 

0 

03 

11 

0 

13 

21 

0 

23 

31 

03 

0 

01 

0 

0 

11 

0 

0 

21 

0 

0 

31 

0 

11 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

12 

0 

03 

11 

0 

13 

21 

0 

23 

31 

0 

33 

0! 

13 

0 

11 

0 

0 

21 

0 

0 

31 

0 

0 

01 

0 

21 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

22 

0 

13 

21 

0 

23 

31 

0 

33 

01 

0 

03 

11 

23 

0 

21 

0 

0 

31 

0 

0 

01 

0 

0 

11 

0 

31 

0 

0 

0 

0 

0 

0 

0 

0 

0 

'J 

0 

0 

32 

0 

23 

31 

0 

33 

01 

0 

03 

11 

0 

13 

21 

33 

0 

31 

0 

0 

01 

0 

0 

11 

0 

0 

21 

0 

Page  86. 

Abbreviate! /reduced  version  of  the  tables  of  overflow  on 


1 

01 

02 

08 

01 

0 

0 

0 

02 

i° 

38 

01 

01 

0 

01 

0 

aod (3*21) 
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Examples,  a)  to  find  product  <'  (2.  3)  x  (3.  2)  |  p .  According  to  formula 
(5.  1)  ,  we  have 

<  (2.  3) •  (3-  2)  |  J  =  (  |  2  +  3  |  *-X)-<  (0.  3)  v  (0.  2)  |  ~  = 

=  (1.  l)-<  (0.  3)  x  (0.  2)  |  ~  . 

Prom  th9  abbreviated/reduced  table  of  lodular  Multiplication  we  find 
that  <  (0.  3)  x  (0.  2)  |  ~  =  2.1,  therefore 

<  (2.  3)  X  (3.2)  |  J  -  (1.  1)  <  (2.  1)  -  3.  1. 

b)  ”^o  find  sum  <  (3.  l)  (3.  3)  1  7.  According  to  formula  (5.2)  we 
will  obtain 

<  (3.  1)  -M2.  3)  |  "  -(3.  1).<  (0.  X)  +  |  2-8|  *-S|  7- 

-  (3.  1)  <  (0.  1)  +  (3.  3)  | 

Proa  the  abbreviated/reduced  table  of  Modular  addition  we  ha»e 

<  0.  1  -C  3.  3  I  -  -  I.  2, 

consequently, 

<  (3.  1>  -  <2.  8)  1  J  -  (3.  1).(1.  2)  =-  0.2. 
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Chapter  4. 

POSITIONAL  NUMERATION  SYSTEMS  WITH  THE  COMPOSITE  BASES. 

§1.  General/coaaon/total  formulation  of  tha  problem. 

Let  be  is  preset  sts.k.ch.  z.  Let  us  consider  the  set  of  all 
ts.k.ch.  of  the  for* 

+  p"_l.  (1-1) 

where  each  variible/alternating  ~  passes  value  by  certain  p.s. v.  on 
aod  p. 


Generally  speaking  aentioned  p.s.v.  can  be  distinguished  between 
theaselves,  i.e.  ,  depend  cn  index  k  (O^k^n-1)  .  tfe  will  indicate  that 
the  set  ts.k.ch.  (1.1)  fores  range  D(p")  ts.k.ch.  on  aod  pn, 
represented  by  positional  code  (1.1). 


It  is  clear  that  the  geoaetric  configuration  of  range  depends 
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both  oa  the  selection  of  basis/fcase  p  and  on  selection  p.s.  v.  on  eod 
p  on  each  k-th  ligit. 

The  study  of  the  positional  nuaeration  systeas  of  a  similar  form 
understands  the  study  first  of  all  of  the  following 
general/comaon/tota 1  problems: 

a)  the  ranges  of  the  representation  of  nunbers; 

b)  the  determination  of  overflows  with  the  addition; 

c)  the  operation  of  addition  and  multiplication; 

d)  the  operation  of  translation/con  version. 

Specifically,  from  the  point  of  view  of  these  questions  will  be 
examined  below  some  positional  nuaeration  systeas. 

§2.  Composite  version  of  binary  nuaber  3ysten. 

Prom  the  fact  that  ||±i±i||  =  2,  follows:  the  f ull/total/coaplete 
system  of  deductions  on  any  of  the  bases/bases  ♦— 1*-i 
double-discrete.  In  other  words,  any  of  the  sets 

{0,  1),  {0,  i),  {0,  -1).  {0,  -i!  (2.1) 
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can  be  chosen  as  p.  s.  v.  on  any  of  the  moduli/nodules  ♦- 1  ♦- i. 
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Because  of  double-discreteness  p.s.v.  on  moduli/modules  p**-1+-i 
appears  the  possibility  of  the  introduction  of  a  certain  analog  of 
binary  positional  arithnetic  in  the  ring  of  ts. k.ch. 

Since  numbers  *-1*-i  are  associated,  fro*  the  point  of  view  of 
division  theory  construction  of  the  positional  numeration  system  with 
the  bases/bases  ♦- 1 «— i  is  represented  by  adequate  procedure.  However, 
the  algorithms  of  arithnetic  operations  can  be  changed  in  the 
dependence  on  that,  which  of  sets  (2.1)  will  be  chosen  as  the  basis 
for  th9  image  bit  digits  with  one  of  the  bases/bases  of  form 
p=*-1*-i«  the  litter  is  connected  with  the  fact  that  the  character  of 
additive  and  multiplicative  overflows  can  depend  on  the  selection  of 

P  •  S  e  V  • 


Thus,  fron  the  positions  of  the  analysis  of  multiplicative 
overflow  is  profitable  to  select  as  p.s.v.  set  (0,  1  },  since  in  tha 
class  of  these  deductions  are  absent  multiplicative  overflows.  In 
connection  with  this  it  is  expedient  to  consider  all  possible 
versions  of  the  binary  coding  of  ts.k.ch. 
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Algorithas  of  the  formation  of  the  deductions  of  arbitrary  ts.k.  ch. 
on  aodulus/aodule  p  =  ((—  1)*  —  (—  l)ra ;) 


Case  a.  Let  as  p.s.v.  on  nod  ({— — i)m ;)  be  are  chosen  one  of 

the  sets  f  0.1  },  (  0,  -1  }.  It  is  necessary  for  the  the  arbitrary 
ts.k.cn.  a*bi  to  construct  u,  v  p  such,  that 

a  -f-  bt  =  (u  —  iv)  p  r  P.  (2.2) 

where  ?s  {0.  1}  (?e{0,  —1}). 


Page  89. 

Relationships/ratios  (2.4)  and  (2.3)  uniquely  determine  expansion 
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(2.2)  . 


Case  b.  As  p.s.v.  on  aod  ((— 1)* -j- (— l)"1/)  is  selected  one  of  the 
sets  {  0,  i  ],  (  0,  -i  }. 


Then  it  is  analogous  with  previous,  arbitrary  ts.lc.ch. 
una ab iguousl y  is  expanded  according  to  the  foraula 

a  ~  bi  =(u  +  lv)p  —  ip,  ,2.5) 

where  ?e{0,  1}  (oe  ,0,  —1),  aoreover 


(  0,  earn  a  =  b  (mod  2). 

I  P  I  -  ,  (N 

1 1,  ecjrH  a  ~  b  (mod  2). 

Key:  (1) .  if. 


Let  us  introduce  the  designations 


...  (-«*« -(-«*  b  i 

2 - J* 


(— D*  >-<-!)"  a 


then  (2.3)  and  (2.6)  it  is  possible  to  rewrite  respectively  in  the 
following  fora: 


DOC  =  81024006 


PAGE 


“  =  u*.  m  +  (1  —  (—  1)*  sign  ?), 

(2.3') 

V  =  Vk.  m  (1  T  (—  1)"  sign  p ), 

«  -  K*. »  +  -^(1  —  (—  l)m  Sign  p). 


(2.6  ) 

(*>  =  »*.«-f~4-L(l-(-l)*si«iip). 

Lat  us  reduce  to  the  table  of  the  rule  of  formation  u,  ▼,  p 
expansions  of  type  (2.2)  and  (2.5)  depending  on  the  selection  of 
basis/base  p  =  (—!)*-+(—  l)"f  and  set  of  p.s.v. 
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p 

“  I 

“  1 

pts.v. 

+  1 +i 

“00 

“00+9 

(0,1) 

“00+9 

“00 

(0,-1) 

“00 

“00 

10, i) 

“00+? 

“00+9 

(0,-.) 

-1  +* 

“10+9 

“10+9 

(0.11 

“10 

“10 

(0,-1) 

“10 

“10+9 

<0,i| 

“10+9 

“10 

(0, — i| 

— 1— i 

“11+9 

“ll 

(0,1) 

“11 

“ll+P 

(0,-1) 

“11+? 

»u+? 

{0.1} 

“11 

“11 

(0  ,-i| 

1—i 

“01 

“01 

(0,1) 

“01+? 

“01+9 

(0.-1) 

“01 +  9 

“01 

(0.») 

“01 

“01+9 

(0,-i| 
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Positional  coding  ts.k.ch.  with  basis/base  p=(— 1)* -4- (— 1)"/. 
Algorithms  (2.2)  and  (2.5)  th«  disintegration  of  arbitrary  ts.k.ch. 
make  it  possible  to  determine  the  positional  binary  of  odes  on  any  of 
the  bases/bases  p  —  (— 1)* ( —  1)" i. 

The  algorithm  of  the  consecutive  determination  of  digits  eo.e1.E2. 
...  binary  representation  ts.k.ch.  a+bi 

a— 6i  =  p-!-s1p*~sspa-r...  -r**p*+...  (2.9) 

is  assigned  by  the  following  flow  chart  of  the  calculation  (based  on 
the  example  when  as  p.s.v.  it  is  select'd  set  (0,  1  }  or  {  0,  1  }). 


a0  ~  a 

1 

1  Uol 

r-l)*ao+(-l)*»o  1 

<— l)*&o — ( — l)man 

2  “  j 

*i=-  2  + 

•  -  1  h  '  . 

®|CM 

1 

•~4 

1 

+ 

(— l)*ai+<— l)m6j 

1 

(— 1)*!>  — l)mo, 

aj-  2 

-(-!)*  \ 

\b2-  2  r 

1 

I  +(-D"  t 

1*21  “l<*2H-&2|2 

...  I 

j 

1 

( — l)*Oi— 1+( — 1  )"&,-! _ 

2 

2 

|t,l  =-|«.-l  +  &*-ll2 

-(-1 

'  l2a'_,+(-i)m-T4| 

1 

Page  91. 
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la  this  diigraa  of  digit  k0,  f:  k2,  ...  is  detetained  positional  cods 
(2.9)  ts.k.ch.  a*bi,  beginning  free  the  low-order  digit. 

Observation.  Here  and  subsequently  it  is  assuaed  that  the 
nuabaring  of  tha  bits  of  the  binary  coda  is  led  froa  the  low-order 
digits  to  senior.  Expression  |  it  |  represents  absolute  part  of 
deduction  =t. 

Lat  us  refine,  at  what  step/pitch  one  should  coaplete  the 
described  procass  of  binary  coding. 

Lat  us  introduce  the  designation:  y,  — a,  +  6t/. 

By  construction 

9.-i  =?.Prs,-i  (s  1). 

If  s,_l  =  0,  than 

I  ?.-i  I  =  \  2  |  q,  | 

and,  therefore, 

I  9.  I  <  I  9.-1  I  •  (2-10) 

But  if  | e,_i I  =  l,  then  we  will  distinguish  two  cases  depending  on 
that,  which  of  the  following  pairs  of  p.  s.v.  is  accepted  as  the  iaage 
of  the  digits  of  the  binary  coding: 


1.  (  0,  1  |  ,  (  0,  -1  }  ; 
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2.  (0,  i  I,  (  0,  -1  }  . 


In  the  ca3a  of  1  we  will  have: 

(a»-i  —  5*-i)  —  h«_ i  i  -  q,  p, 

whence 

(s«-i  —  —  b,_t  —  2  (j,2  —  bs:). 

Let  us  present  the  left  side  of  the  latter/last  equality  in  the  fora 

(«.-i  -  *.-.)2  ~  b;_t  =  2 -  h;_, )  - 
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Since  a,_i,  6,_»  -  integers  and  [  a,.t  ~b,-t  I  2=  1,  which  follows  froa 
the  fact  that  |  s,_,  |  =  1,  the  ainiaue  value  which  can  take  the  fora 

(a._i  **,_,)» (2.11) 

equally  to  0.  Tils  value  it  reaches  at  the  single  points 

a«-i  =  —  *1-1.  h»-i  =  0. 

The  following  in  the  value  value  which  can  take  this  fore,  is 
equal  to  2.  This  value  it  reaches  at  points  a,_i  =0,  b,-i  =  r  1. 


Thus,  for  all  points,  different  froa  those  aentioned  above, 
which  let  us  naae  critical,  the  fora 


(a,-i  t  *»-i)J  4-  h|_,  >  2 
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and  therefore  for  these  values  <z,_It  &,_t 

I  ?.  I  <  I  Gi-1  I  . 

In  the  ca3a  of  2  ve  will  have: 

flt-i  +  [b,~i  —  s,-i)  t  =  q,  p, 

hence 

al-i  -f  (b.-i  —  'u-i)2  =  2  (a,*  +  b2) 


or 


a.2  +  V  =  ^_,  +  6.2_1- 


o.2_, +<»._, +«f_,)’-2 


I 3  analogous  with  that  presented  the  ainiaun  value,  equal  to  0, 
the  fora 

a,-i  +  (i»-i  4-  *«-i)2 


acquiras  at  unique  critical  point  a,-i  =  0,  h,_i=— also  value  equal 
to  1,  it  takes  at  points  a.-i  =  -  1,  b,-t  =  0. 


Consequently,  for  all  points,  different  froa  the  critical  ones, 
it  is  correct 

I  9,  I  <  I  ?.-i  I  •  (2.12) 

tat  us  pause  at  the  analysis  of  critical  points. 


Page  93. 

Then  answer  critical  nuabers  -1,  i,  -i  in  the  case  of  1  and  -1,  ♦I, 
•1  in  the  case  of  2.  Let  us  note  that 
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Binary  cola  of  number  a*bi  with  basis/base  p  whose  digits  are 
represented  as  values  0.1; 

the  binary  code  of  a  nuaber  -  a-bi  with  basis/base  p  whose 
digits  are  represented  as  values  0,  -1; 

the  binary  code  of  a  nuaber  -b*ai  with  basis/base  p  whose  digits 
are  represented  as  values  0,  i; 

the  binary  code  of  nuaber  b-ai  by  basis/base  p  whose  digits  are 
represented  as  values  o,  -i,  they  coincide. 

In  connection  with  this  for  each  of  the  bases/bases 
p  =  ( —  l*  —  ( —  l)1" i  it  suffices  to  consider  the  system  of  deductions  {  0, 
1  }• 

Lat  us  introduce  the  following  designation  for  the  bases/bases 
in  question: 

P«  =  <•  (1  -f  0  (i=0,  1  2,  3). 

nlniaua  value  quadratic  fora  (2.11)  accepts  at  points 
a«-i=— 1,  =  Therefore  let  us  consider  the 

translation/conversion  of  nuaber  -1  into  the  binary  code. 

Is  obvious,  — 1  =  —  p.-p.  +  l,  but  —  p,  =•  (—  !)'</>,. 
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Consequently, 

—  1  =  f*’+1  p\  -r  1.  (2.13) 

By  the  following  step/pitch  in  the  dependence  on  the  parity  or 
the  oddness  <x  it  is  necessary  to  deconpose  into  the  binary  code  of  a 
nunber  ♦ i  and  -i. 

Lat  a  -  even  (at-0.  2)  .  Then  with  <r=0  we  have 

i  —  iPo  +  1* 

i.e.  nuaber  i  ora  nod  (1+i)  is  acdular.  In  other  words,  it  can  be 
reprasented  by  the  positional  code  on  basis  p0=l+i  of  the  arbitrary 
len  gthj 

i  =  1  1-Po  +  l’Po*  H h  l"Po3  t  •  •  •  4*  l'Po*  T  i'Po  *• 

With  a=2  wa  have 

*-(— OPt  +  1,  -  i  =  l-p24-l 
or 

i  =»l'Pj*  +  l*Pa  +  l. 

Hence,  by  force  (2.13),  we  consist  that  on  basis/base  p2=-1-i 
nuaber  -1  is  represented  by  the  binary  code  of  the  finite  length: 

—  1  =  1-  p*4  +  1’  Pi*  +  l'Pi*  + 

Page  94. 

Let  «  -  odd  (n=  1 ,  3).  Then  with  «=1  we  have: 
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or 

Hence,  by  force  (2.13),  w*  consist  that  on  basis/base  p»*-1*i 
nuabar  -1  is  also  represented  by  the  binary  ccda  of  the  finite 
length: 

—  1  =  l*Pi4  —  l*Pi3  t  l*PiJ  1. 

With  a= 3  we  have 

—  i  =(—  OPa-rl, 

i.e.  a  nuabar  -11  on  mod  (1-i)  is  aodalar.  Thus, 

for  bases/bases  pt*-1*i  and  p2*-1-i  critical  numbers  have  a 
d isintagration  into  the  binary  codes  of  finite  length,  and  therefore 
on  the  strength  of  the  fact  that  for  all  other  numbers  condition 
(2.10),  any  ts.t.ch.  are  carried  out  decomposed/axpanded  by  unique 
fora  into  the  binary  code  of  finite  length  on  bases/bases  pt»-1*i, 
p8=-l-i ; 

for  bases/bases  p0=J*i»  p3=1-i  critical  numbers  have  a 
disintagration  into  the  binary  code  of  arbitrary  length.  Prom 
evaluations  (2.12)  it  follows  that  any  ts.k.ch.  is 
decoaposed/expanded  by  unique  fora  into  the  binary  cods  on 
bases/bases  p0  =  1«-i,  Pj=1-i,  the  cede  having  finite  length,  if  the 
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process  of  consacutive  indexing,  described  by  diagram,  is  completed 
not  by  a  critical  number.  The  code  can  have  arbitrary  length,  if  in 
the  process  consecutively/serially  of  division  on  the  diagram  is 
encountered  a  critical  number. 

For  the  sur vay/coverage  is  given  the  table  of  the  binary 
expansions  of  some  constants  in  numeration  system  with  the 
bases/bases  of  form  p,  =  r(l— n  and  with  the  selection  as  p.s.v.  of  one 
of  sats  (2.1).  Moreover  in  all  cases  of  binary  coding  nonzero  digits 
are  designated  by  ones,  although  by  their  nature  they  can  be  not 
unity.  Hera  is  used  below  the  ordinary  principle  of  the  binary 
notation:  the  code  is  read  from  left  to  right;  the  first,  different 
from  zero,  digit  senior. 

Table  is  given  completely  for  all  possible  versions  of  binary 
coding,  thanks  to  which  more  graphically  are  exhibited  the  invariants 
of  the  binary  coding  of  ts.  k.ch. 

The  analysis  of  table  is  shown: 

1)  the  character  of  additive  overflow  does  not  depend  on  the 
method  of  assignment  p.s.v.; 


2\  numeration  system  with  bases/bases  p0=l*i,  Po  =  1_i  possesses 
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Table  of  the  binary  disintegration  of  constants  in  terms  of 
bases/bases  p. 


\  n.  c.  b. 

p,  \ 

1 

!0.1) 

(O.o 

0.-1) 

!  io, — ii 

1 

— 1  — (i)01 

1 

)- 

,1 

T 

i  (— noi 

—  1  (1)011 

i  — (OX 

1=(— 1)011 

i-  (-i)Oll 

.=(1)01 

— i=(<)011 

— i— ( — 1)01 

(-01 

1  (1)1 

—  l+i«(i)10 

— l+i  =  lO 

—  1+1-  (—1)0101 

-l+i=(l)0l0 

+ 

—  1— i=(i)010 

—l—i  =  (—1)10 

—  1—1  =  10 

—  l—i  =0)0110 

l—i  =  (—1)010 

l—i  (-i)Ol 

1— i-10 

s. 

2-0)01100 

l+i= (—1)0110 

2 i  -(—1)01100 

1+i-  (—1)010 
—2  (—001100 

1+1-0)10 

1  — 2i  (1)01100 

—1-11101 

—  1  =  11 

1  =11101 

—1  -  111 

i  11 

1  =  111 

i  111 

i  11101 

— i=  111 

—i  =  11101 

—i-ll 

1  11 

+ 

1-1=  1110 

—  lr  1  =  1110 

—  1  -i  111010 

—  1  -i-i  110 

1 

— l— i  no 

—  1—1  =  10 

—  1—1  -1110 

—  1— (  =  111010 

l—i-  111010 

1—1  =  110 

1—.  10 

1— (  =  1110 

2  noo 

1  (  =  111010 

1  •  i  110 

1  -  i  =  10 

2i  1100 

—2  1100 

— 2i  =  1100 

—  1  11101 

-1  111 

1  11101 

-1  11 

.  m 

1  =  11 

n  li 

i  11101 

•-* 

-i  u 

—i  -11101 

— i  =ni 

1  -  111 

1 

1  •  1-  111010 

—  l  •  i  -  111010 

—  1  i  1110 

—  1  M  10 

]' 

—  l-i  110 

—  1— i  110 

-1-1  111010 

— 1— i  -  1110 

« 

1—1  1110 

l—i  10 

1—1  110 

1— i=  111010 

2=  1100 

1  i  1110 

1  i  — 10 

i  -i  no 

2i  =  1100 

— 2i  1100 

— 2i  1100 

—  1  (-1)01 

-1  (1)011 

1  -  (0101  | 

— 1-(— 1)1 

;<  (—1)011  : 

1  (1)1 

i  (01 

i  (-1)01 

—1  1—1)1 

-<  (1)01 

— 1  (01011 

l  (—1)011 

- 

—  1  -i  (—1)010 

— t  - 1  (1)0110 

—  I  ;  10  j 

—  1  •  ■(  (—1)10 

—  1—1  (-1)10 

—  l—i  (1)010 

—  1— i  (;)101 10 

-l  —  i  10 

1  1  (—10110 

l—i  0)10  1 

l—i  (D1010  | 

l-i  (—1)0110 

n 

2  (—1)01100 

I  t  10 

1  i  (ilIO  | 

1  i=(  1)010 

' 

2  i  (1)01100  1 

—2  (1)101100  ! 

—  2i  (—1)01100 

Kay:  (1).  p.  s.  ? 
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Pig.  29.  Deductions  on  nod  (—  1  ♦!)  •• 

Page  97. 

§3.  positional  arithmetic  of  numeration  system  with  basis/base 
p=-  Hi. 

Above  it  was  shown  that  on  basis/base  p  =  -1  *i  any  ts.lc.ch.  in  a 
unique  aanner  is  decoeposed/expanded  in  by  binary  the  code  of  finite 
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length  (Fig.  29).  The  translation  algorithm  of  arbitrary  ts.lc.ch. 
a»bi  the  binary  code  is  described  by  the  following  diagram 
consecutively/serially  of  division: 


<»•  =  <*  »*  -  *  '•  *-  I  c*  -  I  i 


Oj  - 


ej  =  |  a.  -  |  , 


I  at-  bi, 


Example.  To  represent  ts.tc.ch.  3*4t  in  the  binary  code  on 
basis/base 


ao—3 

6, —  4 

1  a»+S  1  :  = 

4 — 3+1 

2  ~l 

>1  = 

4+3—1 

-  2 - 3 

H  0 

-3—1*0 

—3*1—0 

‘2  =  1 

02-  2 - z 

f>2  — 

2  -1 

1  — ( — 2)— 1  . 

6»= 

1  +(— 2) — 1 

‘3=1 

as-  2  Z 

2  1 

1-2+1  _ 

««-  2  -0 

*4  = 

1+2-1 

2  -_1 

‘4  1 

—  1—0*1 
a5  2  0 

h  = 

—1+0—1 
~  2  -1 

‘5  =  1 

1-0*1 

a«  -  2  ~ 1 

»e= 

1+0—1 
~  2  -0 

‘«  =  1 

0-1+1  . 

0+1—1 

«T-  2  0 

b7- 

— z~ -° 
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Th  us, 

so  “  lllllOl. 

For  the  restoration/reduction  ts.t.  ch.  on  the  basis  of  its 
binary  code,  it  is  desirable  to  have  a  table  cf  degrees  of  basis/base 
p*-1*i,  In  that  case  the  unknown  value  can  be  obtained  and  the  3ui  of 
those  degrees  p,  for  which  discharging  digit  is  different  fro*  0. 


Since  (-UL)2=-2i;  (-1  ♦!)  3=2  ( 1  ♦!)  ;  (-1*i)*=-2*,  then 


[t  1'4+ 1  *  '*  f-rl 

(—1)0"  =  (—1  +  0 


0!*\. 


1.  I  n  I  4  =  0 

1  +  0  | n  |  4  =  1 

21.  |  n  |  « =  2 

2(1  +  0.  U  I  4  =  3 

Example.  To  restore/reduce  ts.K.ch.  on  the  basis  of  its  binary 


code  1111101 
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0:  1-1 

1:  0  —  0 

2:  1 2 i 

3:  1  -  2+2i 

4:  1  —  —22 

5:  1  —  2* — 22i 

8:  1  —  2*i 

3+41 

Key:  (1).  He  hare  a  degree. 

Operations  of  addition,  subtraction,  a ultiplication.  The 
operations  of  addition  and  au ltiplication  of  the  numbers,  preset  by 
the  binary  code,  are  foraed/s ha ped  in  accordance  with  the  operation 
of  addition  and  eultiplication  of  deductions. 

Page  99. 

It  is  clear  that  the  operation  of  the  addition  of  the  coupler 
nuabers,  represented  by  the  binary  code,  will  possess  distinctire 
specific  character  against  the  ordinary  binary  arithmetic  of  real 
nuabers,  since  coaplez  nuabers,  being  by  their  nature  two-diaension al 
rector  quantities,  are  represented  by  the  one-diaensional  code. 

So  the  correctly  following  sentence:  the  operation  of  the 
addition  of  tha  coaplez  numbers,  preset  by  the  binary  code,  generally 


(jt  Hmnn 
creneHb 


DOC  =  81024006  PAGE 


speaking,  it  cannot  be  made  via  formal  step-by-step  addition  taking 
into  account  transfers  f roe  the  lew-order  digits  into  the  senior. 


Lat  us  confire  the  sentence  indicated.  Let  us  find  the  sue  of 


nunbers  ip=1l0,  i=l1.1  (Fig.  30).  After  the  first  stroke/cycle  of 

addition  low-order  digit  taking  into  account  transfers  we  will  hava 

lion 

11  0  -  ip 
11  =  i 
l  - 1 

o 

As  a  rasult  of  the  first  stroke/cycle  of  addition  initial  situation 

the  requirement  to  sue  up  the  nuebers 

1  l  o 
l  l 
l 

was  not  changed.  It  will  not  be  changed  also  after  the  second 
stroke/cycle  of  addition. 
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the  table 

o-f  the  addition  of  deductions. 

+  | 

0 

1 

o  1 

0 

1 

1 

l 

1100 

Multiplication 

table  of  deductions. 

x  1 

1  0 

l 

0 

1 

0 

0 

1 

0 

l 

Page  100. 

Consequently,  the  foraallsa  of  the  operation  of  the  transfer  in 
this  case  will  lead  to  the  unliaited  continuation  of  the  process  of 


addition 
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Thus,  for  axeruting  the  operation  o f  addition  of  ts.k.ch.  preset 
by  the  binary  code,  besides  the  strckes/c yc les  of  addition  taking 
into  account  transfers  froa  the  lew-order  digits  into  the  senior,  is 
aecessary  certain  pattern  logic  on  the  recognition  of  the  cycle  of 
coaponants/teras/addends  whose  sue  is  equal  to  zero* 

The  eleaentary  zero  cycle  of  this  kind  (i.a.  by  the  cycle,  which 

contains  the  shortest  binary  words)  is  the  cycle 

— i- 1  1 1 

-t-  1  1 

o  ooo 

rts  varieties  they  are 


1  l  0 

1  0  1 

1  0  0 

X  0  0 

1  1  1 

1 1 

1  0 

1 1 

1  1 

1  0 

_ 1 

1 1 

1 1 

1  0 

_ 1 

0  0  0 

0  0  0 

0  0  0 

_ 1 

0  0  0 

0  0  0 

The  correctly  following  rule:  let  it  be  it  sunaarized  a  ts.  k.ch. 
represented  by  the  binary  code;  any  k  of  the  pairs  of  unity  s-th  and 
(s*1) -th  of  bits  and  k  units,  (s*2)-th  bit  of 

coaponants/teras/addends  (if  such  coabinations  of  unity  there  exist) 
is  foraed  zero  cycle. 

Exaaple  1.  Hiniaua  zero  cycles  are  outlined. 
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1110  1 


(  *'  rropoft  nepaaoc 

^7'n#p*w#  n»p«?oc 
(-1)  (-1+04 
(-1)  (-1  +0* 
(-1)  (-1  -HP 
(-1) 


0001  -l 

Kay:  (1).  the  sacond  transfer.  (2).  first  transfer. 


Page  101. 


The  same  axanple,  but  in  other  version  of  the  formation  of  tha 
zero  cycles: 


exaaple  2. 


nj-, 

_  [T 1 1  oji  1 1| 

r  i  no  i  o  til  i] 


Si 

4  -  i 


1  1  0  0  1  0  0  -  4  4-2/ 


The  operation  of  subtraction  can  be  carried  out  by  aeaes  of  tha 
addition  in  accordance  with  the  table 


o 

i 


I  o 

0 

1 


1 


1 

0 


In  contrast  to  tha  transfer  1  1  0  0,  formulated  in  the  case  of 
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addition,  in  tha  case  of  subtraction  is  f oraed/shaped  the  transfer, 
equal  to  1  1  10.  Here  1=- 1=  1  110  1. 


Exaaple 


exaaple  2. 

1  i  0  0  1  0  0  r-  4  +  2i 
1110  10  1  1  1  >4  —  1 


1106100  —4  +  2 i 


TToiiooIi 


1  1  1  o  1  1  i  — 


Si 


Jl  1  1  0  1 
[11  l|o  1 


0010011 

n 

1  0  1 

i 

1  0  1 

fl  1  lj 

oi  fn 

Ml] 

1110  1 

Qlu 

oliP 

1  1  1  0  1  •  1  1  1  “4*-  *' 

1  1  1  0  1  1  1 

Exaaple  3.  To  construct 

the 

nuaber. 

-  Si 

contrasted  to  a  number  3i=1 


110111. 


ae  have 


—  31— I  1  i  o  I  1  I 


110  0  11  ■>  —  « 
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The  operation  of  multiplication,  the  force  of  the  absence  of 
aultiplicative  overflow  with  the  aultiplicaticn  of  different  froa 
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taro  ones  deductions  10=1  can  reduced  to  the  addition,  similar  this 
occurs  in  the  ciss  of  the  binary  arithmetic  of  real  nuebers. 


Example  1.  To  multiply  nuebers  1  0  1  1  0  1  1  1  and  10  11. 

10  110  111 
10  11 


l  l  -j 
li- 

10110111 

10110111 

10110111 

11111000101001 

The  operation  of  eultiplication  by  i;  initial  binary  number  is 
multiplied  1  T, 

Example  2.  1  0  0  1  1  0  l«i=1  110110111 


1001101 
10  0  110  1 

1110110111 


The  operation  of  multiplication  on  -i;  initial  binary  number  is 
multiplied  by  1  1  1. 


Example  3. 


0  0  110  1*(-i)  =  l  1  1 


110  0  11 


1 11110011 
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§4.  Binary  coding  of  ts.1c.ch.  on  the  basis/base  1-i. 

It  is  of  interest,  what  effect  on  the  binary  number  systea  of 
complex  numbers  proves  to  be  the  presence  of  nodular  numbers.  Let  us 
consider  basis/base  p=1-i.  For  basis/base  p=1-i  in  the  remainder 
class  (  .  0,  1  }  a  modular  number  is  value  (-i)  ; 

-i=(-0  (1-0+1- 

Page  103. 

The  translation  circuit  of  ts.k.ch.  a*bi  into  the  binary  code  on 
basis/base  p=1-i  (diagram  of  consecutive  indexing  into  p)  is  assigned 
as  follows: 


a0  =  > 

3 

b0  =  t 

> 

so  =  1  ao  +  h  1  2 

Ci  = 

a0— »o' 

L  2 

&.= 

'a0  +  >»  j 

5,  =  |  a,-&i  |  2 

.  .  .  .  *  .  •  -  I 

«*  = 

ak— i — **— i 

b,= 

1 

zk  =  1  a*~~  bh  |  j  | 

2  J 

L  2  J 

—  :o  t  £i  P  -f-  P*  +  • . .  -r  6*-i  p*  '  — 


Bence 


a  -t-bl 
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Inasmuch  as  critically  numbers  -1,  i,  -i  are  reduced  to  modular 
number  (-1)  during  their  disintegration  into  tha  binary  of  codes 
-l=(-i)0  1,  i=(-i)0  1  1,  -i=(-i)1,  then  for  the  the  arbitrary 
ts.  k.ch.  the  process  of  consecutive  indexing  is  completed  in  tha  n 
stage  when  partial  quotient  as  —  bsi  proves  to  ba  equal  either  to  1 
or  -i . 


Examples.  To  find  binary 
numbers  7  «-5i  ,  1-4i 


I 


7 

1 

—3 
— 3 
—2 
0 
1 
1 


5 

« 

3 
0 

— 2 
— 2 
— 1 
0 

7+54  =  10001010 


notation  with  basis/base  p=  1-i 


6 


1  —4 

1 

2  -2 

0 

2  0 

0 

1  1 

0 

0  1 

1 

-1  0 

1 

-1  -1 

0 

0  -1 

(-•) 

1 — *i  =  ( — i)  0110001 


of 


A  number  1-41,  being  given  to  the  binary  of  odes  on  basis/base 
p=l-i,  in  the  high-order  digit  has  digit  (-i)  -  a  modular  number. 


Thus,  relative  to  the  algorithm  of  division  (4.1)  the  set  of  all 
ts.lc.ch.  is  divided/marked  off  into  two  classes.  First  class  includes 
all  those  numbers,  for  which  consecutive  indexing 

(translation/conversion  into  the  binary  code)  on  diagram  (4.1)  is 
completed  by  taj  partial  quotient,  equal  to  ♦  1;  the  second  class 
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includes  all  those  numbers,  for  which  consecutive  indexing  on  diagra* 
(4.  1)  is  completed  by  the  partial  quotient,  equal  to  (-1).  Numbers  of 
first  class  we  will  call  positive,  and  the  second  class  -  negative. 

Page  104. 

The  intersection  of  tie  set  of  positive  and  negative  numbers  is 
empty,  since  in  view  of  the  uniqueness  of  the  binary  notation 
ts.k.  letermined  by  diagram  (4.1),  any  ts.k.ch.  (different  from  0) 
can  ir  positive  or  negative.  It  should  be  noted  that  entire 

the  partial  quotients  of  consecutive  indexing  on  diagram  (4.1),  used 
to  a  positive  number,  are  positive  numbers,  and  the  partial  quotients 
of  negative  numbers  are  negative  numbers. 

Act uall y/realL y,  Let  ts.k.ch.  a*bi  -  negative,  then 

a  -r  «  =  “  0*  +  (-  0  U  ~  tr 

4*=0 

and  at  m  step/pitch  (m<N)  of  consecutive  indexing  on  diagram  (4.1) 
the  partial  quotient  be  to  take  the  form 

H — 1 

2  e*  (1  -  0*  +  (-  i)  (1  —  i)*~m, 

A  —  o»  1 

i.e.  it  will  be  a  number  negative. 

As  is  known,  the  set  ts.k.ch.  of  the  form 
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^Sa-o*. 

i— 0 

where  each  s*  can  accept  one  of  the  values  -  0  or  1,  forms  p.s.  v.  on 
mod  (1— /)"  (Fig.  3  1).  With  any  n  this  p.s. v.  will  consist  only  from  the 
positive  numbers  u,  therefore,  not  with  what  n  this  system  will 
contain,  for  exampla,  such  numbers  as  -1,  i,  -i.  P.s.v.  on  mod 
(1 — 0 "  containiig  both  positive  and  negative  numbers,  are  formed 
ts.k.ch.  the  form 

a  — 1 

y  E*(l  —  i)*  4-0(1—  i)*t  (4.2) 

>-o 

where  each  sk  accepts  one  of  the  values  -  0  or  1,  and  b  -  value  of  0 
or  (- i)  . 
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IV 
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P.  s.  v.  on  aod  (1— i)',+l  fora  (4.2)  we  will  call  standardized  and 
designate  by  syabol  Un+i  (Pig.  32)  . 

zei7„+i  and 

*=  2s*p‘+0p“- 

k-0 


and  vice  versa 
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m 


Lat  us  find  the  sun  of  numbers  z  and  z*: 


:  +  ^=2p‘  +  (~0p'' 


^Er  +  (-0p‘  =  i(P*-D  + 


Thus, 


T  ( —  0  P*  =  —  *• 


2  -j-  2*  =  —  (4.3) 

From  relationship/ratio  (4.3)  it  foLlows  that  z*i/2=-(  z**i/2), 
i.e.,  the  ir.tegar  points,  which  represent  on  the  composite  plane 
negative  numbers,  are  symaetrical  relative  to  the  centar  of  syaaetry 
(0,— i/2)  to  the  points,  which  represent  positive  numbers. 
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Fig.  32.  Standardized  p.s.v.  cn  icd  (1-i)7.  ( ♦)  -  positive  numbers; 

(-)  -  negative  numbers. 

page  107. 

From  (4.3),  it  also  follows  that  if  is  preset  number  z  by  its 
binary  code,  than  in  order  to  obtain  the  code  of  a  number  -  z,  it  is 


necessary 
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a)  to  invert  code  z,  i.e. ,  to  obtain  z*;  b)  to  the  code  of 
naabec  z*  to  adjoin  the  cede  of  number  i. 

Latter/last  property  is  analogous  with  the  property  of  the  tiro's 
complement  of  negative  numbers  of  the  binary  arithmetic  of  real 
numbers. 

Thus,  is  observed  the  analogy  of  the  properties  of  the  binary 
coding  of  negative  ones  and  positive  ts. h.ch.  and  the  properties  of 
the  binary  coding  of  negative  and  positive  ts.v.ch. 

However,  the  arithmetic  properties  of  positive  and  negative 
numbers  do  not  apply  to  the  class  of  positive  and  negative  numbers. 

Based  on  3iapla  examples  it  is  possible  to  ascertain  that  the 
sua  (it  is  correct  for  the  sub  cf  positive  numbers). 

Example  1.  « 

,  —1=  ( — i)  111 ...  H01  (Hertmaaoe  ikcjio) 

'  i=  ( — i)  111  .  .  .  1011  '  (aer»THBMoe  <mc.no) 

— 1+i—  ( — I)  111  .  .  .  1010  (HeraTHmiioe  ihcjio) 

Key:  (1)  a  negative  nuaber. 

Bxaaple  2.  „ 

,  1-M  =  ( — <)  11  .  .  .  10110  (0  (leriTKiuot  *kc.io) 

_  — i=*  ( — Qll  .  .  ■  11111  (m»r>in»BO«  shc-io) 

1=  0  00  .  .  .  1  (aZJ  ( n03KTHBHOO  ihcjio) 

Kay:  (1)  a  negative  nuaber.  (2)  a  positive  nuaber. 
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The  operation  of  addition  in  the  binary  nun  bar  systea  with 
basis/base  p=1-i  is  coaplicated  by  the  fact  that  the  value  of 
transfer  rapresants  the  negative  nuabar: 

- Z -  (.) 

1=000  ...  01  (aoaimuHoe  thcjio) 

+  <D 

1=«Q00  ...  01  (noMmoioe  wio) _ 

2=< — i)l  • . .  11101100  (tier&THBHoe  vac V 
n 

Key:  (1)  a  positiva  nuabar.  (2)  a  negative  nuaber. 

Siailar  to  binary  arithaetic  with  basis/base  p=-Ui  in  the 
in  question  for  executing  the  operation  of  addition  besides  the 
foraal  addition  of  deductions  taking  into  account  transfers  froa 
low-order  digits  into  the  senior  are  also  necessary  further 
procedures  on  the  developaent/detection  of  zero  cycles. 

Page  108. 


Sinplest  of  the  zero  cycles  they  are 


-i=<— o  n...  noi  i-{— o  li ...  ion 

+  + 

i°  o  oo. ..  oooi  -i~{— i)  n . . .  mi 

0-  0  00. ..0000  0-  0  00...  0000 

-i -i= — (o  n... mo 
+ 

i-(-i)  11...  1011 
_ 1=  0  00  . . .  0001 


0- 


case 

the 


0  00. ..0000 
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The  complicated  character  of  the  formation  of  transfers 
significantly  destroys  the  possibility  of  the  circuit  realization  of 
the  algorithms  of  binary  arithmetic  with  basis/base  p=1-i. 

§  5.  Positional  numeration  system  with  basis/base  p=1*2i. 


Hodulus/modula  p=l«-2i  (Pig.  33)  is  remarkable  fact  that  the 
different  from  zero  elements/cells  p.s.a.n.  v.  on  mod  ( 1  ♦  2i)  are  the 
dividers/denominators  of  unity  in  ring  ts.k.ch. : 

<•  I  7+n={°.  1*  -1.  —  <1 

and,  therefore,  multiplicative  overflow  on  modulus/module  p®l*-2i  is 
always  equal  to  zero,  i.e.,  r(  •  C*)=0  for  any  deductions  S», 

< •  1  1+.2I • 


ementary  operations  on  mod 


(1>2i) 


are  implemented  in 


accordance  with  the  tables  of  modular  addition,  additive  overflow  and 


modular  multiplication. 

-T 

( IJ  TaSmu  nontjiuoro  cioxmi  ( V  T»6x**»  ummiora  oapwoxaana 

+  |  0  1  l  -1  -i  0  1  i  -1  -i 

0  0  1  i  —  1  -i  0  00000 

1  1  i  —  i  0—1  1  0  — i  1  0  —  i 

i  i  —  i  —  1  1  0  i  0  1  1  i  0 

—  1—1  0  1  —  i  i  —10  0  i  i  — 1 

-i  — i  — 10  i  1  —  i  0  —  i  0  —1  —1 

i 

Key:  (1).  Table  of  modular  addition.  (2).  Table  of  additive  overflow. 
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Fig-  33.  P.s.a.n.v.  on  nod(l*2i). 

Page  109. 

Hodulus/noiule  p=1*2i  is  the  aininua  odd  nod  ulus/nodule,  which 
satisfies  the  criteria  of  the  thecrea  of  Gauss  (3.2.5)  about  the 
isoaorphisa  of  composite  deductions  to  real  deductions.  Diafantov 
equation,  utilized  for  the  search  for  the  real  deduction,  to  which  is 
napped  the  iaaginary  unit  with  the  aentioned  above  isoaorphisa,  takes 
the  fora 

l  +  2|i  =  l. 

Its  particular  solution  is  pair  X=-1,  p=1.  Therefore  the  unknown 
value  p  is  equal  to 

P  =  |  21  — H  l  =  2. 

Hence  the  isoaorphisa  between  the  composite  deductions  and  the  real 
deductions  is  assigned  by  the  table 

a+3i  jo  l  i  — i  — I 
!«+($»*  |  0  1  2  3 


4 
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TaSoma 


MOA7‘i*aoro  yuB oieiu 


I  0  1  i  -1  -1 


0 

0 

0 

0 

0 

0 

1 

0 

1 

1 

—1 

— i 

i 

0 

i 

—1 

— i 

i 

—i 

0 

—1 

- L 

i 

i 

— i 

0 

— i 

1 

i 

—i 

Key:  (1) .  Table  of  nodular  eultiplication. 

Respectively  the  tables  of  addition  and  eultiplication  talte  tha 

fora: 

I  | )  Ta&raw  moat  aurora  uiomout  Ttijona  Moayaamoro  raioxrau 


+  1 

0 

1 

2 

3 

4 

0 

1 

2 

3 

4 

0 

00 

01 

02 

03 

04 

o  ! 

0 

0 

0 

0 

0 

X 

01 

32 

13 

31 

00 

i 

0 

1 

2 

3 

4 

2 

02 

13 

11 

00 

21 

2 

0 

2 

4 

1 

3 

3 

03 

34 

00 

41 

42 

3 

0 

3 

1 

4 

2 

4 

04 

00 

21 

42 

23 

4  1 

0 

4 

3 

2 

1 

Key:  (1).  Table  of  sodular  addition.  (2).  Table  of  aodular 
■ulti plication. 

Observation.  The  first  digit  of  the  eleaent/cell  of  the  table  of 
addition  indicates  the  value  of  overflow. 
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For  the  representation  of  ts.k.ch.  a*bi  into  the  positional  code 
with  basis/base  p=1=2i  we  will  use,  as  usual,  the  algorithm  of  the 
consecutive  division.  For  facilitating  the  calculation  it  is 
convenient  to  use  the  mentioned  above  isomorphism.  Respectively 
algorithm  accepts  the  fere: 

1|  tie  determine  the  deduction  of  number  a«-bi  on  aod  (l  +  2i).  For 
this  purpose  we  compute  value 

r0  =  I  a0  +  P  I  s  (<*o  =  «»  &o  =  b) 

and  in  value  r0  from  the  table  we  respectively  restore  composite 
deduction  ?0: 

2)  we  form  the  difference 

(a0  +  i»oO — *o  =  ao  b0  t 

and  we  compute  partial  quotient  a,*b,i  from  division  of  a0+boi  into 
p: 

a,  +  i  =  =  aa  ~^8-  —  t  . 

Reeainier /residue  ?0  detereines  the  low-order  digit  of  the  positional 
code  with  basis/basa  p=J>2i  of  nuiber  a*bi.  For  obtaining  the 
following  digit  the  described  above  computational  process  is  repeated 
relative  to  number  at+bti  and  sc  forth. 
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Example.  Translate  ts.  k.ch.  6-16  i  into  the  positional  code  with 
basis/base  (1*2i).  p=2. 


a*+6*‘ 

b'*  <x'*+26'* 

b'i,—2a'k 

0 — 16  i 

|6— 2  16|s  =  4 

—1  7 

—16  —25 

— 30 

—6 —  0i 

i — 5 — 2-  8lj  =  3 

— i  —5 

—  5  —15 

5 

— 3+  i 

1-3+2-  llj-  4 

-1  -2 

1  0 

5 

i  1 

|0+2-  1|*=2 

i  0 

0  0 

0 

Thus 


6  —  16i  =  ip3  -r  (—  1)  P1  +  ( —  i)  P  ~r  { —  1) 

or 

6  —  16i  =  2  p3  -  Ap1  -  3p  +  4. 

For  the  purpose  of  the  opposite  translat ion/conversion  in 
certain  cases  it  is  convenient  to  use  the  diagrae  of  Horner  for 
calculating  the  value  of  polynomial  at  the  preset  point. 


Let  be  preset  ts.k.ch.  by  the  positional  code 

p*  ~~ '«-» Pn~'  —  •  ■  •  —  'i  p  -f  V 

Me  construct  the  sequence  of  the  numbers 


"'»P  +  ^«-i  =  q»- 1 

■*/»— 1  P  +  ^n-1  —  ?n- 2 


m  P  "4“  ^  —  ?o  =  a  “T  bi. 

The  order  of  calculations  along  the  diagram  of  Homer  is  usually 
placed  as  follows: 

•»  1  ‘-"-i  |  'i~2  |  '  *  '  |  -a  [  •! 

p=l+Zi\  :nP  |  Pin-  |  '  '  •  |  PV«  1  PV; 

|  ?n  —  j  j  ?»— j  |  |  72  |  7i 


'0 

pit 

q0ma+bi 
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Example.  To  r astore/reduce  ts.lc.ch.  on  its  positional  code 


«p*+<— ijp'+i— 0p+<— 1): 

1  1  -1  I  1  -i 

l-t-2  i  j  — 2  -4*i  j  — 6 — 5i  |  7 — 2  6i 

j  — 3-^-z  j  — 5 — 6t  j  6—16 i'  £2  — f -bi 

The  operations  of  addition  and  a ulti plication  are  implemented  by 
traditional  positional  methods. 


Example  1.  To  fulfill  the  operation  of  the  service: 


— 9— 19i=.  10  113 

16— lli  =  +  2  14  14 

3  10  2  2 

/  S  /  /  /  (I) 

1  0  0  3  4  nepeHOCM  ot  nopaapjiaHoro  cyMMHpoa aaaa 
13  13  12 

/  <■>-) 

0  0  0  2  nepeHccu 

1  3  1  0  1  2  ~  t  7  —  30i 

Key:  (1)  transfers  from  step-by-step  addition  (2)  transfers. 


Example  2. 

A  L  91* 

— 3 — 33i 


Key:  (1)  transfers. 

Since  on  basis/ba3e  p=l  +  2i  in  the  class  a.n.v.  are  absent  the 
multiplicative  overflows,  the  operation  of  multiplication  is  reduced 


»  i 
l  i 


o  o 


4  2 
3 


2  2 


( O 

nepeaocu 

l 

nepeaocu 


(£> 


4  2  2=1— 2i 
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to  the  stroke/cy  c  le  of  step-by-step  ault  ipl  ication,  the  appropriate 
shift/shear  of  the  obtained  products  with  the  subsequent  addition. 
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Exa  nple.  To  compute  product  to.v.ch.  -  1 *4i  and  -4-i: 


— 1  -t~4i  -l  3  2 
—4—  i'  —  2  1  4 


4  2  3  nopaapHjHoe  ;XHO«eKne  Ha  4 
13  2 


/; 


nopaapaaHoe  yMHOweHSe  Ha  1  co  ''aaHroM 

^  12  4  3 

4  1  nepeHOcu  ,,  , 

0  3  4  3  (  ■ 

1  nepeHocw  ) 

1343  <£> 

2  14  nopa3p«4Hoe  yMHoweHHe  sa  2  co  caaHrow 

_2  2  2  4  3 

3  4  nepeHocw')  /S") 

_0  1  2  4 

2 _  trepeicocu  J 

2  1  2  4  3  =  8— 15i 

Key:  (1)  step-by-step  a  ultipl  ic  at  ion  by  4.  (2)  step-by-step 

multiplication  by  1  with  the  shift/sheac.  (3)  transfers. 


Observation.  Since  the  real  and  alleged  parts  of  basis/base 
p=1*2i  are  mutually  simple,  has  the  capability  to  shorten  the 
multiplication  tables  and  addition  and  thereby  it  is  essential  to 
facilitate  the  circuit  realization  of  executing  the  operations.  In 
this  case,  since  different  from  zero  deductions  in  mod(1  +  2i)  are 
exact  four,  the  special  coding  (introduced  in  chapter  3,  §  S)  of 
deductions  by  means  of  the  rank  and  the  mantissas  in  this  case  leads 
to  the  fact  that  all  deductions  will  have  one  and  the  same  mantissa, 
i.e.,  for  the  code  of  deduction  it  is  possible  to  take  its  rank.  Than 


F/G  9/2 


■  7  - - 
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nultiplication  table  is  reduced  to  sussatioa  over  the  eodulus/eodule 
of  four  ranks  of  cofactors,  and  the  addition  of  deductions  with  the 
overflows  -  to  the  table  of  the  reccdings  of  deductions. 

Actually/caally,  let  us  code  deductions  as  follows: 


o  1  l  — 1  —i 


Key:  (1).  Code. 

Let  us  coepare  to  each  deduction  its  rank. 

Then  the  operation  of  the  sultiplication  of  deductions  will  be 
iepleeented  in  accordance  with  the  rules: 

1)  0««=0  for  any  deduction  «;  2)  if  «t ,  «2^0,  then  =  I  +  **  I  a  ■ 


The  operation  of  addition  can  be  reduced  to  the  operation  of 
anltiplication  and  the  recoding 

*i©*2  +  *i'(0i  }  »*  — *i  IJ. 

Page  113. 


Here  operation  ©  answers  nodular  suanation  over  eod(1*2i). 
Function  o©-f?— <0+p—  | "  +i-p  is  realized  by  recoding,  according  to 


tm 
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the  table  of  its  values 


© 

0 

0 

1  2 

3 

0 

0 

31 

03  0 

32 

la  the  table  the  first  (emphasized)  digit  of  a  two-place  amber 
indicates  the  value  of  overflow. 

§  6.  Positional  nueeration  systees  of  coaplex  nuebers  with 
bases/bases  p=*2  and  p--2. 

Ruaeration  systee  with  basis/base  p*2.  Since  for  any  ts.k.ch. 
a*bi  is  correct 

a 4-J»t  -  ([-§•]  +*  [t])2  +  (  I  «  I  *+t  I  M  *  I  *>•  («-i) 

then  p. s. v.  on  nod  2  it  is  foreed  by  the  set  of  the  nnebers 

<•  |  ;-{0,  l,i  1+/}.  (6.2) 

It  is  obvious,  the  translation/conversion  of  aunber  a»bi  into  the 
positional  code  on  aod  2  is  equivalent  to  the  independent 
translation/conversioo  into  the  binary  coda  of  the  real  and  alleged 
parts: 

a4.6i-2**2*  +  <2 u>*2*  <••*> 

*-0  k-0 

or 

atz  (a,  «) 

«  +  W-  2  (•»  +  <«»)  2*. 

*>o 

Thus,  positional  coding  ts.k.ch.  on  basis/base  2 


DOC  *  81024007 


PAGI  fW 


where 


:*e  <•  | , 


it  is  equivalent  to  the  representation  of  real  and  alleged  parts 
ts.  k.ch.  by  the  binary  code. 


Page  114. 


In  both  cases  the  range  of  the  nuabers,  represented  by  coda 


(6.3)  and  code  (6.4).  is  deterained  by  the  inequality 

0<a<  2s 
0  <  6  <  2*. 

Proa  the  positions  of  aachine  arithaetic  (6.3)  and  (6.4)  cannot  be 
identified.  Nevertheless,  is  used  beloe  positional  representation  of 
ts.  k.ch.  in  the  forn  (6.4).  where  the  conposite  digits  are  coded  as 
follows: 


«+5l 

0 

1 

t 

l+l 

a 

00 

01 

10 

11 

(6.5) 

This  approach  nakes  it  possible,  at  least,  to  obtain  the  new 
algoritha  of  aultiplication  ta.k.ch.  against  the  traditional 
aultiplicatioa  of  real  and  alleged  parts  with  their  subsequent 
addition  and  subtraction. 


sign  fora  of  the  representation  of  ts.  k.  ch.  in  the  principle  are 
possible  two  versions  of  sign  representation  ts.  k.ch.: 

1)  a»bi. 
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where 

—  2"<o<2\ 

—  2*  <  h  <  2"; 


(6.6) 


where  2)  a  +  M  =  i«(a'  4- b'i), 

0  <  a  <  3, 

0  <  o'  <  2", 

•  j  0  <  h'  <  2*. 

Let  as  pause  at  first  at  the  first  version.  Let  us  show  that  the 
diagraa  of  consecutive  indexing  into  sodalas/eodale  2  according  to 
forsula  (4.1)  of  arbitrary  ts.k.ch.  froa  the  square 

—  2"+1  <  a  <  2*+1,  — 2,+1  <  b  <  2,+l 


leads  to  the  analysis  of  the  nodified  two's  coepleeent. 


Page  115. 

This  follows  of  two  facts: 

1)  a  nuaber  -  1  is  aodular  with  raspect  to  p.s. v.  (6.2)  an  aod 

2  f  i.  e .  $ 

( — 1)  =  ( — 1)*2  + 1; 

2)  for  any  a*bi  e  <•(“»+*  is  correct 

4C  o  +  W  |  |  ^»+*  —  <  o  +  M  |  + 

where  +V2* +  C„+I2’*‘,  (6.7) 


Si#  S»*l  6  <•  |  j  . 
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The  representation  of  range  <a-fbf  1 1"-1-*  onto  range  <o-fh<|  V*+l 
in  accordance  with  foraula  (6.7)  It  is  depicted  on  the  diagrams  (Pig. 
34,  35)  . 

Squares  0,  5,  10,  15  in  figure  34  represent  p.s.a.n.v.  on  aod 
2**1.  the  others  -  zone  of  shaping  of  additive  overflow.  Figure  35 
gives  the  fores  of  the  squares,  to  which  are  sapped  the  squares 
p.s.v.  <o  +  ht|"»,+2  in  accordance  with  foraula  (6.7). 

Thus,  taking  into  account  coding  (6.5)  deductions  p.s.  v.  (6.2), 
we  consist  that  the  algorithn  of  consecutive  indexing  into  2  autually 
unanbiguously  compares  arbitrary  ts.k.ch.  a*bi  froe  the  square 

—  2"+1  <o<2\  — 2»+1<h<2'+1 

the  binary  coda  with  a  length  of  2*<"+*,  which  represents  certain  point 
of  square  <  o  +  M  |  ^«+a. 
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m 

it 

14 

i 

t 

U 

13 

5 

a 

? 

fo| 

1 

4 

V;  2 

m 

3S ' 


Pig.  34.  Rang*  <a*w|  i»+  *. 


Pig.  35.  Range  <a*«l>+*. 
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Lat  us  agrae  the  nuebering  of  the  digits  to  produce  toward  the 
increase  of  the  weights  of  digits;  entire  the  binary  word  to 
divide/aark  off  on  (n+1)  the  pairs  of  the  bits,  in  each  of  which  to 
distinguish  digits  with  the  even  and  odd  nuaber  (low-order  digit  has 
a  nuaber  0).  Than  two  pairs  of  the  high-order  digits  are  sign,  that 
reeained  -  digits  of  valency. 

Let  us  give  the  table  of  sign  situations.  Let  us  preliminarily 
note  that  syebols  sign  (Re)  and  sign  (Za)  designate  the  sign  of  the 
real  and  alleged  parts  of  the  couple*  nuaber,  and  #(Re)  and  a  (la)  - 
overflow  attributes  on  the  real  and  alleged  syllables,  aoreover  if 
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♦■♦It  then  overflow  to  the  positive  side,  and  if  e»-1,  then  overflow 
to  the  negative  side. 

9a  see  that  the  nodi  fled  two's  conpleaent  for  ts.k.  ch.  can  be 
obtained  by  the  trans laticn/con version  of  real  and  alleged  syllables 
independently  into  the  aodified  two's  binary  conpleaent,  the  codified 
code  of  alleged  syllable  occupying  digits  with  the  odd  nuabers  of  the 
binary  code  of  a  complex  number,  and  aodified  -  digits  with  the  even 
ones. 


as  is  known,  for  the  operation  of  addition  in  the  binnry 
arithmetic  aost  convenient  is  the  aodified  two's  conpleaent.  Bowever, 
it  is  inconvenient  for  executing  the  operation  of  the  aulti plication 
where  the  large  convenience  possesses  the  true  representation. 
Analogous  circumstance  occurs  alsc  in  the  composite  case. 


DOC  »  81024007 


PIGF  )# 


Table  of  sign  situations. 


Siyn(B«)  Sltn(Im)  y(R«)  ’f(Im)  |  Sign(Re)  31gn(Im)  ?<R«) 


0000 

+ 

+ 

0 

0 

0110 

— 

+ 

—1 

+1 

0101 

+ 

— 

0 

0 

0111 

— 

+ 

0 

+1 

1010 

— 

+ 

0 

0 

1000 

+ 

— 

0 

—1 

1111 

— 

— 

0 

0 

1001 

+ 

— 

+1 

—1 

0001 

+ 

+ 

+1 

0 

1011 

+ 

— 

+1 

0 

0010 

+ 

+ 

0 

+1 

1100 

— 

— 

—1 

—1 

0011 

+ 

+ 

+1 

+1 

1101 

— 

— 

0 

—1 

0100 

— 

+ 

—1 

0 

1110 

— 

— 

—1 

0 

Page  117. 

Lat  os  consider  the  second  version  of  sign  representation  of  the 
nuaber: 

i-P  a  -f- we  <•  !  “+1|,  -then 

a  +  bi  -  f  (o'  +  b'i), 

whera  a=0 ,  1 ,  2,  3  and  0^a*#  b'  <  2".  In  that  case,  by  analogy  with 
binary  arithaetie,  we  will  indicate  that  the  information  about  the 
sign  (i.e.  value  a)  and  the  binary  code  of  nurter  a'and  b'i  fora  in 
the  set  the  true  representation  ts.k.ch.  a+bi. 


The  conversion  of  the  true  representation  into  that  aodlfiad  is 
realized  on  the  basis  of  the  relaticnshi ps/ratios 

(a-fh0**“  —  // 

(a  -f-  bi)  i*  —  —  a  —  bi, 

(a -f  &<)<*=  b  —  ai. 
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Lit  nnnber  a*bi  be  is  preset  by  the  true  representation 

ft  ft— 1  1  o 

a  +  M  =  *2»+j,  *j»,  ....  *j,  «2»  ei. 

Then 


with  *j«+i  =0,  *2,  =  0 


the  initial  trua  representation  coincides  with  that  nodified; 


! 


with 


«j»+i  =**0,  «*,  «■  1 


the  nodified  coda  takes  the  fora 


®  ^  “  0i  1|  ®Ia— 2«  li  *Js-4i  *?»—*»•••>  ®2*  *»*  *o>  E1 


where  the  code 


1»  **»— i  *»■-**  • 


obtained  by  the  ordinary  aodifi cation  of  the  binary  code  (real 
naaber)  , 

1*  *te— it  *!»—*«  •  •  •  •  >  *3*  *l> 

with  ij«+i  —  li  *i» “ 0 


the  aodifiad  cole  takes  the  fora 

a  +  W  —  1*  If  •* »—  it  *i»— if  •  •  •  f  Hf  *!•  *  t*  *o* 
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w  her® 

1#  It  ®2j»— Jt  •  •  •  *1# 

1,  *1*— It  *1»— «t  »  •  •  •  •() 

the  codas,  obtained  by  the  ordinary  modification  of  the  binary  codas 

1«  ®t»— 1»  •••■  *i» 

It  ®2n— 2>  *2«-4i  •  •  •  t  *o! 

vith  *J»+1  =  1  *2»  *■*  1 

the  modified  coda  takas  the  fora 

<*  +•  bt  *  1,  0,  e2Kt  ej,_i  *2»-2.  *!»-*. .  *  • ,  £o-  ei» 


where 


the  coda. 


Page  118, 


1»  ®2»«  *2a— It  ♦  ■  i  *o 

obtaiied  by  the  ordinary  modification  of  the  binary  coda 

1»  eJ»i  ®l»— It  •  •  •  *  *0* 


On  the  connection  of  the  modified  code  with  the  reverse  we  here  stop 
will  not  be. 


Passing  to  the  operation  of  addition,  let  us  note  that  the 
coding  of  ts.k.  ch.  in  the  fora  (6.4)  introduces  nothing  new  in  the 
operation  addition  against  the  fact  that  we  have  with  the  coding  of 
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ts.k.ch.  in  the  fore  (6.3). 

Operations  of  eult iplication .  It  is  assuaed  that  for  the 
aaltipiication  is  used  the  true  representation  of  ts.k. ch. 

Nultiplication  table  taking  into  account  overflow  takes  the  fore 


X 

0 

1 

i 

1+t 

0 

0 

0 

0 

0 

1 

0 

1 

( 

1  +  i 

i 

0 

i 

—1 

(-1)2 +(1+0 

l+l 

0 

l+l 

(-1)2 +(!+<) 

<2+0 

Proa  the  table  it  follows  that  the  aulti plicative  possible 
overflow  of  two  types:  i  and  of  -1. 

Since  the  binary  code  of  nuaber  i  takes  fora  10,  overflow  1 
appears  in  the  odd  bit  of  the  binary  cole  ts.k.ch.  and  the 
corresponding  transfer  extends  siailarly  to  ordinary  binary  addition, 
affecting  odd  bits,  on  the  other  band,  since  nuaber  -1  -  real  and 
aodular  (i.a.  its  binary  notation  can  be  unliaitedly  increased), 
negative  overflow  can  arise  only  in  the  even  bit  of  the  binary  code, 
and  tha  corresponding  transfer,  extending,  it  affects  only  even  bits, 
aoreover  the  character  of  the  effect  of  negative  transfer  is  opposite 
to  the  character  of  the  effect  cf  positive  transfer.  Actually/really, 
let  with  the  addition  of  two  nuabers,  preset  by  the  binary  code,  in 
the  j  bit  arise  tha  positive  transfer,  then  1)  in  the  j  bit  is 
astabllshed/installed  value  of  0,  2)  if  in  j*1  bit  it  was  located  1, 
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then  as  a  result  of  the  addition  cf  the  transfer  is 
established/installad  value  of  0,  and  the  appearing  transfer  it 
affects  the  next  decade  according  to  the  described  principle; 

if  in  j*1  bit  it  was  located  by  0,  than  as  a  result  of  the 
addition  of  the  transfer  is  established/installed  value  1  and  further 
transfer  does  not  extend. 

Page  119. 

The  effect  of  negative  transfer  is  directly  opposite:  let  in  the 
j  bit  arise  the  negative  transfer,  then 

1)  in  tha  j  bit  is  established/installed  value  1, 

2)  if  in  jO-  bit  it  was  located  1,  then  as  a  result  of  the 
addition  of  tha  transfer  is  established/installed  value  of  0  and 
further  transfer  it  does  not  extend; 

but  if  in  j  +  1  bit  it  was  located  by  0,  then  as  a  result  of  the 
addition  of  the  transfer  is  established/installed  value  1,  but 
emergent  negative  transfer  (-1)  affects  the  next  decade  according  to 
the  described  principle. 
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Before  formulating  the  algorithe  of  multiplication  as  a  whole, 
let  as  note  the  validity  of  the  following  sentence: 

if  ts.k.ch.  a+bi(a}0,  b^O)  ,  represented  by  the  binary  code,  is 
multiplied  by  deduction  aeol,,  registered  by  the  binary  code,  then 
the  obtained  as  a  result  binary  notation  of  product  is  the  Modified 
code  of  product. 

The  validity  of  assertion  follows  froa  the  fact  that  as  a  result 
of  the  aultiplication  of  positional  coda  (6.4)  by  the  deduction  £  we 
will  obtain  in  accordance  with  the  described  above  rule  the 
positional  code  of  fora  (6.4),  in  this  case  the  emergent  negative 
transfer  can  prove  to  be  aore  significant  digit. 

observation.  The  appearing  negative  transfer  can  prove  to  be 
only  in  odd  sign  position  of  a  number.  In  even  sign  position  will  be 
always  located  digit  0,  since  positive  transfer  cannot  change  sign 
situation.  The  latter  also  follows  froa  the  fact  that  with  a,  b>0: 

/»((«+*>L.)>o. 

Proa  the  fact  that  in  even  sign  position  of  product  always  aust  be 
located  digit  0,  it  follows  that  the  length  of  the  code  of  product 
(o -f  G ® < •  1 2 )  without  sign  positions  is  deterained  by  the 
sign/criterioa  in  which  the  odd  bit  of  senior  pair  aust  be  egual  to 


1 
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Nulti plication  table  on  nod  2  with  the  overflows. 


X 

00 

01 

10 

11 

00 

00 

00 

00 

00 

01 

00 

001 

10 

11 

10 

00 

10 

0(-1)01 

0(-l)ll 

11  ' 

00 

11 

0( — 1)11 

10  00 

Examples. 


(7+5i)xi— 5+7i~ 

— <H — 1).  101111 
11  01  11 
X  10 


(7+51)  (1+0-2+121- 

=*10  10  01  00 
11  01  11 
X  11 


11 10  11 
r  on 


(0 

—l  nepasoc 
nepenoc 


0(— 1)  10  11  11 
— T~ 

- aaaicoBue  ptapanu 


00  11  00 
T1  *0 

1— 


nepenoc  }  (f) 
nepeaoc  ) 


00,  10  10  01  00 
t  ^ 

— 3h»kobm«  paspimu 


Key:  (1)  transfer.  (2)  sign  positions. 


On  the  basis  of  that  presented  it  does  net  comprise  the  work  to 
describe  generai/comnon/total  multiplying  circuit  ts.k.ch.,  preset  by 
the  positional  code  on  nod  2. 


Example.  To  find  product  (7*5i)  *(20i)» -lOll. 


(X-l)lOll  u 

10  10  0100 _ 

(X— i)  ii  u  mm 
-1+81-01  1111111111 

Positional  numeration  system  with  basis/tase  p=-2.  As  the  basis 
of  the  translati on/conversion  of  ts.k.ch.  Into  the  positional  coda  on 
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aodulus/aodule  p*-2  serves  the  focaula 

a  +  W  =  ([T]  +  [“r]<)  (-2)  +  (  !«  \i  +  t\b  I  j)  (6.8) 

and,  therefore,  the  digits  of  the  positional  code  are  deterained  by 
the  elaaents/calls  of  p.e.v. 

<•  1 12=|0,  1.  t,  1  +  /}. 

The  deductions  indicated  we  will  code  in  accordance  with~fable  (6.5|  . 
Page  121. 

Exaaple.  Relying  on  foraula  (6.8)  and  using  a  diagraa  of 
consecutive  indexing,  tc  translate  ts.  k.  ch.  3*7i  into  the  positional 
code: 


a 

|  b 

1 

3 

7 

11 

—I 

—3 

11 

+  1 

-2 

01 

0 

—1 

10 

0 

1 

10 

0 

3-*-7i- 

0  | 

-101001 11 11 

The  advantage  of  nuaeration  systea  with  basis/base  p=-2  in  the 
coaparison  with  the  systea  with  basis/base  p~+2  lies  in  the  fact  that 
for  basis/base  p=-2  nuaber  -1  is  net  aodular; 

— 1-1(— 2)  +  l, 

thanks  to  which,  sign  situations  directly  "inscribe”  in  the  digits  of 
the  positional  code  of  a  nuaber  and  do  not  require  in  connection  with 
this  additional  procedures. 
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Def iciancy/l&ck  is  the  fact  that  range  <*  I  -:n+1  of  numbers  of  tha 

fora  m 

a  +  6t  =  V  :*e<.|Zz 

*— o 

is  not  symmetrical  to  the  origin  cf  coordinates  (Pig.  36,  37),  nore 
exact  it  is  determined  by  the  systea  of  the  inequalities:  with  n  the 
even 

-  2*  2“~1  <  b  <  J  (-  2)“, 

t— l  i*o 


(n/J  +  l 


nil 


-  2  b<  2  (-2)li 


i-i 


1-0 


with  n  odd 
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•M 

•It 

i 

r  -  -  •* 

i 

•  - t 

* 

* 

H 

1 

*!• 

1 

i 

1 

i 

L - - 

-  J 

•  >0 

[•> 

Pig.  36.  Bang*  l  _*«->• -<*- 

-t-i)  <  a,  i<  4-rl8. 


Pig.  37.  Bangs  - 

tllvi,  6  <■  1 f  4. 


Page  122. 


Ac*  given  below  the  tables  of  addition  and  eultiplicatioa  of 
deductions  on  aod  (-2)  taking  into  account  overflow.  Deductions  are 
coded,  according  to  Table  (6.5): 


;  o 

l 

< 

1  +  i 

do  del  o 

l 

2 

1 

In  order  not  to  confuse  syabols  2;  3  as  the  code  designations  of 
values  1,  Hi  with  nuaerical  values  2;  3,  we  will  write/record  the 
latter  in  the  parenthesis. 


we  have: 

(2)  -  l-p*  Ip  -  110  (—  D-l-p+l-ll 

(2l)-2-p»  +2P-220  (2)+<-l-p*+lp+2-112 

(2)  -r  (21)  “3*  p*  +  3p  *•  330  —  l-h<— l-p-J-3— 13. 

(1)  +  (21) -2-p*  +2p  +  1-221  ; 


k 
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TtUi 

mjt  cm 

1 

(+*  T» 

aw 

+ 

0 

i 

2 

a 

X 

0 

1 

2 

a 

0 

0 

i 

2 

a 

0 

0 

0 

0 

0 

1 

1 

no 

a 

112 

1 

0 

1 

2 

a 

1 

2 

a 

220 

Si 

2 

0 

2 

11 

12 

1 

2 

112 

221 

So 

8 

0 

a 

ia 

220 

Kay:  (1).  Table  of  addition.  (2).  Haiti  plication  tabla. 

Observation.  The  eapbasized  digits  in  ths  tables  ars  tha  values 
of  overflow. 


In  ths  binary  notation  thsss  overflows  taka  tha  fora: 
A4v»mt«b*u«  nape-  MyaaTSiuaMTaaaua 


i  .  i  nonaioui 

11  -  0101 
22  -  1010 
33  -  1111 

Kay:  p>.  Additive  overflew*. 


napaoojnassji 

1  -01 
22  - 1010 


(2)  .  Hultiplicative  ovacflows. 


Ths  chart  technology  part  of  tha  rsallzatioa  of  additive 
overflow  in  tha  binary  version  on  tha  avan  and  odd  bits  is  tteifora; 
tha  natara  of  aaltiplicativa  overflow  on  tha  avea  and  odd  basos/basas 


is  diffarant 
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The  given  tables  sake  it  possible  by  the  ordinary  aethods  of 
positional  arithaetic  to  construct  the  algorlthas  of  addition  and 
aultiplication. 


Let  us  nota  that  in  the  case  of  the  quaternary  coding  of 


deductions  on  aod  (-2)  useful  are  with  the  execution  of  addition  the 


following  zero  cycles: 


-l-n 


+i-  i 

0-00 


— i-n 

+ 

-r  1-  2 

0-00 


-1-1-83 

1-i-  S 
0-00 


38  38  \ 

2  1 

11  22 


Exaaples.  To  sua  the  nuabers: 


5  4-  101  -  2  2  8J2I  1 
8  +  21  -  1  1  |2  2*  0 

8  3  3  0  1 


•  - 281  -  2213012 
6  2  -r  37 1  -  3  3  1  0  3  0  2 


|l  \\  0  3  31  1  0  to 

l  I  li  ! _ 2!  2  i  ntpciaoc 


3  0 


II  ncp*noe 
III  otpauoc 


0  113  0 


Key:  (1)  transfer. 


To  sultiply  the  nuabers: 
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{ 


5  +  10<— 2  2  9  2  1 
*«+■  2i-l  12  2  0 


nil  2  l  20 


US 

otpMcew 

Q 

stpwoeu 


220212920 


R*y:  (1)  transfsrs. 
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Chapter  5. 

MON  POSITIONAL  N0HEBATION  STSTERS  BITH  THE  CORPOSITE  BASES/BASES. 

§  1.  Essence  of  the  non  posit  ion*!  nusecation  systeas. 

The  nonpositional  nuaerratlon  systeas  arose  in  connection  with 
the  developsent  of  the  aethod*  of  the  daparallelization  of  operations 
at  the  level  of  arithaetic  operations,  for  such  systeas  are 
characteristic  aany  bases/bases.  Code  words  are  divided/aarfced  off 
into  the  independent  coaponents  on  all  bases/bases.  The  process  of 
the  transforaation  of  inforaaticn  is  decoaposed/e  xpanded  into  the 
stages  of  aaxiaua  length,  for  each  of  which  processing  code  words  is 
reduced  to  the  Independent  processing  of  all  coaponents.  Each  such 
stage  of  the  transforaation  of  inforaation  we  will  call  nodular,  and 
the  stages  of  transforaation  of  inforaation,  on  which  appears  the 
need  for  analyzing  one  or  the  other  set  of  the  coaponents  of  code 
words,  by  nonaodule. 
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9.1 0 

It  is  logical  that  the  tendency  to  reduce  the  Busbar  of 
nonmodule/nonmoadulus  stages  thereby  to  increase  the  depth  of 
deparallelization  leads  tc  an  increase  in  the  equipment.  The 
compromise  solution  of  these  contradictory  tendencies  depends  on  many 
factors,  most  important  of  which  they  are: 

a)  the  field  of  the  tasks  for  solving  which  are  intended  the 
projected/designed  computational  aeans; 

b)  element  basis; 

c|  the  technical  and  economic  indices  of  computational  means. 

At  the  present  time  wide  reputation  obtained  the  nonpositional 
numeration  system  in  residual  classes  [1,2,  11,  12,  13,  14,  15]. 

In  this  chapter  is  stated  certain  development  of  the  theory  of 
the  nonpositional  numeration  systems  in  ths  residual  classes  with  the 
composite  bases/bases,  initiated  in  monograph  [ 1 ]. 

The  idea  of  the  nonpositional  numeration  system  in  the  residual 
classes  rests  on  the  remainder  theorem  (theorem  3.3.3). 


Page  125 


! 
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Lat  Pm  =*  Pift---P«  where  Pi.  ft . Pn  —  pair-wise  mutually  staple  of 

ts.k.ch.  Lat  as  Introduce  the  designation 

Pkm  —  Pi  P2  •  •  •  P*-l  P*+I  •‘•Pm- 

In  accotdanca  with  theorea  3.33  sat  ts.  k.ch.  of  the  fora 

kmml 

v  he  n 

S*=  <P*n  I  **•-?*„.  (1.1) 

and  '«  passes  values  p.s.v.  onmodp*  (*  =  l,  2^., n),  are  foraed  p.s.v. 
on  coaposite/coapound  aodulus/acdule  P«- 

The  sat  of  nuabers  {B*}  is  called  the  orthogonal  base  of  the 
nonpositional  numeration  systea.  Any  ts.k.ch.  '*  is  uniquely 
daterained  by  tha  set  of  its  deductions  on  aoduli/aodales  Pi.  ft . P»: 

^  ^  (*i»  ■•it  •  •  • ,  .(i). 

This  the  vector  recording  of  nuaber  z  deter aines  the  so-called 
nonpositional  coda  of  nuaber  z.  It  is  assumed  that  the  sequence  of 
bases/bases  is  regulated  somehow,  in  that  case  of  k-th  of  the 
component  of  this  recording  is  called  k-th  the  bit  of  the 
non positional  coda. 

For  any  ts.  k.ch.  *j,  *««<•  I  are  valid  the 


relationships/ratios 


DOC  *  81024008 


PAGE 


whera 


<  *1  +  **  I  ra  =  2  <  'k  +  I  ph  Bk. 

<  I  J*.  *  2<  '*’*:*>  1  B*’ 

ft-1 

*1-2^ 


Page  126. 


,  V  ^  B 


In  other  words,  the  aodular  operations  above  the  ele  sent  s/cel  Is 
p.s.v.  o.  on  coaposite/conpound  acdulus/aodule  P*  are  realized  by 
aeans  of  the  parallel  and  independent  execution  of  the  corresponding 
aodular  operations  on  the  deductions  of  operands  z,  and  z9  on 

bases/bases  Pi.  P&  •  •  •  •  P*- 

<*!  +  **  I  *  =  « C®  +  C*  |  < C‘"  +  C®  | 

....  < C’+C1 1 >.)• 


<  *1**2  I  P  -  « i <  %yA2)  I  . . 

....  < i ,„). 

let  now  — .  any  other  p.s.v.  on  modPa.  Arbitrary  ts.k.ch. 

»eV  in  a  unique  Banner  is  represented  in  the  fora 


where  *6’. 
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Proa  the  latter/last  equality  it  follows  that 

I  Pl  =  ^  2  I  =  ’»• 

Taking  into  account  equality  (1.1),  relationship/ratio  (1.3)  can  be 
presented  in  the  fora 

J» 

»=  2:**B*+r»p-  <L4> 
k—i 

Equality  (1.4)  deteraines  the  nonpositional  representation  of 
eleaent/cell  ts.k.ch.  Pi.  pi.  ■  ■ . ,  p»  they  are  called  the 

bases/bases  of  this  representation. 

Value  rw  Wa  will  call  the  rank  of  eleaent/cell  u>eo.'.  it  is  clear 
that  rank  rm  depends  on  the  aethcd  of  assignment  of  p.  s.  v.  s,'.  With 
that  fized/recorded  p.s.v.  V  rank  r„  is  the  function  of  nuaber  w. 
The  value  of  rank  it  is  possible  tc  affect  by  soae  aodif i cat ions  of 
nonpositional  representation  cf  n cabers. 

Thus,  in  particular,  let  us  note  that  together  with 
representation  (1.4)  it  is  possible  to  use  also  the  following 
representation,  noting  that 

•8*  ”  <  Pkl  I  *k‘p**’ 

let  us  isolate  "whole  part"  of  the  division  of  the  product 

^»*<  Pkl  *  Ph 

on  p*. 
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Ha  will  obtain 

I  p*  =  ?*.  +  «*  Pk,  (1.5) 

where 

P*.=  \*t  I  (1-6) 

Substituting  (1.5)  and  <1.4),  we  will  obtain 

io=2  <1J> 

.  *-» 
where 

n 

vi»  —  r„+2x»*  (1.8) 

a— i 

Poraula  (1.7),  in  contrast  to  (1.4),  we  will  call  the 
standardized/noraalized  ncnpositicnal  representation  ts.k.ch.  u>c-’, 
value  P*«  —  by  the  standardized/ncraalized  deductions,  and  —  by 
noraalized  rank. 

It  oust  be  noted  that  the  tables  of  the  aodular  aultiplication 
of  the  standardized/noraalized  deductions  on  mod  p*  require  certain 
transformation. 


Actually/really,  the  direct  aodular  aultiplication  of  two 
noraalized  deductions  gives 


a<*l 


PI*) 

k* 


Pk 


< 


<p 


-i 

kn 


2 

Pk 


Pk' 


Consequently,  in  order  that  the  output/yield  of  table  would  be 
obtained  the  standardized/noraalized  deduction,  the  aodular  product 
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of  two  normalized  deductions  aust  be  it  aust  normalized,  i.  e. ,  to 
aultiply  to  value  <P*,  I  j>4.  Thus,  the  eleaents/cells  of  the  table  of 
nodular  aultiplication  aust  be  deterained  in  accordance  with  the  rule 

i  i 

The  tables  of  modular  addition  are  not  subject  to  similar 
changes,  since 

<  ft! + ft2!  i  **  =  <(s  ’ + ft')  <  P'>!  i  ** : 

Page  128. 

Let  us  designate  through  !£■  p.s.v.  on  ccaposite/coapound 
aodulus/aodule  **».  that  deterained  by  numbers  of  fora 

where  each  passes  value  of  p.s.v.  on  mod  P »  respectively.  It  is 
obvious  that,  by  force  (1.3),  p.s.v.  =>„  and  £„  are  the  unique 
representatives  of  the  sets  ts.  k.  ch.,  which  have  unranlted, 
nonpositional  representation  cf  the  fora  (1.4)  and  (1.7).  Porvuia 
(1.8)  expresses  a  change  in  the  ran*  upon  transfer  froa  p.s.v. 
p.s.v.  Let  us  give  soae  illustrative  examples. 

Let  us  select  as  the  bases/bases  p.  fc.ch.  p»=-1*i,  p2=1*2i, 
pJ=3«'2i,  then  P3=(-1*i)  (1*2i)  (3*2i)  =-7-9i.  As  p.s.v.  let  us  select 

p.s.a.n. v; 
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<  •  I  I1+l  -  {0,  1);  <  •  I  -  {0.  1,  —  1,  t,  - 1 ); 

<*  I  3~+2«=  1°.  1,  2,  -2t,  -1  +  t,  I,  l  +  <,  -1-1, 

-  2,  -  1}. 

Let  us  deteraina 

<*i » II,+i-< -1  +  ®  I 


<  Pi 3  ’ 

l  +  2i  = 

=  <  ■ 

-5  +  i 

1 1—21  “ 

<  P33 

1  3+2( 

=  < 

—  3  —  < 

1 3+2/ = 

<p7a 

1  -1  +  J 

=  < 

1 

—1+81 

IZi+,  =  l. 

<P »  1 

"a:/  ^  1 

1+21  — fi+t  1 

1  +  21  l' 

1  34-21 

=  < 

irl 

3+21  **  ~ 

i;^u— 1+«. 

r>  -  ”  a  _ t  a. 

"2  —  jj  |  Pl’^2S  —  1  T  Oi, 


■Bs  —  <  I  p,  P  a - 1  4~  3i. 


Purthec  let  us  aake  table  of  the  equivalency  of  deductions  and 
standardized/noraalized  deductions  cn  aoduli/aodules  Pi ,  p*  and  p3# 
foe  which  is  used  foraula  (1.6). 


Page  129 
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mod(— 1+i) 


S«l  <:«  <Pj,1J_1+(  |_1+| 

0 

1 

0 

1 

tD  JU*  mod(l+2f) 

?*=<•  |l+2l 

?«2  <=«  < /,2S1|i  +  2i|h-2J 

0 

0 

1 

— i 

i 

+  1 

—  i 

—1 

(7)  ft**  mod(3+2i) 


^=<-‘  <  Jtflf+aka 

0 

0 

1 

— i 

2 

—21 

—2  i 

—2 

-14-1 

i 

1+i 

1 

1+i 

1—i 

— i 

—1 

1—i 

-1—i 

21 

2 

—2 

2  i 

—1 

i 

—1—i 

.  For. 

—1+i 

Let  us  a*ke  table  of  aodular  aultiplication  of  the 
standardized/noraalized  deductions  in  accocdance  with  rule 
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c, 

1 1  Jh»*  mod(3+t<),  <fu 

|-#.-i 

0 

— 1— i 

l 

— i 

a  | 

1-4 

-24  | 

j— 1  +  4 

—2 

4 

—l 

i+i 

24 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-1— i 

0 

—a 

l— ( 

—1—4 

i 

—24 

1 

24 

— i 

l  +  i 

—i+i 

2 

—1 

1 

0 

l —i 

i 

1 

21 

l+i 

2 

— 1—i 

-21 

—1 

—4 

—l+i 

—2 

— i 

0 

—i—i 

l 

—i 

2 

1—i 

— 24 

-l+i 

—2 

4 

—1 

l+i 

24 

a 

0 

t 

n 

—i 

—1—i 

—1 

-l  +  i 

1 

l+i 

—2 

—24 

— 4 

1—i 

l— i 

0 

—21 

i+i 

2 

—1 

3 

i 

-2 

1 

—l+i 

:  -l—i 

24 

— 4 

—u 

0 

1 

a 

l—l 

-l+i 

i 

1— t 

—4 

1—i 

24 

-2 

1 

— 1 — 4 

—l+t 

0 

it 

-l— i 

—21 

1 

—2 

— i 

2 

1 

1—i 

l+i 

—24 

4 

-a 

0 

—i 

— at 

-I+( 

l+i 

1 

1—i 

-1 

-l+i 

2 

24 

l 

-l+i 

t 

0 

l+i 

— i 

—a 

a 

-l+i 

21 

1—i 

2 

— i 

1 

—1—1  —  24 

-l 

0 

-l+i 

— i 

< 

—u 

-l— i 

-2 

l+i 

24 

1 

i 

1—1 

2 

l+i 

0 

a 

-i+i 

—l 

— t 

24 

1 

-24 

4 

-l-i 

i  1-4 

—2 

1 

it 

0 

-l 

-a 

i+i 

1-4 

—4 

-1—i  i 

-l+i 

-24 

2 

1 

l-« 

Key:  (1). 

For. 

Page  131. 

Bxaepla  1. 

,  Let 

us  present  ts.k.ch. 

-U7i 

and 

-2-5i 

in  the 

non positional  i 

rode. 

Their  a.n, 

eodulo 

-1*1, 

1*2i 

,  and 

3*2i 

Sill 

be: 

<  -1  +  71  ir 

l+i  ”  °* 

<  -l+7iir+« 

-  —4, 

r 

<  — 2 —  8 i 1  "1.  <”2  —  8i|J+M“  —  '•  <  —  2  —  5i|  j +2/  “  1. 

therefore 

-1+7 4  -  +  s*1’^  +  4"  *>  +  ri  F,  -  0  (  - 1  -  80  + 

+  (-  0  (1  +«)  +  (-0  (- 1  +  30  +  (-  0  (-  7  -  90; 
-2-Si-;\i'3l  +  42> B}  +  **» +  r,  !>,  -  1  •  (-  1  -  80  + 

+  (- 1>  (1  +  60  +  (0  <— 1 30  +  (-  1)  (-  7  -  90. 
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Exaapla  2.  For  the  standardized/nor aalized  non positional 
ceprassntation  Seductions  «V’  according  to  the  table  of  equivalency 
we  convert  into  standardized/nocaalized  deductions  fJl-  For  ts.ic.ch. 

- 1*  7i : 

o~o 

—  i  — i 

—  i  -  —1 

for  ts.k.ch.  -2-5i: 

l-i 

—  i  - —  l 

—  l  ~  i 

Therefore  standardized/nocaalized  nonpositional  representation  taicss 
the  fora 

-l+Ti- ?«'•  P +  7,  F,  -  0-  (-  1  —  80  + 

+  (-l)  (-«+/) +(-!)(-»- /)  +  (-«)  (-7-80: 

-a-«  -  +  ?u]-p»  +  *u-p»  +  7*  - i<-  i  +  so  + 

+  (-l)  (—•+!)+  (0  (-8-0  +  K-7-9J). 

Page  13  2,. 

Exaaple  3.  Let  us  find  the  sua  of  the  nuabecs  -H7i  and  -2-5i, 


preset  in  the  nonpositional  code 
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-1  +7<f-(0,  -<.-<) 


or 


—2  — ft  -hi.  -i.  -n 

—  3  t  li  ■♦■  (<  0  +  1 1  ^.ji  <  —  *  ~  (~  0  !  i,]|i  <  — 1  +  (—  1)  I  i+ji) 
-8  -H  2i  -*-(1.  1.  -1-0. 


Example  4.  Let  us  find  the  product  o£  the  numbers  1+i  and  1+41, 
preset  In  the  standardized/normalized  deductions: 

l+i-H(0,  -1.  1-0. 

l  +  ft  ■+■  a.  U  - 11 

For  obtaining  tha  product  ve  Kill  use  the  table  o£  nodular 
aulti plication  in  the  standardized/ noma  lized  deductions 

(l  +  0-0  +  ft)  -•-(<  0-1 1  f+J,  <  -  l-i  |  j;M,  <  a  -  o  (- 1)  |  r+ti). 

(1+0  (l+ft)--8+W-(0.  1.  -i-o. 

and  actually  -3+ 5i  has  the  nonpositional  standardized/nor nalizad 
representation: 

-3  +5i-o-P.,  +  1-P»  +(—  l-OFn  +  Ti’.-O^—  1  +80  + 

+  l-(— 8  +  0  +  (-l  — 0  (-3-0  +  0-P,. 

§  2.  Selection  of  the  range  of  the  nonpositional  numeration  systen. 


As  the  range  of  the  nonpositional  numeration  systen  with 
composite  bases/bases  p\.pi,.-.,Pn  is  selected  certain  p.s.v.  on 
mod  P, (P„  =■  Pi iPt . . . p„).  Selection  of  p.s.v.  can  be  dictated  by  different 
considerations.  Thus,  if  me  proceed  from  the  requirement  of  unranked 
nonpositional  representation  of  numbers,  then  as  p.s.v.  on  mod  P  can 
be  chosen  set  determined  above. 
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In  this  case  overflow  for  the  range  with  the  addition  ts.k.  ch. , 

belonging  to  range  2».  is  determined  by  the  sum  of  the 

overflows  on  each  bit  of  the  nocpcsitional  code  of  operands. 

This  range  can  be  interesting  for  solving  the  questions  of 
detection  and  correction  of  errors  during  the  transaission  of  planar 
(complex-valued)  information,  and  also  with  the  solution  of  other 
special  problems  of  the  theory  cf  complex  numbers.  However,  during 
the  construction  of  the  arithmetic  numeration  system  with  the  range 
of  numbers  of  the  mentioned  type  significantly  is  complicated  the 
operation  of  multiplication,  in  this  case  the  geometric  image  of 
range  carries  the  specific  character  (strong  vacuity),  which  creates 
restriction  for  developing  the  general-purpose  arithmetic  numeration 
system. 

Page  133. 

Proa  this  point  of  view  the  most  acceptable  selection  of  range  is 
p.s.v.  according  to  mod  P„,  described  by  the  mixed  positional 
representation 

n  +  »»  Pi  +  **  Pi  Pi  +  •  •  •  +  Pi  •  •  •  P  »-l« 

where  variable/alternating  \k  pass  value  p.s.v.  on  mod pt  (k*i,  2, 

. ..,  n)  .  As  already  it  shewed,  the  geometric  image  of  such  p.s.v. 
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depends  aot  only  on  the  selection  of  bases/bases  P\.  p* . P».  but  also 

on  the  sethod  of  assign  sent  of  p.s.v.  with  respect  to  sodulus/aodole 
p*.  certain  print  to  the  algorithms  of  arithmetic  operations  in  the 
nonpositional  nuaeration  systems,  which  are  based  on  siailar  ranges 
of  numbers,  supmriaposes  absence  In  then  in  general  the  property  of 
the  invariance  (see  Chapter  3,  §3). 

In  connection  with  this  the  ranges,  deterained  by  the  nixed 
positional  code,  it  is  expedient  to  designate  by  syabol 
where  together  with  the  indication  of  ba  se(pt,  ps, pj,  is  indicated 
also  the  order  of  their  sequence. 

Apparently,  aost  convenient  range  for  developing  the  aachine 
arithmetic  of  coaplex  numbers,  which  has  wide  applied  value,  is 
totality  of  ts.  Ic.ch.,  included  in  the  square  whose  sides  are  parallel 
to  the  axes  of  the  rectangular  coordinate  systaa  of  the  coaposite 
plane  z.  Siailar  unique  representatives  of  p.s.v.  they  are  p.s.v.  on 
the  real  aoduli/eodules.  Thus,  as  rice  it  would  be  possible  to  select 
the  nuabers 

Pi  =  2,  Pt  -  3,  Pt  -  5,  p*  -  7,  Pi  =*  11,  p«  =  13. 

However,  for  ba3es/bases  7,  11,  13,  ...  the  set  of  the 
eleaents/cells,  which  correspond  to  p.s.v.,  is  deterained  by  quantity 
49,  121,  169,  ....  A  rapid  increase  in  the  nuaber  of  deductions 
substantially  iapedes  the  tabular  realization  of  nodular  operations. 


DOC  *  81024008 


PAGE 

Thus,  on  sod  13  tables  of  aodular  operations  they  will  contain 
169x169  eleaents/cells.  If  a  sieilar  aultipli cation  table  is 
shortened  16  tiaes  due  to  the  special  coding  (Chapter  3,  §4),  then, 
nevertheless,  the  abbreviated/reduced  table  will  remain  sufficiently 
bulky.  Departure  froa  this  position  will  give  the  selection  of  the 
pair-vise  con jugated/coabined  bases/bases.  It  is  known  that  if 
ts.k.ch.  a>bi  satisfies  condition  {a,  b)=1,  then  nuabers  a+bi  and 
a-bi  ace  autually  staple. 

Taking  into  account  this  observation  it  is  possible  to  select 
the  pair-wise  con jugated/coabined  bases/bases  so  as  not  to  break  the 
basic  rsquireaent,  presented  to  the  basis  of  the  nonpositional 
nuaeration  systaa  in  the  residual  classes,  naaely:  pairwise  nutual 
simplicity  of  bases/bases. 

Page  134. 

This  rsquireaent,  as  is  known,  ensures  the  unique  representation  of 
deduction  according  to  the  coaposlte/coa pound  aodulus/eodule  with  the 
set  of  ceeaindecs/residues  (deductions)  on  the  pair-wise  autually 
staple  aoduli/aodules  whose  product  is  equal  to  the  preset 
coaposite/ooapound  aodulus/eodule. 


A  sieilar  type  as  bases/bases  can  serve,  for  exaaple,  nuabers 
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2*-3i,  1*-4i,  3*-4i,  2*—5i,  1*-6i,  4+-5i,  ...  and  so  forth. 


$  3.  Nonpositional  numeration  system  with  the  pair-wise 
con jugated/combined  bases/bases. 

Let  be  praset  the  pair- wise  autually  siapie  bases/bases 

Pu  Pi’  Pi’  Pt’  Pt’  Pt’’”’  P»’  P»*  (3.1) 

Let  us  introduce  designations  for  the  norms  of  the  bases/bases: 

f*=  I  Pk  1  =/VP*. 

Q*  —  «r«*  •  •  • 

Bangs  as  p.s.v.  on  mod  Q.,  that  determined  by  the  aired  positional 
representation,  can  be  preset  doubly. 

First  method.  Range  PnP» 

u>G°U' 

if 

w  =  n-Mi*Pi  -H**JVPi+1to*JVPi*Pi  +  •••  + 

+  ^»’P\'Pl  •  •  •  Pn-l’Pn-l  +  Tl»’Pl’Pl**  •  P.-1'P-l-P.  = 

»  » 

“*2  **  + 2  *** 

*htr*  ||#,  t,*e<.  |  i 

(here  and  below  syabol  <•!*  it  aeans  that  it  is  intended  p.s.n.w. 


or  p.s.a.n.w.) 
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Sacond  aethod.  Range  —  (flr«i •  •  • 

*«2£. 

if 

2  =  i  +  ^ff1  +  ;fl},-f  +  #  i  (3.2) 

where 

'*  ®  <  *  I  •*  (3.3) 

Page  135. 


Theorea  3.3.4  Bakes  it  possible  to  establish/install  the 
connection  between  these  two  ranges.  According  to  the  aentioned 
theorea, 

C4  =«  ;*  +  *14*  Pk  +  **'?*» 

•  here  <•  I  *.  <  •  I  7„- 

Consequently, 

n  «  * 

2—  2  ’*  9i  •  ■  •  ?4-i  =  2  **  ?i  •  •  •  ?*- 1  +  2  •  •  •  ?*  -i  Pt  -r 

r-!  *-i  *-i 

■ 

+2  **®i  •••?*• 

4-1 

i.e.  , 

*  =  u?  4-  2  **  •  *  •  ?*• 

4-1 

Proa  the  sane  theorea  it  follows  that  range  »*,  is  not  invariant  to 
the  transfer  of  bases/bases,  the  set  of  points  having  sufficiently 
coaplez  geoaetric  configuration. 


r 

i 
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Theorae  3.1.  Bang®  Xf.  =  (?i  ‘to-** qm)  is  invariant  to  the  arbitrary 
transfer  of  any  pairs  of  the  coapcsitely  con j ugated/coabined 
bases/bases,  i.e. 

(?1  f>)  =  ({li  111  •  *  •  ?!,)• 

In  this  case  tha  set  of  points  £ji»  is  represented  as  square  p.s.  v. 

<•  li. 

Page  136. 


Proof.  So  that  +  I  is  necessary  and  it  is 

sufficient  so  that  would  be  satisfied  the  condition 

**.  v*e  !  •  !  J,. 

then  for  any  ts.fc.ch. 


a  —  it-f-  to 


2  —  2  x*  ^  •  •  •  tf*-»  "r 

*-»  k-i 


is  carried  out 


+ 1 2  y*  •  •  •  ff*-i 

M 

» e  1  •  I  a  . 


Consequently,  sat  —  £  is  described  respectively  by  square  p.s.a.n.v. 
or  p.  s.  n.v.  on  real  eodulus/eodule  Q„- 


Invarianca  —2*  follows  froe  the  fact  that  for  the  arbitrary 
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transfer  of  basas/bases  qtl,  c/,,...,  qtn  are  valid  inequality 


"**  2  Xik  ?I1  •  •  •  ?/*-!  <  |  _  , 

*"*  [-£ 
o 

?il  •  •  •  4i*-l  < 

~2~  *=•! 

where  *,*,  y<* e  |  .  i  = t  # 


Let  us  show  tha  validity  of  these  inequalities  in  the  case  of 
p.s.n. v. 


Since 

0  <  xlk  <  qlit 
»  « 

that  0<:  2  ***  ?<l  *  •  ^  ^  fa*  —  l)?ii  = 

*  » 

=  >,  ?U  •  •  .  ?l*  —  T  ?u  . .  .  ?(A_J  =  Q  I 


For  tha  case  of  p.s.a.n.v.  the  validity  of  inequalities  is  checked 
analogously. 


The  invariance  of  range  acquires  important  value  for  the  aachine 
arithaetic  in  connection  with  the  following  property  of  such  systees 
of  nuebers. 


Lat  us  introduce  the  designations: 
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1.  1=  (  1,  1,  •  ••»  n  }  -  the  set  of  indices  with  the  preset 
sequence  of  bases/bases  it....,  q»\  /'**  {tu  <»,••• ,  <.}  — certain  arbitrary 
transfer  of  elaaeets  of  set  I. 

Page  137. 

« 

2.  J  —  UiJz,...,  Jr)  —  certain  subset  of  sat  2. 


where 


u  -f  o  Qj, 

ue(Qj),  o*(Qi-j), 
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it  belongs  to  sat  ( Qi ). 

Proof.  Lot  J  —  {j  u  ii .  sod  ?  ~  (A,  v'2.  •  •  •  >  i'r,  »}• 

Since  (Qi)  =* (Q.r),  that  for  any  ts.fc.  ch.  z  *e(Q/)  ve  have 

*  ~  v.  +  ^.P;,  +  ♦  •  *  +  Pi, . . .  Pir_t  +  Qi  (\  -f  ?*,  -f . . .  — 

+  C*.-«  P*.  P*.  •  •  •  P*„-,»-i)  =* »  +  <>Qi, 
where,  according  to  the  deteraination 

“  =*  +  Ci,  Pj.  + ...  4-  '-ir  Pj,  •  • .  Pir_t  e  (Qi),  (3.5) 

tf  ”*  +  C*.  P*.  +  • * •  +  P*.  •  •  •  P*^,_!  6  (Q/_i).  (3.6) 

of  uniqueness  of  this  repress ntaticn  follows  froe  the  uniqueness  of 
the  nixed  positional  representation  of  numbers 

conversely,  a=-»  -\-vQj,  where  uS(Qi),  0  e  m  accordance  with 

the  deteraination  p.s.v.  of  fora  ( Qj )  ts.  Ic.ch.  it  is  unaebiguously 
represented  by  relationships/catics  of  type  (3.5)  and  (3.6). 
Consequently, 

*«(Qx). 

Page  138. 

But  according  to  condition  (Q/)  —  (Qj),  therefore 


DOC  *  81024008 


PAGE 

Corollary  t.  let  it  be  la  the  fore  (3.4)  ts.k.  ch.  it  Is  fixed 

and 

<“l 

v  passes  the  value  of  range  (Qi-j)-  then  as  a  result  foes  (3.4) 
describes  the  sat  ts.k.ch.  of  range  (4*).  of  those  united  under  the 
sign/cr iter ion: 

these  deductions  of  ts.k.ch.  on  each  basis/base  PikU»eJ)  are 
equal  to  each  other  and  are  detereined  by  value  ®j»- 

Corollary  2.  If  *e(Qf)  and  then  /e(Q /).  and, 

conversely,  if 

z'e 

In  the  connection  and  discussed,  of  two  p.s.v.  at„  and  Z**  it  is 
expediant  to  select  as  the  range  cf  set  ts.k.ch.  Za»- 

Thus,  subsequently  under  the  range,  designated  by  synbol  (Qk),  of 
the  nonpositional  nueeration  systee  with  pair-wise 
con jugated/coebined  bases/bases  (3.1)  will  be  understood  the  set 
ts.k.ch.  of  fora  (3.2),  where  are  subordinated  to  condition 
(3.3) . 


Observation.  The  structure  of  range  (QJ,  it  is  obvious,  it  will 
not  be  changed,  if  in  the  coaposition  of  bases/bases  (3.1)  will  be 


OOC  *  81 024008 


>*«'  ? if)- 


represented  also  real  bases/bases. 

Lat  us  now  eowe  on  to  the  nonpositiona  1  representation  of 
nuabers  of  range  (<?.)•  «e  fora  the  orthogonal  base  of  the  systea  of 
bases  (3. 1)  . 


Lat  us  introduce  the  designation 


Since  Q„  —  real  number,  then 


Page  139. 


(3.7) 


Taking  into  account  <  A  I  **=  <  A  I  7,  ve  note  that  the  orthogonal  base 
will  consist  of  pairs  of  coupler  conjugate  nuabers  Bkt  B* 


where 


Bu  ~  »*.  PkM,  (8.8) 


and 


Let  ae(Q.)  and 


then 


B^  ~  P 


<  «  I  -  H,  <  *  I  jt  —  ?». 
2(*>Bk  +  ?tB>)3i(uoiQ'). 

k-t 


Consftqutntl?, 


*  =»  V  (a*B*  +  Pk  ~Bk)  +  p.  (3*9) 

kTi 

It  is  cleat  that  rant  p,  is  aqoal  to  0  whan  aad  only  whan 

V  (a*  S»  +  Bi,)  6  Q»- 

k-i 

Ralationship/ratio  (3.9)  deteralnes  tha  basic  foraula  of  tha 
nonpositional  representation  ts.k.ch.  of  range  (9.). 

§  9.  Bank  and  its  properties. 

Bank  as  tha  function  of  nuaber  z  is  the  aost  important  function 
of  the  nonpositional  representation  of  nuabers,  since  ha  in 
conjunction  wita  the  raaaindars/residues  daterainas  the  value  of 
nuaber  z. 

In  connection  with  this  it  is  interesting  to  study  the 
properties  of  function 

The  syaaetry  of  range  (Q.)  is  reflected  also  in  the  properties  of 
tha  syaaetry  of  rank.  Bore  graphic  this  is  exhibited  in  the  casa  of 

ptSa&a&a V* 

Thus*  using  syaaetry  of  deductions,  it  is  not  difficult  to  check 
the  validity  of  the  properties 
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1.  ?(<*)  —  /pja); 

2.  p  (2)  —  p  (I); 

3.  p  (2)  —  p  (£). 

Observation  1.  The  first  property  assuaes  that  all  bases/bases 
P*  —  odd  coaplax  naabers;  the  presence  of  even  (or  seaieven) 
basis/base  it  will  lead  to  the  need  for  the  account  of  the 
edge/boundary  deductions  cn  this  basis/base,  which  will  soaewhat 
distort  the  structure  of  syaaetry,  expressed  by  the  first  property. 

Page  140. 

Observation  2.  The  sane  properties  of  sy ana try  in  accordance 
with  the  principle  of  isoaorphisa  p.s.v.  on  assigned  aodulus/aodule 
(theorea  2.3.2)  can  be  spread  also  to  the  case  of  p.  s.n.  v. 

Subsequently  let  us  pause  at  the  study  of  the  properties  of  the 
standardized/nocaalized  rank,  on  the  basis  of  representation  (3.9) 
and  noting  that 

3*  «*■  —  «*.+**  P»,  (4.1) 

+  (4.2) 

where  <  a* w*»  I  T*»  =”<?*«*•  I  we  will  obtain  the 
standardized/noraalized  nonpositicnal  representation  of  nuaber 

JV 

z  “  2  P>»  +  (2)  Q„  (4.3) 

Jk-1 

where  » 

P  (*)  "  P  (*)  +  2  (**+  **')•  (4.4) 
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Sines  Pm  =  p„ ?i . . . 9*-i «*+i •  •  •  4».  that  is  useful  to  introduce  one 
additional  designation 

QkM  =  4l  •  ♦  •  fl*-»  4k+t  •  •  •  ( 4*5) 

Then  ra presentation  (4.3)  is  registered  in  the  fora 


Let 


*  =  2  (5*»  P>  +  Tta  Pk )  «k,  +  P  (*> (4.6) 


where 


Sk»  Pk  +  7  k.  Pk  =  »*  +  p*  4k. 

»*e  <•  I 


(4.7) 


Let  us  note  here  the  connection  of  deductions  ts.k.ch.  »*  with  the 
deductions  ts.k.ch.  z: 

<  »*  I  7*  *  <  **R  1  v 

<  w»  I  1 I. 

Actually/really, 

<*»l#k*< 8»»P»  I  #*"•<**<  P'jkm  I  #»  I  I  n* 

Page  1*1. 


■■t  **-<*)  ^  therefore 

»k  I  -  <  *Q7*  i  ,k. 

Substituting  (h.7)  in  (4.6),  we  will  obtain 


DOC  =  81024008 

where 


PAGE 


v(*)  =  p(*)-r  ^  V 

k»l 


(4.8) 


Eoraula  (4.8)  expresses  the  canonical  standardized/noraalized 
non  positional  raprasentation  of  ts.  k.  ch.  of  range  (Q„).  Respectively 
deductions  wk  «e  will  call  canonical  deductions  on  pair- wise 
con  jugated/conbined  bases/bases  p»,  p»- 


In  connection  with  expansion  (4.7)  it  is  interesting  to  consider 
a  question  about  two-aodulus  nonpositlonal  represented  ts.k.ch.  with 
bases/bases  p,  "pi 


As  the  range  of  such  representation  let  us  select  square  p.  s.r. 
on  mod  llpll,  i.e.  <•  I  • 


As  it  follows  froe  theores  3.3.4,  the  nixed  positional 
representation  of  nuebers  of  this  range  does  not  possess  the  property 
of  invariance.  In  accordance  with  the  aentioned  theorea  any  ts.fc.cb. 
w«<-  |f„  is  unaabiguously  represented  in  the  fora 

»  —  (?  *  II  P  !!  ),  (4.9) 

where 

Sec-  I  ;.’!«<•  I  J 


and 


0 

l 
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On  the  other  hind,  the  nonpoait ional  representation  of  this  noaber 
takes  the  fora 

Iff  mm  Ip  4-  IP  4-  ^  (4.10) 

Coaparing  these  two  expansions,  we  note  that 


Therefore 


Page  142. 


*  —  <  f'P  1  , . 
Zp  =«  :  4-  t,p . 


Substituting  latter/last  disintegration  in  (4.10),  we  will  obtain 


Let 


then 


w  -« 5  4-  (7  +  *)  P  +  v4* 

T  +  X  =  -r)  -j-  , 

w  —  E  +  tip  +(»  +  •)  f. 


being  congruent/equating  latter/last  disintegration  with  (4.9),  we 
establish  the  connection  between  standacdized/noraalized  rank  '•  of 
nuabec  w  and  its  excess  paraneter  *  in  the  sized  positional 
representation 


where 


Hence  it  follows  that  the  restoration/raduction  of  any  of  the 
paraaeters  — *  or  v  on  one  known  unavoidably  requires  soae 
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transf  oraations,  connected  with  the  data rai  nation  of  value  w. 


Subsequently  with  the  work  with  canonical  deductions  preference 
we  will  give  up  to  representation  (4.9)  in  view  of  the  sore 
coaplicated  character  of  the  behavior  of  rank  v- 

Since  canonical  deduction  w  in  the  nonpositional  nuaeration 
systaa  is  represented  by  its  reaainders/residues  on  aoduli/aodules  p 
and  "p  respectively,  then  it  is  necessary  to  work  out  the  algoritha 
which  would  sake  it  possible  on  the  preset  reaainders/residues  to 
deteraine  the  value  of  canonical  deduction.  This  question  will  be 
exaained  into  §  7.  Already  based  cn  the  exaapla  of  the  siaplest 
two-aodulus  nuaeration  systea  evidently,  how  coaplicated  a  character 
has  a  rank  as  rsaainder  function.  Is  given  below  one  of  the  versions 
of  the  description  of  rank  as  rsaainder  functions  based  on  the 
exaapla  of  the  canonical  noraalized  nonpositional  representation  of 
ts.k.ch.  Bach  t3.k.ch.  **(QJ  is  uniquely  deterained  by  the  set  of 
canonical  deductions  on  the  pair- vise  con juga ted/coabined 

aoduli/aodules:  . 

*  (»i.  . . »,)  (w*  e  <  •  l 

Let  us  prssent  nuabec  vkQkm  in  the  aixad  positional  code  on 
bases/bases 

**  S*.  “  2  "*■  ft  fc  •  •  •  1  <—u  (4.1 1) 

“*«  e  <  •  I  fm  (1  <  m  <  n). 


where 
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Let  us  assuae  ttiat  bases/bases  q,.  are  arranged/located  la  the 

ascending  order  of  tbeir  values.  Let  us  introduce  the  designation  of 
deduction  of  ts.k.ch.  z  on  aodulus/aodule  ?* 

**-•<*  I  v 

It  is  obvious, 

<  Q*.  I  ^  -  **• 

Therefore  from  (4.11)  it  follows  that  si«  are  the  functions  little 
aore  than  of  rasainder/residue  «*.  Let  us  deteraine  the  fora  of  these 
functions. 


Let  us  realize  that  nuneration  systen  consists  of  n»1 
bases/bases  fi,  ?»...»  Then  fcr  the  sane  nuaber  ?e(Q.)  canonical 

deduction  oa  mod  y*  changes  its  value  and  instead  of  value  u?tQta  we 
will  have  where 


Be  have 


Since 


and 


***’  Qt, =»  »»'  Q*. .  =  <  7.,,  |  ^  ,  _ 

-r**+iQ,-  (4.12) 

•♦1  8  (Qa.i) 

<»*'«.♦!  1  £q**c(Q.), 


I 


r 
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that,  in  view  of  the  invariance  of  tha  aired  positional 
representation, 

tfe  farther  note  that 

<  9»+l  I  ™  **  Qj).  m*l  I  lk  4»  +  *  '  «,  = 

-  I 

Consequently,  (4.12)  it  is  possible  to  cevcite  in  the  fore 

W*’  Q*.  »  >-1  »  I»»  Q»a  +  (f-4r 


DOC  =  81024  009 


PAGE  A W 


Page  144. 


If  we  now  here  substitute  (4.11),  then  we  will  obtain  expansion 
ts.k.  ch.  into  the  nixed  positional  code.  Consequently,  in 

designations  (4.11) 

*»  +  l  “  »+!• 


Proe  (4.12)  it  follows  that 


*■+»  = 


where  the  brackets  indicate  whole  syllable,  which  corresponds  to  the 
smallest,  either  non-negative  or  least  positive  residues 
(respectively).  Therefore 


«*.»+!  : 


i* 


In  view  of  randomness  n  in  general  we  obtain 

. <»>*>• 

Is  such  form  **  »  as  remainder  functions  **  which  let  us  register  in 
the  form 


In  accordance  with  (4.8)  we  fora  the  sum 

•  m  n 

2w»Gta-2  2  "-(**)*«»• 

*-X  *-l 

—  2  (^2  “*  to**-" «—»•  <4-l3> 


V 
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where  \m  —  be  the  reaainder  functions  au  . . moreover 


«*  —  <  V  «•»  (*»)  I  =  , 

*— 1  * 


Page  145. 

Let  us  introduce  into  the  exaelaatioa  the  function  of  overflow  with 
the  addition  of  two  deductions  cf  <bt 

If  we  in  (4.13)  take  into  account  all  overflows  which  appear  with  th 
suaaation  over  aoduli/aodules  ?« 1  (**2,  3,  n)  the  expressions 

2  •-<**)» 

*— i 

then  as  a  result  we  will  obtain  disintegration  into  the  sized 
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positional  coda  of  number  z  and  certain  surplus,  equal  in  aagnitude 
and  opposite  on  the  sign  to  rank  of  number  z. 

Thus,  we  will  have 

—  V  (’»— 1"T  1|»— 2"~ Tm— 2(  .  •  -)))-(4.14) 

The  obtained  foraula  expresses  rank  as  remainder  function 
(ai,  a-i, ,  a„),  since  each  of  entering  this  foraula  variable/alternating 
is  known  remainder  function. 


Proa  (4.14)  follows  that  rank  with  an  accuracy  to  the  value  of 
the  value  of  function  ^  is  determined  by  the  "linear*  part 

Mi  %' ■•<**>]" 

in  this  case  in  the  case  of  the  least  non-negative  residue  value 
it  can  take  values  of  0.1,  i,  1+i,  and  in  the  case  of  the  least 
positive  residues  -  0.1,  i,  1>i,  i,  -1+i,  -1,  -1-i,  -i,  1-i. 


Another  natural  expression  v**).  as  remainder  functions  is 
obtained  directly  from  (4.8)  r 


»(z) 


However,  the  direct  numerical  analysis  of  this  foraula  is  extremely 
difficult. 
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Proa  the  latter/last  formula  it  follows  that  the 
standardized/nocaalized  rank  of  canonical  representation  accepts  the 
value  froa  p.s.v.  on  nod  n,  i.e., 

’<*)«<•  |  ±. 

Page  106. 

§5.  Modular  tables. 

This  designation/purpose  paragraph  auxiliary:  to  prepare  all 
necessary  tables  which  would  coapose  basis  for  the  illustration  of 
described  below  algorithas. 

Ia  this  case  the  task  is  placed  soaevhat  wider:  to  describe 
tables  in  such  coapleteness  which  would  reflect  the  real  situation, 
which  appears  with  the  work  with  virtually  acceptable  range  (<?.). 

In  connection  with  this  as  the  basas/bases  were  chosen  the 
following  ts.k.ch. ; 
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The  f ull/total/coaplete  range  of  the  nuabecs,  described  by  these 
bases/bases,  is  deterained  by  the  set  of  nuabers,  equal  to  9»V  i.a. 
13*»17*«25*»29**37*«41*.  As  p.s.w.  on  the  appropriate  aodoli/eodulas 
they  are  selected  p.s.a.n.w.,  thanks  to  which  the  arithaetic  ts. k.ch. 
of  range  (9J  reflects  "in  saall"  all  basic  properties  of  syaaetry, 
inherent  in  integral  grid  coaposite  z  of  plane.  It  is  possible  to 
indicate  three  aost  iaportant  types  of  the  tables:  the  table  of 
nodular  addition,  table  of  aodular  aulti plication,  table  of 
recodings. 
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Pig.  38.  Pig.  39. 


Pig. 

38. 

Squara3  p.  s.a.n.v. 

on  nod  (2+3i)  , 

p  =  8  ;  nod ( 2- 

3i)  ,  p=5. 

Pig. 

39. 

Squares  p. s.a.n.v. 

on  nod  ( 1  *4i)  , 

p=4 ;  nod  (1- 

4i),  p- 1  3, 

Page 

147. 

Table  of  coding  -  single-inpat  table,  which  realizes  the  certain 
function  of  the  praset  argument  with  tbs  values,  which  belong  p.s.v. 
on  this  modulus/module. 

In  the  development  of  the  tables  of  nodular  operations  essential 
help  proves  to  be  theoree  2.2.5.  Therefore  the  first  group  of  tables 
consists  of  tha  tables  of  the  isonorphic  relation  of  coaposite 
deductions  to  the  real  deductions  {straight/d irect  and  reverse 
tables)  (Pig.  38-43)  .  Isomorphic  relation  is  indicated  by  syabol 
Here  is  indicated  coding  deductions,  which  nakes  it  possible  to 
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reduce  the  tables  of  modular  operations. 


Relative  to  coding  of  deductions  it  aust  be  noted  that  during 
the  engineering  realization  the  deductions  should  be  coded  in 
accordance  with  the  principle  of  inclusion  p.  s.  v.  on  the  low-order 
bases/bases  in  p.s. v.  on  the  senior  bases/bases.  Therefore  can  be 
achieved/reached  certain  economy  of  equipment  on  the  diagrams  of 
recoding. 
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In  the  case  in  question  into  the  basis  of  coding  deductions  is 
undertaken  the  following  principle:  as  the  aantissas  of  deductions 
are  selected  the  deductions,  located  in  the  first  quadrant  of  the 
coaposite  plane  (real  axis  is  switched  on,  alleged  is  excluded). 

The  second  group  of  tables  consists  of  the  tables  of  aodular 
addition  and  aultiplication  on  the  appropriate  aoduli/ntodules.  Tables 
are  given  in  the  abbreviated/reduced  version  in  accordance  with  the 
principle  of  the  coding  cf  deductions  accepted. 

The  third  group  of  tables  -  table  of  recoding,  their  finding 
will  be  given  in  the  application/appendix. 
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Tabla  of  the  isosorphic  ccnforeity  of  composite  and  real 
(straight  lines  and  reverse)  for  the  nod  uli/ncdules  2*31, 
1-41;  3*4i,  3-41;  2*51,  2-5i;  1*61,  1-6i;  4*51,  4-51. 


deductions 
2-31;  U4i, 


< 

1-  ,+  M 

■|2+3i**|*ll»  KoflHp. 

_  © 
KoflHp. 

^  1  2  +  3 2-ii 

0 

0 

0.0 

0 

0 

0.0 

0 

0 

0 

[1 

1 

0.1 

1 

1 

0.0 

1 

1 

1 

i2 

2 

0.2 

2 

2 

0.2 

2 

2 

2 

1 1+i 

9 

0.3 

1+i 

0 

0.3 

3 

2i 

—21 

' 

8 

1.1 

i 

5 

1.1 

4 

— 1 — i 

—l-i 

2 i 

3 

1.2 

2  i 

10 

1.2 

5 

— i 

i  ■ 

l-l+i 

r 

1.3 

—1  +  i 

4 

1.3 

6 

1—i 

1+i  ' 

[-1 

12 

2.1 

—1 

12 

2.1 

7 

-1+i 

—l-i 

-2 

11 

2.2 

—2 

11 

2.2 

8 

i 

— i 

l—l — i 

4 

2.3 

— 1— i 

7 

2.3 

9 

1+i 

l—i 

1 

i— ‘ 

5 

3.1 

— i 

8 

3.1 

10 

—21 

21 

) 

—21 

10 

3.2 

—2 i 

3 

3.2 

11 

—2 

—2 

1 

.1—i 

6 

3.3 

—1—i 

9 

3.3 

12 

—1 

—1 

<-|~+41*h 

•(•(it 

fGoup. 

r(D 

Kowtp- 

0 

0 

0.0 

0 

0 

0.0 

0 

0 

0 

1 

1 

0.1 

1 

1 

0.1 

1 

l 

1 

1 

2 

2 

0.2 

2 

2 

0.2 

2 

2 

2 

1+i 

5 

0.3 

1+i 

14 

0.3 

3 

—l-i 

—  1—i 

2+i 

0 

0.4 

1+21 

10 

0.4 

4 

i 

— i 

/* 

4 

1.1 

i 

13 

1.1 

S 

1+i 

1—i 

21 

8 

1.2 

21 

9 

1.2 

6 

2  +  i 

2 — i 

—1+1 

3 

1.3  j 

-1+i 

12 

1.3 

7 

— l+2i 

— 1 — 2i 

1—1+21 

7 

1.4  I 

-2+i 

11 

1.4 

8 

21 

— 21 

j 

— 1 

16 

2.1 

—1 

16 

2.1 

9 

— 2i 

21 

—2 

IS 

2.2 

—2 

15 

2.2 

10 

1— 2i 

1t2i 

I 

-l-i 

12 

2.3 

—1—i 

a 

2.3 

11 

— 2 — i 

— 2-M 

— 2— i 

11 

2.4 

i  — 1— 2i 

7 

2.4 

12 

— 1 — i 

—  l-i 

. 

. — i 

13 

3.1 

— i 

4 

3.1 

13 

— i 

i 

—2  i 

9 

3.2 

—21 

8 

3.2 

14 

1—i 

l-i-  i 

1—i 

14 

3.3 

1—i 

5 

3.8 

15 

-2 

—2 

1 

1-21 

10 

3.4 

1  2 — i 

6 

3.4 

16 

—1 

—1 
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< 

•1  4*Sl~ 

Q 

Koaup. 

3? 

Bojrap. 

0 

0 

0.0 

. 

0.0 

0 

0 

0 

1 

i 

0.1 

0.1 

1 

1 

1 

2 

2 

0.2 

2 

0.2 

2 

2 

2 

3 

3 

0.3 

3 

0.3 

3 

3 

3 

4 

4 

0.4 

4 

0.4 

4 

4 

4 

1  +  i 

33 

0.5 

10 

0.5 

5 

it 

— 4  i 

2+i 

34 

0.6 

11 

0.8 

6 

— 3 — i 

— 3  ~ri 

3  -i 

36 

0.7 

12 

0.7 

7 

— 2 — i 

— 2-r  i 

1+2  i 

24 

0.8 

19 

0.8 

8 

—  1— i 

— l+i 

2+21 

26 

0.9 

20 

0.9 

9 

—  L 

i 

1+31 

15 

0.10 

28 

0.10 

10 

l-t 

l+i 

i 

32 

1.1 

9 

1.1 

11 

2—i 

2  +  i 

21 

23 

1.2 

18 

1.2 

12 

3~. 

3-  : 

31 

14 

1.3 

27 

1.3 

13 

—  l  +  3t 

—  l-3i 

41 

5 

1.4 

38 

1.4 

14 

3  i 

—3  i 

— 1  +  t 

31 

1.5 

8 

1.5 

15 

1  +  3i 

1— 3i 

-14-21 

22 

1.8 

17 

1.8 

18 

— 2— 2£ 

— 2+2i 

—1+31 

18 

1.7 

28 

1.7 

17 

—  1 — 2i 

— l+2i 

—2+1 

an 

1.8 

7 

1.8 

18 

— 2i 

2i 

—2+21 

21 

1.9 

18 

1.9 

19 

1— 2i 

1  — 2i 

—3+1 

29 

1.10 

6 

1.10 

20 

2 — 2i 

2-2  i 

— 1 

40 

2.1 

49 

2.1 

21 

— 2  +  2i 

—2 — 2i 

-2 

30 

2.2 

39 

2.2 

22 

— l+2t 

— 1 — 2i 

-3 

38 

2.3 

38 

".3 

23 

21 

— 2i 

—4 

3 7 

2.4 

37 

2.4 

24 

l+2i 

1— 2i 

—1—1 

8 

2.5 

31 

2.5 

26 

2+2 1 

2— 2i 

—3—1 

7 

2.8 

30 

2.8 

26 

-1-3 i 

— 1  — 3i 

—8—1 

8 

2.7 

29 

2.7 

27 

—3  i 

3i 

—1—21 

17 

2.8 

22 

2.8 

28 

1— 3i 

1  +3i 

—2—21 

18 

2.9 

21 

2.9 

29 

— 3+i 

— 3 — i 

—1—31 

28 

2.10 

13 

2.10 

30 

-2+i 

—2—i 

— i 

9 

3.1 

32 

3.1 

31 

— 1+i 

—  1— i 

—21 

18 

3.2 

28 

3.2 

32 

i 

—  i 

—31 

27 

8.3 

14 

8.3 

33 

l+i 

1— i 

—41 

88 

3.4 

5 

3.4 

34 

2  +  i 

2—i 

1—1 

10 

3.5 

33 

3.5 

35 

3  +  i 

8— i 

1-21 

19 

3.8 

24 

3.8 

38 

—H 

4  i 

1-31 

28 

8.7 

15 

3.7 

37 

— 4 

3— i 

11 

8.8 

34 

3.8 

38 

—3 

—3 

>-21 

20 

8.9 

28 

3.9 

39 

—2 

-2 

S-i 

12 

8.10 

36 

3.10 

40 

—1 

—1 

Key:  (1)  .  codiag. 
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Table  of  nodular  addition. 


mod  2-f3i 


2  9  8  3 


1  0.2  0.3  1.1  1.2  1.3  2.1  2.2  2.3  8.1  3.2  3.3 

2  1.2  3.2  0.3  2.3  1.1  0.0  2.1  3.1  3.3  2.2  1.3 

0.2  1.2  2.3  2.2  3.2  3.1  0.3  0.1  0.0  3.3  1.3  2.1  1.1 

2  2.2  3.1  2.3  2.1  1.2  1.1  1.3  0.0  0.1  3.3  0.2 


0.0  0.1  0.2  0.3  1.1  1.2  1.3  2.1  2.2  2.3  3.1  3.2  3.3 

0.1  0.2  3.2  2.3  0.3  2.2  1.1  0.0  2.1  3.1  3.3  1.3  1.2 

0.2  3.2  1.3  3.1  2.3  2.1  0.3  0.1  0.0  3.3  1.2  1.1  2.2 

0.3  2.3  3.1  2.1  2.2  3.2  1.2  1.1  1.3  0.0  0.1  3.3  0.2 


uo  mod  1  +  4i 


2  5  8  4  8  8  7  10  15  12  11  18  9  14  19 


0.0  0.1  0.2  0.3  0.4  1.1  1.2  1.3  1.4  2.1  2.2  2.3  2.4  3.1  3.2  8.3  3.4 
0.1  0.2  1.3  0.4  1.4  0.3  8.2  1.1  12  0.0  2.1  8.1  2.3  3.3  3.4  2.2  2.4 
0.2  1.3  1.1  1.4  1.2  0.4  8.4  0.3  3.2  0.1  0.0  3.3  3.1  2.2  2.4  2.1  2.3 
0.3  0.4  1.4  3.4  2.4  3.2  3.1  1.2  2.3  1.1  1.3  0.0  2.1  0.1  8.3  0.2  2.2 
0.4  1.4  1.2  2.4  2.3  3.4  3.3  3.2  8.1  0.3  1.1  0.1  0.0  0.2  2.2  1.3  2.1 


y no  mod  1 — 4 i 


2  14  10  13  9  12  11  16  15 


0  0.0  0.1  0.2  0.3  0.4  1.1  1.2  1.3  1.4  2.1  2.2  2.3  2.4  3.1  3.2  3.3  3.4 

1  0.1  0.2  2.3  2.2  1.4  0.3  0.4  1.1  1.3  0.0  2.1  3.1  3.2  3.3  1.2  3.4  2.4 

2  0.2  2.3  3.1  2.1  1.3  2.2  1.4  0.3  1.1  0.1  0.0  3.3  1.2  3.4  0.4  2.4  3.2 

14  0.3  2.2  2.1  1.4  2.4  0.4  3.4  1.2  3.2  1.1  1.3  0.0  3.1  0.1  3.3  0.2  2.8 

10  0.4  1.4  1.3  2.4  2.3  3.4  0.2  3.3  3.1  1.2  3.2  1.1  0.0  0.3  0.1  2.2  2.1 
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mod  3+4 i 


+ 

0 

1 

2 

3 

19 

20 

12 

18 

11 

4 

IT 

10 

16 

24 

23 

22 

6 

5 

13 

7 

14 

21 

8 

15 

9 

0 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.8 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

3.1 

3.2 

0.3 

3.4 

3.5 

3.6 

1 

0.1 

0.2 

0.3 

1.3 

0.5 

,-3 

2.8 

0.4 

0.6 

2.5 

1.1 

1.2 

1.4 

0.0 

2.1 

2.2 

3.1 

2.4 

3.2 

3.4 

3.5 

2.3 

3.6 

1.6 

1.5 

2 

0.2 

0.3 

1.3 

2.5 

3.3 

2.3 

3.2 

0.5 

2.6 

2.4 

0.4 

0.6 

1.1 

0.1 

0.0 

2.1 

3.4 

3.1 

3.5 

3.8 

1.8 

2.2 

1.5 

1.4 

1.2 

3 

0.3 

1.3 

2.5 

2.4 

2.3 

2.2 

3.5 

3.3 

3.2 

3.1 

0.5 

2.6 

0.4 

0.2 

0.1 

0.0 

3.8 

3.4 

1.6 

1.5 

1.4 

2.1 

1.2 

1.1 

0.6 

19 

0.4 

0.5 

3.3 

2.3 

2.6 

3.2 

2.4 

0.8 

2.6 

2.2 

1.2 

1.8 

1.5 

1.1 

1.4 

1.6 

0.0 

2.1 

3.1 

0.1 

8.4 

3.5 

0.2 

0.6 

0.3 

20 

0.5 

3.3 

2.3 

2.2 

3.2 

3.5 

3.1 

2.6 

2.4 

2.1 

0.6 

2.5 

1.2 

0.4 

1.1 

1.4 

0.1 

0.0 

3.4 

0.2 

8.6 

1.6 

0.3 

1.5 

1.3 

12 

O.fl 

2.8 

3.2 

3.5 

2.4 

8.1 

2.1 

2.5 

2.2 

1.6 

1.3 

2.3 

0.3 

1.2 

1.6 

3.6 

1.1 

1.4 

0.0 

0.4 

0.1 

3.4 

0.5 

0.2 

3.3 

no  mod  3- 

—4  i 

+ 

0 

1 

2 

3 

8 

9 

15 

r 

14 

21 

6 

ia 

5 

24 

23 

22 

17 

16 

10 

18 

11 

4 

19 

12 

20 

0 

0.0 

0.1 

0.2 

03 

0.4 

0.5 

0.8 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

1 

01 

0.2 

0.8 

3.3 

0.5 

2.6 

2.5 

0.4 

0.6 

2.3 

1.1 

1.2 

1.4 

0.0 

2.1 

2.2 

3.1 

2.4 

3.2 

3.4 

3.5 

1.6 

3.6 

1.5 

1.3 

2 

0.2 

0.3 

3.3 

1.8 

2.8 

3.2 

2.4 

0.5 

2. ,5 

2.2 

0.4 

0.6 

1.1 

0.1 

0.0 

2.1 

3.4 

3.1 

3.5 

3.8 

1.5 

1.4 

1.3 

1.2 

2.3 

3 

0.3 

3.3 

1.8 

1.4 

3.2 

3.5 

3.1 

2.6 

2.4 

2.1 

0.5 

2.5 

0.4 

0.2 

0.1 

0.0 

3.8 

3.4 

1.5 

1.3 

1.2 

1.1 

2.3 

0.6 

2.2 

8 

0.4 

0.5 

2.8 

3.2 

2.5 

2.4 

2.7 

0.6 

2.3 

3-3 

1.2 

1.3 

1.5 

1.1 

1.4 

1.6 

0.0 

2.1 

3.1 

0.1 

3.4 

3.5 

0.2 

2.2 

0.3 

9 

0.5 

2.8 

3.2 

3.5 

2.4 

3.1 

2.1 

2.5 

2.2 

1.8 

0.8 

2.3 

1.2 

0.4 

1.1 

1.4 

0.1 

0.0 

3.4 

0.2 

3.8 

1.6 

0.3 

1.3 

3.3 

15  I 

0.6 

2.5 

2.4 

3.1 

2.2 

2.1 

1.8 

2.3 

3.3 

3.2 

1.3 

0.3 

8.6 

1.2 

1.5 

3.5 

1.1 

1.4 

0.0 

0.4 

0.1 

3.4 

0.5 

0.2 

2.8 
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+ 


o 

1 

2 
18 
IB 
20 

0 

r 


(A  fie  mod  2+5i 


0  1  2  18  IB  30  0  r  17  S  10  4  21  15  3  28  27  11  10  9  28  22  12  24  18  25  8  14  20 


0.00.10  30.80.40.50.00.71.11.21.81.41.51.81.72.12.22.82.42.52.62.78.13.23.83.43.53.63.7 
0.10.21.70.40.51.50.78.50.80.01.11.22.7  1.3 1.40. 02. 13. 12. 3  2. 4  3. 2  2. 6  3. 8  3. 4  3. 6  3. 7  2. 5  1.02. 2 
0.21.71.40.51.52.73.52.60.40.70.80.02.01.11.20.10.03.33.12.33.43.23.03.71.02.22.41.82.1 
0.30.40.50.7  3.6  2.58.28.40.02.01.22.7  2.41.41.51.11.3  0.0  2.12.2  3.12.3  0.13.3  0.28.03.71.71.0 
0.40.51.58.02.52.48.48.70.78.20.02.02.31.22.70.31.10.10.02.13.33.10.23.01.71.02.21.41.3 
0.5 1.0  2.7  2.7  2.42.83.7 2.28.58.40.7  3. 2  8. 10. 02. 00. 4 0.3 0.20. 10. 03. 03. 3  1.7  1.0 1.4 1.3  2. 11. 2 1.1 
0.00.78.58.28.48.73.18.82.02.32.72.42.21.52.51.21.41.11.31.00.02.10.30.10.40.23.00.51.7 
0.78.52.03.48.72.28.88.08.23.12.02.32.12.72.40.01.20.31.11.30.10.00.40.20.51.71.01.51.4 


no  mod  2 — 5i 


+ 


0  1  2  13  14  25  20  8  12  24  11  23  10  22  9  28  27  10  15  4  3  21  17  5  18  0  18  7  20 


O 

1 

2 

IS 

14 

88 

80 

8 


0.00.10.20.80.40.50.00.71.11.21.81.41.51.01.72.12.22.32.42.52.62.73.13,23.33.43.53.03.7 
0.10.22.00.42.40.02.21.70.80.51.11.21.31.41.50.02.13.12.33.22.51.03.38.43.63.03.70.72.7 
0.22.02.52.42.82.22.11.60.40.00.30.61.11.21.30.10.03.33.13.43.21.43.53.03.70.72.71.71.0 
0,80.4  2.40.02.21.71.52.70.50.71.2  8.01.4  8.41.01.11.80.02.18.12.8  8.20.18.80.2  3.5  2.0  8.7  2.5 

0.42.42.32.22. 11.5  1.81. 00.0 1.70. 50. 7 1.2  8.01. 40. 3  1.10.10.0  3. 3  3. 13. 4  0.2  3. 5  2. 03.7  2.6  2.7  3. 2 
0.60.02.2  1.7  1.5  2.7  1.02. 50.7  8.7  8.88.8  8.43.8  8.21.21.4  1.11.80.02.13.10.8  0.10.4  0.2  2.4  2.02.8 
0.02.2  2.11.61.31.01.48.21.72.70.7  8.7  3.0  8.5  3.40.51.2  0.81.10.10.0  3.3  0.4  0.22.4  2.0  2.8  2.6  8.1 
0.7 1.7 1.5  2.7  1.82.5  3.22.88.7  2. 08. 50.2  8. 3  0.1  8.1 3. 0  8. 4 1.2  1.1 1.1  1.30. 0  0. 50. 30. 0  0. 4  2. 2  2. 4  2.1 
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/Ja  no  mod  1 — 81 


+1 

0 

1 

2 

3 

32 

33 

26 

27 

20 

21 

31 

25 

19 

30 

24 

29 

23 

28 

22 

0 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0,7 

0.8 

0.9 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

1 

0.1 

0.2 

0.3 

2.5 

0.5 

2.3 

0.7 

1.8 

0.9 

1.9 

0.4 

0.6 

0.8 

1.1 

1.2 

1.4 

1.5 

1.6 

1.7 

2 

0.2 

0.3 

2.5 

2.4 

2.3 

2.2 

1.8 

1.6 

1.9 

1.7 

0.5 

0.7 

0.9 

0.4 

0.8 

1.1 

1.2 

1.4 

1.5 

3 

0.3 

2.5 

2.4 

3.2 

2.2 

2.1 

1.6 

1.4 

1.7 

1.5 

2.3 

1.8 

1.9 

0.5 

0.7 

0.4 

0.6 

1.1 

1.2 

32 

0.4 

0.5 

2.3 

2.2 

0.7 

1.8 

0.9 

1.9 

3.9 

2.9 

0.6 

0.8 

3.7 

1.2 

1.3 

1.5 

3.3 

1.7 

2.8 

33 

0.5 

2.3 

2.2 

2.1 

1.8 

1.6 

1.9 

1.7 

2.9 

2.8 

1.8 

0.9 

3.9 

0.6 

0.8 

1.2 

1.3 

1.5 

3.3 

26 

r  0.6 

0.7 

1.8 

1.8 

0.9 

1.9 

3.9 

2.9 

3.8 

2.7 

0.8 

3.7 

3.6 

1.3 

3.5 

3.3 

3.2 

2,8 

2.6 

27 

0.7 

1.8 

1.6 

1.4 

1.9 

1.7 

2.9 

2.8 

2.7 

2.6 

0.8 

3.9 

3.8 

0.8 

3.7 

1.3 

3.5 

3.3 

3.2 

20 

0.8 

0.9 

1.9 

1.7 

3.9 

2.9 

3,8 

2.7 

0.3 

2.5 

3.7 

3.6 

0.2 

3.5 

3.4 

3.2 

3.1 

2.6 

2.4 

21 

0.9 

1.9 

1.7 

1.5 

2.9 

2.8 

2.7 

2.6 

2.5 

2.4 

3.9 

3.8 

0.3 

3.7 

3.6 

3.5 

3.4 

3.2 

3.1 

36 

35 

34 

5 

4 

11 

10 

17 

16 

6 

12 

18 

7 

18 

8 

14 

9 

15 

0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3,9 

1 

0.0 

2.1 

2.2 

3.1 

2.4 

3.2 

2.6 

3.3 

2.8 

3.4 

3.5 

1.3 

3.6 

3.7 

3.8 

3.9 

2.7 

2.9 

2 

0.1 

0.0 

2.1 

3.4 

3.1 

3.5 

8.2 

1.3 

3.3 

3.8 

3.7 

0.8 

3.8 

3.9 

2.7 

2.9 

2.6 

2.8 

3 

0.2 

0.1 

0.0 

3.6 

3.4 

3.7 

3.5 

0.8 

1.3 

3.8 

3.9 

0.9 

2.7 

2.9 

2.6 

2.8 

3.2 

3.3 

32 

1.1 

1.4 

1.8 

0.0 

2.1 

3.1 

2.4 

8.2 

2.6 

0.1 

3.4 

3.5 

0.2 

3.6 

0.3 

3.8 

2.5 

2.7 

33 

0.4 

1.1 

1.4 

0.1 

0.0 

3.4 

8.1 

3.5 

8.2 

0.2 

3.6 

3.7 

0.3 

3.8 

2.5 

2.7 

2.4 

2.6 

26 

1.2 

1.5 

1.7 

1.1 

1.4 

0.0 

2.1 

8.1 

2.4 

0.4 

0.1 

3.4 

0.5 

0.2 

2.3 

0.3 

2.2 

2.6 

27 

0.6 

1.2 

1.5 

0.4 

1.1 

0.1 

0.0 

8.4 

3.1 

0.5 

0.2 

3.6 

2.3 

0.3 

2.2 

2.5 

2.1 

2.4 

20 

1.3 

3.3 

2.8 

1.2 

1.5 

1.1 

1.4 

0.0 

2.1 

0.6 

0.4 

0.1 

0.7 

0.5 

1.8 

2.3 

1.6 

2.2 

21 

0.8 

1.3 

3.3 

0.6 

1.2 

0.4 

1,1 

0.10 

0.0 

0.7 

0.6 

0.2 

1.8 

2.3 

1.6 

2.2 

1.4 

2.1 
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Bo  mod  4  +  Si 


+ 

0 

1 

2  3 

4 

33 

34 

85 

24 

25 

15 

32 

23 

14 

5 

31 

22 

13 

30 

21 

0 

0.0 

0.1 

0.2  0.3  0.4 

0.5 

0.0 

0.7 

0.8 

0.9 

0.10 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

1 

0.1 

0.2 

0.3  0.4  1.4 

0.0 

0.7 

3.4 

0.9 

2,10 

2.9 

0.5 

0.8 

0.10 

2.7 

1.1 

1.2 

1.3 

1.5 

1.0 

2 

0.2 

0.3 

0.4  1.4  2.7 

0.7 

8.4 

2.4 

2.10 

3.3 

2.8 

0.8 

0.9 

2.9 

2.0 

0.5 

0.8 

0.10 

1.1 

1.2 

3 

0.3 

0.4 

1.4  2.7  2.8 

3.4 

2.4 

2.3 

3.3 

3.7 

3.2 

0.7 

2.10 

2.8 

2.5 

0.6 

0.9 

2.9 

0.5 

0.8 

4 

0.4 

1.4 

2.7  2.0  2.6 

2.4 

2.3 

2.2 

3.7 

1.10 

3.6 

3.4 

3.3 

3.2 

3.1 

0.7 

2.10 

2.8 

0.6 

0.9 

33 

0.5 

0.0 

0.7  3.4  2.4 

0.9 

2.10 

3.3 

2.9 

2.8 

2.6 

0.8 

0.10 

2.7 

2.3 

1.2 

1.3 

1.4 

1.6 

1.7 

34 

0.6 

0.7 

3.4  2.4  2.3 

2.10  3.3 

8.7 

2.8 

3.2 

2.5 

0.9 

3.9 

2.6 

2.2 

0.8 

0.10 

2.7 

1.2 

1.3 

35 

0.7 

3.4 

2.4  2.3  2.2 

3.3 

3.7 

1.10 

3.2 

3.6 

3.1 

2.10 

3.8 

2.5 

2.1 

0.9 

2.9 

2.8 

0.8 

0.10 

24 

0.8 

0.9 

2,10  3.3  8,7 

3.7 

2,8 

3.2 

2.6 

2.5 

2.2 

0.10 

2.7 

2.3 

1.10 

1.3 

1.4 

2.4 

1.7 

3.5 

25 

0.9 

2.10  3.3  3.1 

1.10  2.9 

3.2 

3.0 

2.5 

3.1 

2.1 

2.9 

2.6 

2.2 

1.8 

0.10 

2.7 

2.3 

1.3 

3.8 

15 

0.10 

2.9 

2.8  3.2  3.6 

2.8 

2.5 

3.1 

2.2 

2.1 

1.8 

2.7 

2.3 

1.10 

3.0 

1.4 

2.4 

3.7 

0.4 

3.4 

3 

29 

40 

39  38 

37 

8 

7 

0 

17 

16 

28 

9 

18 

27 

30 

10 

19 

28 

11 

20 

12 

n 

1.10 

2.1 

2.2  2.3 

2.4 

2.6 

2.0 

2. 

7  2.8 

2.9 

2.10 

3.1 

3.2 

3.3 

3.4 

3.5 

3.0 

3.7 

3.8 

3.9 

3.10 

u 

1 

1.8 

0.0 

2.1  2.2 

2.3 

3.1 

2.5 

2. 

8  3.2 

2.8 

3.3 

3.5 

3.0 

3.7 

2.4 

3.8 

3.9 

1.10 

3.10 

1.9 

1.7 

2 

1.5 

0.1 

0.0  2.1 

2.2 

3.5 

3.1 

2. 

5  3.0 

3.2 

3.7 

3.8 

3.9 

1.10 

2.3 

3.10 

1.9 

1.8 

1.7 

1.8 

1.3 

3 

1.1 

0.2 

0.1  0.0 

2.1 

3.8 

3.5 

3. 

1  3.9 

3.0 

1.10 

3.10 

1.9 

1.8 

2.2 

1.7 

1.0 

1.5 

1.3 

1.2 

0.10 

4 

0.5 

0.3 

0.2  0.1 

0.0 

3.10 

3.8 

3. 

5  1.9 

3.9 

1.8 

1.7 

1.0 

1.6 

2.1 

1.3 

1.2 

1.1 

0,10 

0.8 

2.9 

33 

1.9 

1.1 

1.5  1.8 

1.10 

0.0 

2.1 

2. 

2  3.1 

2.6 

3.2 

0.1 

3.5 

3.0 

3.7 

0.2 

3.8 

3.9 

0.3 

8.10  0.4 

34 

1.0 

0.5 

1.1  1.5 

1.8 

0.1 

0.0 

2. 

1  3.5 

3.1 

3.8 

0.2 

3.8 

3.9 

1.10 

0.3 

3.10 

1.9 

0.4 

1.7 

1.4 

36 

1.2 

0.0 

0.5  1.1 

1.5 

0.2 

0.1 

0. 

0  3.8 

3.5 

3.9 

0.3 

3.10 

1.9 

1.8 

0.4 

1.7 

1.0 

1.4 

1.3 

2.7 

24 

3.2 

2.2 

1.0  1.9 

3.9 

1.1 

1.5 

1. 

8  0.0 

2.1 

3.1 

0.5 

0.1 

3.5 

3.0 

0.0 

0.2 

3.8 

0.7 

0.3 

3.4 

25 

3.0 

0.8 

2.2  1.0 

1.0 

0.5 

1.1 

1 

5  0.1 

0.0 

3.5 

0.8 

0.2 

3.8 

3.9 

0.7 

0.3 

3.10 

3.4 

0.4 

0.7 

15 

0.3 

1.3 

1.7  3.10 

3.8 

1.2 

1.0 

1 

9  1.8 

1.5 

0.0 

0.8 

0.5 

0.1 

3.5 

0.9 

0,8 

0.2 

2.10 

0.7 

3.3 
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0  0.0 
1  0.1 
2  0.2 

3  0.3 

4  0.4 

10  0.5 

11  0.8 
12  0.7 
10  0.8 
20  0.9 
28  0.10 


3,4 

0.8 

0.7 


2 

3 

4 

0.2 

0.3 

0.4 

0.3 

0.4 

3.4 

0.4 

3.4 

1.10 

3.4 

1.10 

1.8 

1.10 

1.8 

1.5 

0.7 

2.10 

3.3 

2.10 

3.3 

3.7 

3.3 

3.7 

1.9 

2.9 

2.2 

3.2 

2.8 

3.2 

3.8 

2.6 

2.5 

3.1 

39 

38 

37 

2.2 

2.3 

2.4 

2.1 

2.2 

2.3 

0.0 

2.1 

2.2 

0.1 

0.0 

2.1 

0.2 

0.1 

0.0 

1.5 

1.8 

1.10 

1.1 

1.5 

1.8 

0.5 

1.1 

1.5 

1  1.6 

1.9 

3.7 

1  1.2 

1.8 

1.9 

1  1.7 

3.9 

3.6 

I  no  mod  4  -5i 


3.8 
2.6 
2.5 

3.1 

2.2 
2.1 

1.8 


2.8  2.7 

2.5  2.6 

8.1  2.5 

3.5  3.1 

8.8  3.5 

2.1  2.2 
0.0  2.1 
0.1  0.0 

1.5  1.8 
1.1  1.5 


2.8  2.0 
8.2  2.8 

3.8  8.2 

3.9  8.6 

1.7  3.9 
3.1  2.5 
8.5  8.1 

8.8  8.5 
0.0  2.1 
0.1  0.0 


1.8  3.7  1.1  1.5 


28 

9 

18 

27 

36 

8 

17 

26 

7 

16 

.10 

1.1 

1.2 

1.3 

1.4 

1.5 

1.8 

1.7 

1.8 

1.9 

.7 

0.5 

0.8 

0.10 

2.4 

1.1 

1.2 

1.3 

1.5 

1.6 

.8 

0.6 

0.9 

2.7 

2.3 

0.5 

0.8 

0.10 

1.1 

1.2 

.5 

0.7 

2.9 

2.6 

2.2 

0.6 

0.9 

2.7 

0.6 

0.8 

.1 

2.10 

2.8 

2.5 

2.1 

0.7 

2.9 

2.6 

0.6 

0.9 

.3 

0.8 

0.10 

2.4 

3.4 

1.2 

1.3 

1.4 

1.6 

1.7 

.2 

0.9 

2.7 

2.3 

1.10 

0.8 

0.10 

2.4 

1.2 

1.30 

.1 

2.9 

2.6 

2.2 

1.8 

0.9 

2.7 

2.3 

0.8 

0.10 

.10 

0.10 

2.4 

3.4 

3.3 

1.3 

1.4 

0.4 

1.7 

3.10 

.8 

2.7 

2.3 

1.10 

3.7 

0.10 

2.4 

3.4 

1.3 

1.4 

.7 

2.4 

3.4 

3.3 

3.2 

1.4 

0.4 

2.10 

3.10 

0.3 

32 

23 

14 

5 

33 

24 

15 

34 

25 

36 

3.1 

3.2 

3.3  3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

3.10 

8.5 

3.6 

2.' 

7  1.10 

1  3.8 

8.9 

1.9 

3.10 

1  1.7 

1.4 

3.8 

3.9 

1.9  1.8 

3.10 

i  1.7 

1.0 

1.4 

1.3 

2.4 

3.10  1.7 

1.6  1.5 

1.4 

1.3 

1.2 

2.4 

0.10  2.3 

1.4 

1.3 

l.: 

2  1.1 

2.4 

0.10 

0.8 

2.3 

2.7 

2.2 

0.1 

3.5 

3.6  3.7 

0.2 

3.8 

3.9 

0.3 

8.10  0.4 

0.2 

3.8 

3.9  1.9 

0.3 

3.10 

1.7 

0.4 

1.4 

8.4 

0.3 

3.10  1-7  1.8 

0.4 

1.4 

1.3 

3.4 

2.4 

1.10 

0.5 

0.1 

3.5  3.6 

0.6 

0.2 

3.8 

0.7 

0.3 

2.10 

0.8 

0.2 

3.8  3.9 

0.7 

0.3 

3.10 

3.10 

0.4 

3.3 

0,8 

0.5 

0.1  3.5 

0.9 
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2.9 
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2.8 
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Table  of  nodular  aultiplication. 


|UO  mod  2+*3i 

X 

0  12  9 

0 

!  0.0 

1 

0.1  0.2  0.3 

2 

0.2  2.3  3.1 

9 

0.3  3.1  1.2 

*  I 

no  mod  l+4i 


X 

1 

|  0  1  2  5  6 

0 

0.0 

1 

0.1  0.2  0.3  0.4 

2 

0.2  1.13.4  2.3 

5 

0.3  3.4  1.2  3.1 

6 

0.4  2.3  3.1  0.2 

<3 

no  mod  2— 3i 

X 

0  12  6 

0 

0.0 

1 

0.1  0.2  0.3 

2 

0.2  1.3  2.1 

6 

0.3  2.1  1.2 

(P  no  mod  3—4 i 


>'  1 

0  1  2  14  10 

0 

0.0 

1 

0.1  0.2  0.3  0.4 

2 

0.2  3.1  1.4  2.3 

14 

0.3  1.4  1.2  3.1 

io| 

i  0.4  2.3  3.1  2.2 

0  no  mod  3+4i 


(pno  mod  3  —  4i 


X 


0 


0 

1 

2 

3 

19 

20 
12 


0.0 


x  2  2  19  20  12 


0.1  0.2  0.3  0.4  0.5  0.6 
0.2  1.3  2.4  2.6  3.5  2.1 
0.3  2.4  3.6  3.1  1.5  1.2 
0.4  2.6  3.1  1.2  2.5  0.3 
0.5  3.5  1.5  2.5  0.0  3.5 
0.6  2.1  1.2  0.3  8.5  0.4 


X 

0  1  2  3  8  9  15 

0 

0.0 

1 

0.1  0.2  0.3  0.4  0.5  0.6 

2 

0.2  3.8  1.4  2.5  3.1  1.6 

3 

0.3  1.4  0.5  2.1  0.2  3.6 

8 

0.4  2.5  2.1  1.2  2.3  3.6 

9 

0.5  3.1  0.2  2.3  1.4  2.6 

15 

0.6  1.6  3.6  3.6  2.6  0.0 

©  no  mod  24-5i 


0  1 


2  18  19  20  6  7 


0 

1 

2 

18 

19 

20 
6 
7 


0.0 

0.1  0.2  0.3  0.4  0.5  0.8  0.7 
0.2  1.4  0.7  2.5  2.3  3.1  3.6 
0.3  0.7  1.2  2.6  3.1  1.5  2.4 
0.4  2.5  2.6  3.3  1.7  3.2  3.6 
0.5  2.3  3.1  1.7  2.6  1.4  3.2 
0.6  3.1  1.5  3.2  1.4  0.7  3.3 
0.7  3.6  2.4  3.6  3.2  3.3  0.5 


($)  no  mod  2 — 5i 


X 

0  1  2 

13  14  25 

26 

8 

0 

0.0 

1 

0.1  0.2 

0.3  0.4  0.5 

0.6  C.7 

2 

0.2  2.5 

0.6  2.1  2.7  0.3 

2.3 

13 

0.3  0.6 

1.2  0.7  3.4 

3.5 

3.1 

14 

0.4  2.1 

0.7  1.6  0.2 

2.3 

0.5 

25 

0.5  2.7  3.4  0.2  2.3 

1.1 

0.6 

28 

0.6  0.3 

3.5  2.3  1.1 

1.5 

3.2 

8 

0.7  2.3 

3.1  0.5  0  6 

3.2 

3.4 
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(j  )no  mod  t  t-fii 


Q  no  mod  4 — 6i 


x 

1 

0  12 

3  7  8  9 

13 

14 

15 

v  1 

1  ° 

1 

2  3  32  33  20 

27 

20 

21 

0 

0.0 

0 

0.0 

1 

0.1  0.2 

0.3  0.4  0.5  0.0 

0.7 

0.8 

0.9 

1 

0.1 

0.2  0.3  0.4  0.5  0.0 

0.7 

0.8 

0.9 

2 

0.2  1.7 

1.1  0.8  1.9  1.3 

3.5 

2.0 

2.4 

2 

0.2 

2.5  3.1  0.7  1.0  3.9 

2.8 

0.3 

2.4 

3 

0.3  1.1 

0.0  3.9  2.7  3.8 

0.2 

1.4 

0.5 

3 

0.3 

3.1  3.8  1.9  1.2  2.5 

3.4 

1.7 

0.8 

7 

0.4  0.8 

3.9  1.2  3.3  3.5 

1.8 

2.7 

8.1 

32 

0.4 

0.7  1.9  1.2  0.8  3.3 

3.5 

2.0 

3.1 

a 

0.5  1.9 

2.7  3.3  3.8  2.2 

2.4 

0.1 

0.0 

33 

0.5 

1.0  1.2  0.8  2.9  3.4 

0.3 

1.1 

0.7 

9 

0.0  1.3 

3.8  3.5  2.2  0.4 

1.1 

0.9 

2.7 

28 

0.8 

3.9  2.5  3.3  3.4  2.7 

2.1 

0.2 

1.8 

13 

0.7  3.5 

0.2  1.0  2.4  1.1 

3.9 

2.3 

1.8 

27 

0.7 

2.8  3.4  3.5  0.3  2.1 

0.0 

1.9 

3.2 

14 

0.8  2.0 

1.4  2.7  0.1  0.9 

2.3 

1.5 

3.2 

20 

0.8 

0.3  1.7  2.0  1.1  0.2 

1.9 

1.4 

3.5 

15 

0.9  2.4 

0.5  3.1  0.0  2.7 

1.8 

3.2 

0.3 

21 

1 

0.9 

2.4  0.8  3.1  0.7  1.8 

3.2 

3.5 

2.3 

Q  no  mod  4+5i 

(pno  mod  4 — 5i 

0  12 

3  4  33  34  35 

>  24 

25 

15 

X 

0 

1 

2  3  4  10  11  12 

!  19 

20 

28 

0 

0.0 

0 

0.0 

1 

0.1  0.2 

0.3  0.4  0.6  0.0  0.7 

0.8 

0.9 

0.10 

1 

0.1 

0.2  0.3  0.4  0.5  0.0  0.7 

0.8 

0.9 

0.10 

2 

0.2  0.4 

2.7  2.5  0.9  3.3  1.102.03  3.1 

1.8 

2 

0.2 

0.4  1.101.5  0.9  2.8  3.0 

2.3 

2.1 

3.7 

3 

0.3  2.7 

3.1  3.102.8  3.9  1.2 

1.5 

0.0 

0.4 

3 

0.3 

1,101.1  0.7  2.0  3.5  1.4 

1.9 

0.8 

0.2 

4  1 

0.4  2.5 

3.102.9  3.1  1.7  2.8 

1.8 

8.2 

3.0 

4 

0.4 

1.5  0.7  1.9  2.1  0.3  1.8 

3.102.2 

2.6 

38 

0.5  0.9 

2.8  3.1  1.2  0.102.0 

1.7 

1.4 

0.8 

10 

0.5 

0.9  2.8  2.1  1.2  0.102.3 

1.7 

1.4 

3.8 

34 

0.0  3.3 

3.9  1.7  0.102.5  0.1 

2.4 

1.8 

3.2 

11 

0.0 

2.8  3.6  0.3  0.102.2  1.1 

0.4 

3.7 

2.9 

35 

0.7  1.101.2  2.8  2.0  0.1  3.4 

3.9 

1.3 

0.5 

12 

0.7 

3.8  1.4  1.8  2.3  1.1  2.9 

3.2 

3.101.5 

24 

0.8  2.0 

1.5  1.3  1.7  2.4  3.9 

0.2 

2.101.1 

19 

0.8 

2.3  1.9  3.101.7  0.4  3.2 

3.6 

0.0 

2.1 

25 

0.9  3.1 

0.0  3.2  1.4  1.8  1.3 

2.108.5 

1.10 

29. 

0.9 

2.1  0.8  2.2  1.4  3  7  3.100  8 

2.5 

1.3 

15 

0.101.8 

0.4  3.0  0.3  3.2  0.5 

1.1 

1.103.9 

28 

0.10 

3.7  0  2  2.8  3.8  2.9  1.5 

2.1 

1.3 

3  4 

Key:  (1)  .  or. 


DOC  *  81024  009 


PAGE 


Page  161. 

§6.  Algorithm  of  conversion  of  decimal  representation  of  ts.k.ch. 
into  the  nonpositional. 

on  the  given  one  ts.k.ch.  2=A  +3te(Q,,)  it  is  necessary  to 
determine  remainders/residues  on  F^ir-wise  conjugated/combined 
bases/bases  p„,  pk  (l^fc^n)  and  to  present  these  remainders/residues 
in  accordance  with  the  code  accepted. 

This  problam  solves  the  algorithm  whose  diagram  is  described 
below: 

lX^+au-.iAi^+nai-. 

2)  II  A  |  -  +P»  |  B  |  -  |  +  <=>  <  *  |  -  — (non), 

3)  i!  aj  r*4-?*  i  ^  j  - 1  -<=><, ,  =  ^ o&. 

Key:  (1 )  .  the  code. 

where  EL*  and  P*  ~  coefficients  cf  isomorphism  in  moduli/modulas 
pk  a  nd  P»* 

In  other  wocd3,  during  the  first  stage  is  revealed/detected 
canonical  deduction  ts.  k.ch.  z=A*Ei  on  pair-wise  con juga ted/coebined 
aoduli/modules  ph,  pk;  the  second  and  third  stages  are  implemented  in 
parallal,  moreover  by  arithmetic  conversion  are  subject  real 
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deductions  on  the  real  moduli/mcdules. 


Their  practical  realization  Is  reduced  to  one  recoding 
(p»*  I  B  |  ~)  and  eodular  addition,  in  this  case  it  is  important  to 
note  that  in  accordance  with  the  principle  of  isomorphism  the 
corresponding  operations  can  be  realized  on  the  equipaent,  intended 
for  the  aodular  addition  of  composite  deductions. 


Example.  Let  us  determine  remainder  s/residues  ts.k.ch.  15+211  on 
pair-wise  conjugated/combined  bases/bases  p,  =  2+3i ,  "pt =2- 3i,  p2=1  +  4l, 
p2-1-4i,  p3«3+4i,  "p j  =  3- 41  according  to  the  algorithm  outlined  above: 


1) 

<  15+211 

1  it— 

2-51, 

* 

<  15  +  211 

1  ir  “■ 

— 

2+41, 

<  15+211 

1  ft  — 

—  10  —  41; 

2) 

I  2  —  Pi  5  | 

5  “  1 

2 

-8-5|^ 

<  = 

—  >  <  1  1  i+Jl 

- 0.1, 

1 

-2+ ft 41 

u-  1 

- 

-2+4-4  1 

+  <  =  ><1  -( 

!  1  +  41  3-3, 

1 

-10-M 

li¬ 

1 

-10-18 

•4  I 

i  <  —  >  <  i 

i  r+4i  —  us 

3) 

ia-7>l 

lt  “  i 

2 

<  = 

->  <-Z i  I  2_3,  - - 3.2. 

; 

1  “2+^4 

1  u=* 

1- 

-2—4-4 

l» 

<  =  >  <  -1 

1  1 — 4i  '  2.1, 

1- 

-10—54  1 

a  —  1 

- 

10-8-4 

la 

<  =  >  <  1- 

2i  1  3—41  —  3. 

Page  162. 

euUfi&S 

Thus,  in  the^system  1 S ♦  2  1i—  {0 .  1  eemmaOmi,  3.2;  3.3,  2.1; 
Eor  convenience  in  the  calculations  are  given  the  tables 


1.1,  3.5). 
(see 
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appendix  1) ,  which  realize  the  translation/conversion  of  canonical 
deductions  into  the  deductions  cn  moduli/nodules  pk,  pk,  registered  in 
accordance  with  the  code  accepted  for  the  composite  deductions. 

§7.  Translation  algorithm  of  ts.k.ch.  preset  by  the  nonpositional 
code,  into  the  mixed  positional  KCD. 

Let  us  assume  at  first  that  ts.k.ch.  *e(Q«)  is  represented  by 

the  canonical  nonpositional  code 

*<  «•  «» 

z-J-Cwi,  w2,...,  u>„).  (7.1) 

It  is  necessary  to  determine  components  of  the  mixed  positional 
representation  of  number  z: 

z  =  +  C*  Qi  +  ^  Qz  +  •  •  •  4*  9i  <lx  •  •  •  ?»-i.  (7.2) 

where 

The  unknown  components  can  be  defined  as  the  remainders/residues  of 
the  following  process  of  consecutive  indexing  (see  the  proof  of 
theorem  3.3.2):  z  is  divided  into  qt;  the  obtained  partial  quotient 
<*ll)  is  divided  into  g2;  partial  quotient  ("<2’  frca  the  previous  division 
is  divided  into  g3  and  so  forth. 

This  process  is  described  by  the  following  system  of  equalities: 


ooc 
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*  =  ^  4-  <«U)  ?1 

•“>  =  :3  4-  u,(«  q3 
<»<a  =  c*  -j-  io(,)  qt 


^  I  * 

v*  =  <  «(*>  i  ± 

c.  -  <  •*» :  * 


r 

'm 


=  <  (0*~1 


<?.») 


la  view  of  the  determination  of  range  ( Qn\  for  any  ts.k.ch.  2e(C„) 
the  process  of  calculations  is  completed,  at  least,  at  the  n 
step/ pitch. 


Page  163. 


Let  us  paraphrase  the  realization  of  the  described  algorithm 
into  the  language  of  the  nonposit icnal  representation  of  numbers, 
this  purpose  in  equalities  (7.3)  let  us  pass  to  the  deductions  on 
aoduli/modules  9r>  then  me  obtain  n  of  the  systems  of  the 
coa  pari  sons: 


Wr3^+“?'flr 
u)<rU  3  'tr  +  ?2r 


* 

(mod  qr) 


(m-ll  _ 
U)_  = 


(») 


tn-n  _ . 


1  <  r<  n. 


(7.4) 


'»r 


♦r’ 


U,'->  S  Q)(w|  |  — 


Por 


where 
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In  accordance  with  recurrence  fcraulae  (7.4)  the  process  of 
determining  the  nuibers  Sl#  £2,  . ..  by  consecutive  indexing  can  be 
represented  in  the  language  of  reuair.ders/rasidues  in  the  fora  of  the 
following  diagram: 


the  zero  step/pitch: 

the  first  step/pitch: 

«r  ’  “  <  ?7r  (Wr  ~  <  wl  i  ?)  I  qr'  20  <71, 

aoreovar 

!=,,  a*1,1'  e  <  •  I  *  ; 

»  r 

the  second  step/pitch: 

•r**  -  <  ff*  C*r  ’  ~  <  m?  I  ),;  i  3 <  rO, 


aoreover 


I  ;; 


the  third  step/pitch: 

_(»)  _  /  -"I  /  ,.,(2) 


•7  -  <  CK"  -  <  <’  I  ,V  I  7r: 


(a-l)-th  step/pitch: 


(m— 1)  -  —1  /  («— 2)  ^  -  («— :}  .  — -  v  .  _  -  _ 

u  =  c  o  i  iv  —  <.u>  1  ~  )  i  m  *  r  -gZ  n 

"•  '  r  v .  m-J  «r7  1  jr>  "*  "  '  ^  “* 
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In  teens  of  its  structure  this  diagram  is  similar  to  the  diagra 
of  the  calculation  of  the  divided  differences  in  the  theory  of 
interpolation.  In  connection  with  this  let  us  name  its  A-  algorithm, 
a  A-  algorithm  raalizes  the  translation/conversion  ts.k.ch. ,  preset 
by  the  canonical  nonpositional  code,  into  the  mixed  positional  code. 
In  actuality  each  canonical  deduction  wk  is  represented  by  the  pair 
of  deductions  2*»  ?*  on  moduli/modules  pkt  With  exception  of 
recoding  of  the  type 

all  stages  of  calculations  on  a  A-  algorithm  modular,  and  therefora 
they  can  be  realized  in  accordance  with  the  rules  of  modular 
arithmetic  in  parallel  and  independently  directly  above  the 
nonpositional  representation  of  canonical  deductions. 
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Racoding  (7.5)  requires  the  restoration/reduction  of  the  value 
of  canonical  deduction  on  mod  jD  connection  with  this  let  us  pose 
the  following  problem. 

Lat  w=x*iy  -  canonical  (nonstandard izad)  deduction  ts.  k.ch. 
z«=A  +  -Bte(QJ  on  sod  q  (q=p*p)  ,  i.e., 

x  +  iy=<  A  +  Bl  1 

It  is  known  that 

<*  +  iy  I  <x  +  ty  [=-p.  (7.6) 

It  is  necessary  to  restore/reduce  value  x«iy. 

Pirst  method.  It  is  assumed  that  aodulus/aodule  p=c*di  satisfies 
condition  (c,  d)  =  1. 

p  and  "p  -  coefficients  of  iscaorphism  respectively  in 
aod uli/aodules  p  and  p". 

Lat  us  coapare  to  deductions  a,  p  the  isomorphic  deductions  rt 
and  r2  on  aod  q. 
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Pig.  44.  Block  diagram  of  translation  algorithm  ts. k.ch.,  preset  by 
nonpositional  code,  into  mixed  positional  code, 
which  realizes  operation  + 


—  block  of  recoding,  which  realizes  the  operation: 

iae 


—  block  of  recoding,  which  realizes  the  operation:  <  ?*.V  x  f  ,*• 
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Then  relationships/ratios  (7.6)  can  be  presented  in  the  fora 


*  +  P  y  —  r2(modq). 


Froa  the  latter/last  systea  we  obtain: 

(P  —  P )y  =  r1  —  r2  (mod  q). 

Therefore,  when  (p-  p",  q)-i,  we  have 

y=<  (rx  —  r 2)  (p  —  p)-‘  |  7 


x  =  <  rx  —  p  <  (rt  —  r2)  (p  —  P)~ 1  |  f  |  f . 

Sacond  method.  According  tc  theorem  3.3.4  for 


w  —  x  --  iy  e  <  • 


we  have 


where 


u»  =  s  t*  TiP  -r  sg. 


Consequently,  task  is  reduced  to  the  determination  of  values  S,  *1.  £- 
Since  «e<*ir>a.  the  equality  (7.7)  can  be  considered  as 
representation  ts.fc.ch.  w  in  the  aixed  positional  code  with 
bases/bases  p,  |T,  l*2i.  In  that  case  for  dete  raining  the  parameter 
e  is  necessary  surplus  information  about  value  w.  Specifically,  it 
is  necessary  to  know  the  deduction 


T  —  <  w 
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Actually/really,  it  is  obvious,  that  e=a.  since 

10 — a  .  — 

——  =  tj  +  ep, 

that 

Tl  =<  i?~1(3-<  a  |  p  |  = 

Further,  from  the  fact  that 


follows 


1  / IB — a  \ 

=  Tl~  t 


s  =  <  i7"1  (p-1  (r  — 2)  —  fj  ! 


1+21. 


Page  167, 

Both  methods  it  is  not  possible  to  consider  sufficiently  efficient, 
since  the  first  method  requires,  at  least,  two  recodings  even  one 
operations  of  modular  addition,  and  the  second  -  presence  of  surplus 
basis/base  on  each  pair  of  the  complex  conjugate  bases/bases  is  made, 
at  least,  for  two  strokes/cycles  cf  modular  addition. 

Third  method  (tabular  version).  Since  the  pair  of 
remainders/residues  (<x,  0)  on  mod  uli/aod  ule s  p,  ”p  of  canonical 
deduction  u>c<-'  "  uniquely  determines  value  w,  then  value  w  can 
be  assigned  by  table  with  two  input:  a,  0. 


mmm&Bamm 


zataioaaaaaM 
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Let  us  consider  a  question  about  the  reduction  of  these  tables 
in  light  of  coding  of  deductions  accepted. 

Wa  have 

w  =  *B  -f-  4-  r  !!  p  jj  ,  (7.8) 

where  B  =  np  and  m=<p-1l5- 

Let 

a  =  (*l)«l  =  {*'«!, 

?  —  (*a)  «2  =  i*,n2, 

where  n|f  n2  -  lantissa,  kt,  k2  -  orders  of  deductions.  Then 
relationship/ratio  (7.8)  can  be  presented  in  the  form 

w  =  i*  (nj  B  +  i 1  *'  *"  4  n2B~rri  *  *' ' 4  p  ;i  ). 

In  the  force  of  the  property  of  the  symmetry  of  deductions  ts.k.ch., 
the  prisoner  into  the  parentheses,  belongs  p.s.v.  <•/“ 

1  P  1  * 

Hence  it  follows  that  the  tables  in  question  similar  to  the 
tables  of  modular  addition  can  be  abbreviated/reduced  four  times, 
moreover  work  with  these  tables  in  form  will  be  adequate  to  work  with 
the  tables  of  modular  addition. 


In  appendix  2  are  given  the  full/total/complete  tables  of 
recodings  of  the  type 


<—<w 


u 


pm,  pm 


(A  <  m) 


2  <  771  <  6 
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Oa  the  upper  and  lower  sides  of  the  intersection  a  of  lines  with  3 
the  column  of  tables  are  contained  the  deductions  of  a  number  —  <w  | 
on  moduii/aedules  Pn  and  ~pm  respectively.  The  technical 
realization  of  similar  tables  is  reduced  to  that  so  that  each  table 
of  recodings  of  this  type  would  be  furnished  with  two  decoders  on 
moduli/modules  pk  and  j>*. 
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Let  us  now  give  the  more  detailed  interpretation  of  the  block 
diagram  of  A-  algorithm  in  connection  with  the  nonpositional 
numeration  system  with  the  pair-wise  con jugat ed/coabined  bases/bases 

Por  this  it  suffices  to  decipher  the  assembly  of  the  fora, 
depictad  in  figure  45.  But  since  the  general/coamon/total  structure 
of  the  described  earlier  diagram  is  retained,  the  mentioned  assembly 
takes  the  fora,  shown  in  figure  46. 

Let  us  note  that  during  the  tabular  realization  of  modular 
arithmetic  it  is  expedient  the  recoding,  connected  with  the  aodulac 
multiplication  of  the  result  of  addition  for  constant  qj'm (q^lm),  to 
provide  in  the  table  of  modular  addition,  i.e.,  at  the  output/yield 
of  module  adder  to  put  out  the  deduction,  multiplied  to  the  constant 


V 
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376 


Pig.  46.  |  m  [  -  modular  adder  on  nod  pm.  (jnZ]'  modular  adder  onmodpi,, 

(j^  -  recoling  of  type  <  «7lC  |  (fy  ~  t*®**®*  °£  type  <t-»C(r, 

IhT^T  ■  receding  of  type  <„<«,,  w, ^ 

Page  169. 

Ia  conclusion  let  us  present  illustrative  examples.  Lat  us 

select  as  the  basis  of  system  pair-wise  con  gat  ed/combined  ts.k.ch. 

(2  +  3i)  12  —  30-18,  (1+40  (1-40-1T,  (8  +  40  (8-40-28, 

(2  +  80  (2-80-29. 

Example  1.  Let  us  find  components  a  of  the  mixed  positional 
representation  of  ts.k.ch.  A,  preset  by  the  nonpositional  code,  in 
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the  canonical  deductions 

A-t-  (1  —  i,  1  +  8i,  2  —  3 i,  -7  +  6i). 

»8  will  use  A-algocitha 

1— i  l+8i  2— 3i  —7+61 
l  —Si  1—2 i  S-71  ~<x+y  |~  (*-2,3,4) 

'll  2 i  2— ii  —14+Si  I  ~  (r  =  2,3,4) 

|  2  —&  — l4+3i  ~<x+y  |  ~  (*=3,4) 

il2  8+7i  6+7i  ~<?2r*ir  (r=3,4) 

*r 

)  1 

Is  l 

n* 

Hence  we  find  tiia  unknown  representation 

A  -  (1—  f)  +  21-13  +  (6  +  71)  18-17  +  0-1S-17-25. 

Example  2.  Ts.k.ch.  A  is  preset  in  tha  pair-wise 
con jugated/combin9d  deductions 

A  -*-(6.  ft  16,  3;  23,  8;  8.  7). 

To  find  its  components  5j_,  ’ll  of  the  mixed  positional  representation.  He 

will  use  the  block  diagca*  of  A-algorith m : 

8,9  18,3  28,6  8,7  n»p«w>**po**»  («,»)— <—W  ]  f±it 

l  3,12  17,6  18,11  *±4l.  2±si 

-2,18  16,12  24,18  (DBOsyassss  cynMi,  «0MH0*esH**  m  sos- 
8,9  6,24  18,17  ctsstk  <t~ 1  |  it.  a,  as  =(4,2,9) 

l  14,11  24,6  <Ji»pMto«po*Hi(8,9)— <— W  |  tt4(  I±6( 

•  hla  18,10  8,22  Q»o*7*vn«  cyMMi,  jornostuu  n  SOS- 

7, 6  9,8  enmi  <«-»  I  bj»  =(3,12) 

i  20,26  CD  npaxoaxpona  (7 ,5)— <— W  |  j±sJ 
Si'll  00  (8)KO«7SMtt4i  cy«M* 

Stfi 

Key:  (1).  recoding.  (2).  modular  sum,  multiplied  to  constants.  (3). 
nodular  sum. 


§  8.  Operations  of  reduction  and  expanding  the  range. 
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Lat  be  preset  two  groups  of  the  pair-wise  con jugatad/com biaed 
mutually  simple  bases/bases.  Each  of  these  groups  forms  ranges 
(Q,),  (Dm),  and  in  the  set  they  fora  range  ( QuDm )• 

Page  170. 

With  the  work  with  the  numbers,  represented  by  the  nonpositional 
code,  frequently  appear  the  following  two  tasks: 

1)  number  *e(QJ  is  represented  by  remain ders/residaes  on  the 
bases/bases,  which  are  determining  range  Q„.  It  is  necessary  to 
determine  the  remainders/residues  of  number  z  on  the  bases/bases  of 
ranga  Dm\ 

2)  number  zG(QnDm)  is  represented  by  r enainders/residues  on  the 
bases/bases  of  range  (QnDm).  it  is  necessary  tc  fin4,  the 
remainders/residues  of  number  w  of  such,  in  ordar  to 

2  —  r  +  u>Dmt 

where 

re(2?„). 

Prom  the  property  of  the  invarianca  of  range  (QnDm)  it  follows 
that  wG(Qn).  The  process  of  the  solution  of  the  first  problem  it  is 
accepted  to  call  the  operation  of  expanding  the  range,  and  the  second 
-  by  operation  of  range  reduction  (Q„Dm)  to  range  (2>m) 


DOC  =  81024010 


PAGE 


Since  for  the  realization  of  any  of  these  operations  is  required 
to  anaLyze  the  content  bit  one  or  the  other  set  of  bases/bases,  they 
oust  be  related  to  the  bit  of  noneodule  operations. 

In  a  sense  these  tasks  are  a  otua  lly -re  ve  rse ,  i.e.,  the  algorithm 
of  solution  of  one  of  then  can  be  used  for  solving  another. 

Aotuall y/raall y,  let  be  kncvn  the  algorithm  of  the  operation  of 
expansion,  then  for  the  realization  of  range  reduction  it  is  possible 
to  act  as  follows. 

It  is  obvious,  the  nuaber,  represented  as  remainders/res  idues  on 
the  bases/bases  of  range  (D»),  is  equal  to  r.  widening  th9 
nonposit ional  representation  of  this  number  to  range  (Q»)  and 
subtracting  it  fro*  the  nonpositional  representation  of  nuaber  z  in 
the  range  we  will  obtain  nuaber  u>Dm,  whose  nonpositional 

representation  in  the  range  ( QmDm )  in  the  bits  according  to  tha 
bases/bases  of  range  .  (/?„)  will  contain  zero,  aultiplying  this  nuaber 
on  <  -D*1  I  qm,  represented  in  the  remainders/residues  on  the  bases/bases 
of  range  (QJ,  we  will  obtain  the  unknown  deductions  of  number  w. 
Conversely,  let  be  known  the  algoritha  of  range  reduction  and  is 
ts.k.ch.  we(QJ,  the  given  one  by  remaiuders/resid  ues  on  the 
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$St> 

bases/bases  of  range  (QJ-  It  is  necessary  to  determine 
reaainders/residues  ts.k.ch.  on  the  bases/bases  of  range  (£«)• 


He  fora  nunber  w'e(Qm)  such,  in  order  to 


Page  171. 


<W'Dm  I 


In  the  nonpositLonal  numeration  system  of  range  (QJ  this  problea  is 
solved  by  multiplication  of  ts.k.ch.  w  by  constant  <D~ljejt: 

w'  -  <  I  • 

In  the  range  let  us  consider  number  w'Da.  Its  nonpositional 

recording  is  such:  in  the  bits  alcng  the  bases/bases  of  range  (Q»)  are 
placed  the  remainders/residues  cf  number  v,  and  in  the  bits  on  the 
bases/bases  of  range  Dm  -  zero. 


Using  an  algorithm  of  reduction,  number  w' Dm  can  be  presented 
in  the  fora 

w'  Dm  =■  w  -r  rQn, 

vhere  ts.k.ch.  r  is  preset  by  remainders/residues  on  the  bases/bases 
of  range  (Dm)- 


Prom  the  lattar/last  equality  it  follows  that 

<v>\  O  =  —  <  rQ„  |  D  .  (8.1) 

Thereby  the  problea  of  expansion  is  solved,  as  it  will  be  shown 
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below,  the  described  operations  play  exceptionally  important  role  in 
the  implementation  of  such  most  important  operations  as  the 
determination  of  the  overflow  of  the  sum  of  deductions,  the  operation 
of  rounding. 

Therefore  the  development  of  the  efficient  algorithms,  which 
realize,  let  us  say,  the  operation  cf  expansion,  composes  the  central 
task  of  the  nonposit ional  numeration  systems. 

Are  described  below  cne  of  the  algorithms  (far  the  not  most 
efficient),  substantially  using  A-  algorithm. 

Algorithm  of  the  operation  of  range  reduction.  Let  be  presat 
ts.k.ch.  ze(QtDm).  It  is  necessary  to  determine  remaindars/residues  of 
ts.k.ch.  u>e(Qn)  such,  in  order  to 

z=r+wDm, 

where 

re(2?m).  (8.2) 

Applying  A-algorithm  taking  into  account  the  location  of  bases/bases 
it,  ^2#  •••#  range  (!>*),  we  will  obtain  first  n  of  the  digits  of 
the  polyadic  representation  of  number  z,  i.  a. 

Z  =  -f*  dj  -f- . . .  -f"  di  .  .  .  dm— l. 

In  view  of  the  unigueness  of  representation  of  ts.k.ch.  z  in  the  form 

(8.2),  we  consist  that 

*— (Ci  +C,  d  +  .  ■ .  -t-Cm  d,  di  ...  dm_ |) 

Dm 


U> 


(8.3) 
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Page  172. 

Thus,  the  unknown  deductions  of  number  w  can  be  obtained  at  the  a 
step/pitch  of  h-aigorithm,  used  tc  the  nonpos itional  code  ts.  k.ch.  z, 
preset  by  the  renainders/residues 

d\  dx  dm  ^  ft  4i  4b 

Tl>  ^lt  72,  °2t  «  *  «  »  T me  Qw»t  31»  a2»  ^2»  •  «  *  ♦  gn»  ?/»•. 

(-Dm)  («») 

The  block  diagram  of  this  algorithm  is  given  in  figure  47. 

Algorithm  of  the  operation  of  expanding  the  range.  As  it  follows 
from  that  presented,  the  operation  of  expansion  (Fig.  48)  can  be 
realized  on  the  basis  of  the  algorithm  of  reduction.  In  the  language 
of  A-algorithm  the  diagram  of  expansion  (Q.)  to  range  (Dm)  simply 
coincides  with  the  diagram  of  range  reduction  ( QnDm )  to  range  (Q„).  In 
this  cise  at  the  initial  moment  of  calculation  in  the  bits  along  the 
bases/bases  of  range  (Dm)  are  placed  zero,  and  the  final  result, 
obtained  as  a  result  of  transformations  on  the  diagram  of  reduction 
to  range  (Qn)  is  recoded  in  accordance  with  formula  (3.1). 

Observation.  It  should  be  noted  that  the  property  of  the 
invariance  of  the  polyadic  codes  relative  to  the  ranges  in  question 
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allows  for  the  operation  of  reduction  and  expanding  the  range  to 
implement  in  tha  following  more  general/more  common/aora  total 
setting: 

a)  to  shorten  range  (Qr)  .  to  range  (Qj)-, 

b)  to  widen  range  ( Qj )  to  range  (Q/),  where  J  -  some  subset  of  sat 
I.  r  multitude  of  indices  of  bases/bases,  which  are  determining  range 
(«/). 


Let  us  give  illustrative  examples. 

Example  1.  For  the  illustration  of  tha  operation  of  range 
reduction  we  will  use  example  2  of  §  7. 

Is  reducible  range  on  the  basis  qt=(2*3i)  (2-li).  q  2  =  ( 1  ♦  41 )  x  ( 
1  —  4 i>  .  Then  the  humidly  con juga ted/combined  cede  from 
f ull/total/complete  range  ,  g2  g3  q* 

(6,  9;  16,  3;  23,  6;  8,  7) 


is  converted: 


Vi  v*  Vi 

•)  (8,9;  6,24;  18.17' 

to  «>  ,J  «,*iv 

(7,6  9,3) 


Example  2.  Is  widened  the  range  of  the  representation  of  number 


V'  Vi  Vi  Vi 
A  +  ( 8,9  16,8  28,8  7  7) 


Fig.  47.  BLocIc  liagraa  of  algorithm  of  range  reduction  ( to 
range  (Dm). 


F/G  9/2 


/  AD-A098  402  FOREIGN  TECHNOLOGY  DIV  HRIGHT-PATTERSON  AFB  OH 

PRINCIPLES  OF  The  machine  arithmetic  of  complex  NUMBERS* (U) 

MAR  81  I  T  AKUSHSKIY*  V  M  AMERBAYEV*  I  T  PAK 
UNCLASSIFIED  FTD-ID(RS) T-0240-81  NL 


MIC  KOC  Of*Y  Rl  MM  III  ION  II  si 


Pig.  48.  Block  iiagraa  of  algoritha  of  axpansion  of  raage  (0.)  to 
range  ( Dm ). 

Page  175. 

In  accordance  with  the  block  diagraa  (Pig.  47)  we  hare 


DOC  *  81024010 


page  yp 


4i  4i  4s  4« 

0,9  10.3  23,0  0,0  (|, 

3,12  17,6  18,11  iMDeKOAHpoau  (0.9)— <—W  |  +  ,  fit  Jt 

2,15  15,12  10,11  VMyJihHaa  cyxxi  nocsa  yxxomtHH*  u  ko«- 
8,9  5,24  28,12  _  ctibtm  <f-i  |  irj»j»=(4,2,9) 

14,11  24,6  %p*KOAipoua  (8.9>— <— W  |  +  f< 

19,10  23,17  MKoxyjikixx  cyxMi  noc.ie  yNi°xnu  u  koh- 
7,5  15,1  m*ru<— 4j  |  «.2s— (3,12) 

20,20  igspeKoaxposca  (7,5)— <— IV  |  ^ 

0,27  VoflyaMux  cyMMi  nocne  ywsomeBHa  hi  kob- 
<3)  18,15  CTBBTM  <4~l  I  »  =7 

Hckomm  unwu  8,7  (Snocae  nepexcaapoixn  ■  cootmtctihh  (8,1)  h 

HMPTIP0M8M 


Key:  (1).  recoding.  (2).  tod  alar  sue  after  aulti  plication  by 
constants.  (3).  Unknown  deductions.  (4).  after  recoding  in  coaforaity 
(8.1)  and  inversion. 

/ 

§  9.  Basic  arithaetic  operations  over  t3.k.  ch.  in  the  aonpositlonal 
auaeration  systea. 


Entire  preceding  aaterlal  serves  as  basis  for  the  constroction 
of  nuaeration  systea  in  the  residual  classes  of  couple*  numbers. 

Let  ts.k.ch.  G,  =” ?i ?2  - •  •  ?»  (ik^Pk'Pk)  deteraine  the  range 

(<?.)-<•  u,. 

which  we  will  call  basic  (or  worker). 

IE  ts.k.ch.  2 e(Q„‘),  then  it  is  unaabigaously  represented  by  the 
systea  of  the  reaainders/residnes 

4l  4«  4a 

*  "*■  (®1*  ?l!  ®1»  Pj»  *■»  ?«)• 
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The  operations  of  addition  and  aultiplicatton  above  ts.  k.ch. 
*lf  *,e(Q.)  are  iapleaented  aodularly,  Ls.f  if 

Pi*;  ■?».  Pi1’;-;  *1”.  P‘.\ 

*«-*-<«?.  Pi*;  »i*.  Pi*;...;  «<*,  Pi*). 


then 


and 


whare 


*»;  7»,  5,;...;  t..  a«) 


jj « 7j  -t-  (5j,  Ct;  Ij,  w*; . . . ;  Ca), 


r.-< .?  -i-.'.*  i  ;t.  5.-  <  f.” +C  i  f„. 

s. I  ;,.c.-<«,-ci  5. 

in  this  case  as  a  result  is  obtained  correct  ts. Ic.ch. »  if  result  of 
operation  will  be  found  in  the  range  (Qa),  if 


+  and. 


Page  176. 


otherwise  the  rasponse/ansver  will  differ  froa  true  in  teras  of 
aultiple  (Qa). 

Ezaaple.  .0,-18 .  it  •  at  •  aa. 

(0 Uycn  *1— 16+21i-Hl,8;  14,16;  16,12;  24.®) 
turn  i,— 8+W-H12.T;  10,16;  11.20.  18.1T), 

«wm  *i+*rM0,10;  T,1 2;  4,T,  18.28) 

**  Qm  «i.*rV<l2.a.  4.4;  28.11-  26,18). 
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P 

Key:  (1).^(2).  and.  (3).  than. 

It  should  be  noted  that  for  the  nodular  arithaetic  the 
characteristically  in  general  following  property: 

if  certain  cos  plicated  operation  13  represented  by  the  sequence 
of  sodular  operations  and  in  this  case  the  result  of  complicated 
operation  belongs  to  range  (<W.  then  independent  of  possible 
outputs/yields  for  the  range  in  the  intermediate  stages  the  result  of 
coaplicated  operation  will  be  true. 

ihen  result  of  operation  falls  outside  range,  appears  the  need 
for  restoring/reducing  true  result. 

Usually  this  concerns  the  operation  of  addition.  Relative  to  the 
operation  of  aultiplication  it  is  assuned  that  either  the  multipliers 
are  scaled  in  such  a  way  that  does  not  appear  the  overflows  for  the 
basic  range  or  there  is  surplus  range  over  the  basis,  which  nakas  it 
possible  to  aaintain  the  correct  result  of  product. 

In  the  fir3t  case  it  is  necessary  to  worry  about  the  scaling  of 
the  cofactors  before  each  aultiplication,  the  secondly  -  operation  of 
aultiplication  to  accoapany  by  the  procedure  of  rounding.  8oth  these 
of  process  by  nature  their  are  equivalent.  As  a  rule,  the  first  case 
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answers  work  TsV n  digital  computer]  in  the  so-cal lad 

aode/conditions  of  fixed  point,  the  secondly  -  in  the  ■ ode/conditio ns 
of  floating  point.  However,  in  the  first  case  all  possible  overflows 
with  the  multiplication  previously  are  considered  and  are  eliainated 
by  ptograaaer  by  the  corresponding  scale  factors,  introduced  into  the 
prograa.  In  the  second  case  this  role  autoaat ically  performs  Tsvn.  In 
connection  with  whicl^  is  required  further  tiae  and  equipaent.  Hence 
it  becoaes  clear,  that  the  best  result  on  the  high  speed,  obtained 
due  to  the  deparallelization  of  arithaetic  operations  by  the  aethods 
of  the  nonpositional  nuaeration  systeas,  should  be  expected  in 
essence  with  tha  work  in  the  node /conditions  of  fixed  point. 

Page  177. 


Let  us  considar  questions  of  overflow  with  the  addition.  Are 
possible  two  foras  of  nonpositicnal  representation  of  ts.k.ch. 
depending  on  whather  are  chosen  as  p.s.v.  the  seallest  or  least 
positive  residues.  Let  us  consider  at  first  the  case  of  the  saallest 
deductions.  Range  is  deterained  by  set  ts.k.ch.  x*iy,  real  and 
alleged  parts  of  which  satisfy  the  condition 

0<*<  Q„ 

0  <  p  <  Q,. 

Here  in  order  to  contain  the  syeaetry  of  the  integral  network  of 
coaposite  plane,  it  is  necessary  to  introduce  concept  the  coaposite 
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sign  of  a  nuaber.  which  is  represented  by  one  of  the 
dividecs/denoainators  of  unity.  Then  eoaplex  integers  are  registered 
in  the  fora 

*  —  where. 

which  we  will  sail  the  sign  fora  of  the  representation  of  coaplex 
nuabers.  in  this  case  is  coaplicated  the  operation  of  addition,  since 
appears  the  need  for  considering  sign  situations. 

Let  us  pause  in  greater  detail  on  this  question. 


Let  be  preset  two  ts.k.ch. 

wt,  zx  —  i**  w*  (u>t,  w,  e  Qa), 

aoreover  al^a2,  then 


where 


*1+**  — <*'(»!  + (9.1) 


P  *■  I  a*  —  *i  I  *  • 

Let  w2*  A24>iB2  (Az«  B2>0)  .  then  be  obvious. 


Key:  (1).  if. 


+  ec^s  •  —  1 

(G,  —  A*)  -f- 1  (Q»  — A),  ec jih  u»-»2 
•Bj  + 1  (Q.  —  Aj),  tui  u»  —  3. 


Page  178 
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In  the  reminder  s/residues  these  nuabers  respectively  take  the 

;k. 

<<*(A,  +  IW  1  h"<rp*i7** 


i.).,  aultiplicitioa  of  ts.  k.ch.  w  on  the  degree  of  the  iaaginary 
unit  in  the  nonpositicnal  representation  they  answer  three  types  of 
recodings,  with  the  use  of  an  isoaorphi3a  of  coaposite  deductions  to 
real  deductions  these  recodings  take  the  fora:  if  a*x+lyr  then 

< r «*  1  ;<=*>  1  p;  <*+?»?  1  *,<-*> <  «*'  1  ,V 

where  p*  -  coefficient  of  isoaorphise,  which  corresponds  to 
aodulus/aodule  P*  Let  now  vt»it*lBt  (At#  B,>0),  then,  being  returned 
to  son  (9.1),  we  note  that  are  possible  the  following  situations: 


u»!  +  ™  Aj  +  tBi  + 


—  Bt  +  Att,  5aH«F*l 


—  At  —  Si  e£5x  ?  —  2 
Bj  —  Ail,  ec^H  ®=»3. 


Key:  (1)  .  if. 


The  result  of  this  operation  will  be  registered  in  the  sign  fora  and 
will  be  indicated  the  value  of  overflow  for  range  (2Q„~  if  overflow 
occurred. 


Case  »* 1.  to  non positional  exponent  ac it beetle  -  b8  is 
represented  by  nuaber  Bj'  —  Q. — B*  therefore  we  will  have 

(A,  +  lBt)  +  (fl,'  -r  iAt)  -  (At  +  «,')  +  /  (B,  +  Ad  - 

+  (92) 
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where  C,  D>0. 


The  value  of  overflew  »1  can  take  the  values: 


ij  = 


0 

1 

i 

1  +  t. 


It  should  be  noted  that  value  u  is  not 
overflow  of  the  real  complex  quantities, 
non posi tional  code  in  the  sign  fora. 


erect  iaage  of  the  actual 
represented  by  the 


Value  besides  inforaation  about  the  possible  actual 
overflow,  contains  also  inforaaticn  about  the  available  sign 
combinations.  In  connection  with  this  should  be  analyzed  all  possible 
coebi  nations. 


Page  179. 


Le.'t  i1*)-  This  aeaas  that  actually  occurred  situation  At<B*  and 
0  <  Bi  +  At  <  Qn,  true  sue  (with  8*1)  takes  the  fore 


w,+iw,-.— c’  +  Dt,  ujhes**  C'-Q,  — C. 


Let  us  register  the  obtained  sua  in  the  sign  fora  - 
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Basalt  can  ba  reduced  to  the  following  table. 


1 

L  tn 

IIep«iioji«e- 

m 

ITepiicoW 
pots*  mo- 
xyjhiol 
CyMMM 

C3) 

3ux  Mm- 
not  eymMu 

W) 

IS) 

t-1.  1-0 

Her 

y MHOXMTk 

Ht  (+i3) 

i 

Key :  (1).  Overfilling.  (2).  Seceding  of  aodular  sua.  (3).  Sign  of 
true  sue.  (4).  Mo.  (5).  To  aultiply  on  (♦i3). 

Siailarly  can  be  traced  all  regaining  situations.  It  reaains  to 
consider  the  algorithm  of  the  determination  of  overflow  for  the 
nuabers*  raprasantad  by  the  nonpositional  code.  Froa  the 
relationship/ratio  of  type  (9.2)  for  tha  arbitrary  u  follows  that  for 
the  catching  of  overflow  through  range  (Q.)  is  necessary  the 
redundancy*  determined  by  aodulus/aodule  2. 

Thus*  in  tie  nonpositional  representation  of  nuaber  z‘e(Q«)  aust 
be  present  surplus  coaposite  deduction  of  this  nuaber  on  nod  2.  Let 
us  designate  it  through  e,  j.t. 


Let 


<  I  *  — »». 

«  i-  w,  |  |  *  —  *2, 


then*  passing  froa  equality  (9.2)  to  tha  coaparison  on  aod  of  2*  wa 


PAGE 


I 

1 
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obtain 

\t- 

Hence  it  follows  that 

<  q;'«  «t+«,  i  +-  <  c+ Dt  i ;>  i j.  (9.3) 

In  the  latter/last  foceula  figures  the  induction  of  the  aodular  sua 
C *Di  on  aod  2.  It  ran  be  obtained  only  by  the  expansion  of  the 
nonpositional  representation  of  sun  C  +  IXe(Da)  to  surplus  basis/base 
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Kay.r  (1).  overflow.  (2).  Value  of  overflow.  (3).  Recoding  of  modular 
sue.  (4).  Sign  of  truths,  of  sub.  (4a).  Ho.  (5).  It  remains 
constant/invariable.  (6)  .  On  real  part.  (7)  .  on  iaaginary  part.  (8)  . 
On  r9al  and  alleged  parts.  (8).  To  multiply  on. 

Page  181. 

Thus,  any  checking  to  the  overflow  of  addition  requires  the 
execution  of  the  nonmodule  operation  of  expansion,  and  the  algorithm 
of  the  determination  of  overflow  is  form  ed/shaped  in  accordance  with 
equality  (9.3). 

With  the  work  in  the  mode/ conditions  of  floating  point  usually 
it  is  necessary  to  know  the  value  of  actual  overflow,  and  result  to 
present  in  the  fora  accepted.  In  connection  with  this  let  us  consider 
the  case  when  appears  actual  overflow. 

Case  »=0  and  T(=l.  on  the  basis  cf  the  relationship/ratio  cf  type 
(9.2),  we  see  that  the  overflow  occurs  in  the  real  part  of  the  3um, 
in  this  case  value  n  is  the  actual  value  of  overflow  for  the  sue  of 
fora  (9.2). 

Case  w=1  and  r,=<.  In  accordance  with  the  previously  case  «=1  and 
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n  =  Oaxi«ined  we  will  have 

u>i  +  =“  l  (D  -j-  C'  i)  +  i<3„ 

i.e.,  value  ix‘  Is  here  again  the  value  of  actual  overflow. 

&  sinilar  analysis  of  all  possible  situations  leads  to  the  table 
of  overflows  (see  page  180;  one  should  again  recall  that  the  table 
concerns  onl  the  sues  of  fore  wl+tmwi,  whereio1,u>ie(2),)).The  eajor 
advantage  of  woclc  with  the  least  non-negative  residue  consists  only 
of  a  sealler  quantity  of  samples  of  overflow  with  the  addition,  which 
undoubtedly  creates  soee  conveniences  for  the  engineering  realization 
of  the  corresponding  devices/eg uip sent  on  two-discrete 
ele sent s/cel Is. 

In  order  to  avoid  the  analysis  of  3ign  situations  with  the 
addition  and  at  the  saae  time  tc  preserve  the  advantages  of  the 
saallest  non-negative  deductions,  it  is  possible,  sinilar  this  is 
done  in  the  class  ts.  k.ch.#  to  introduce  the  concept  of  "artificial 
sign".  However,  with  this  appears  the  need  for  the  introduction  of 
farther  procedures  to  the  processes  of  rounding  in  order  to  preserve 
the  artificial  3ign  of  the  unknown  result.  These  questions  here  will 


not  be  detailed 
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Considerable  advantage  in  the  iaplaaentation  of  many  most 
iaportant  operations  of  coaposite  arithaetic,  such,  as  aultiplication 
by  the  d ivider/denoainator  of  unity,  tha  operation  of  coaposite 
coupling,  the  absence  of  the  need  for  analyzing  sign  with  ts.k.ch. 
with  addition,  ate.,  give  transition  to  tha  exaaination  of 
reaainders/residues  in  the  class  of  a.n.v.  However,  a  quantity  of 
saaples  of  overfilling  with  the  addition  here  increases  doubly 
against  the  case  of  p.s.  v.  It  is  necessary  to  note  that  for  the 
tabular  realization  of  aodular  operations  this  fact  does  not  have 
vital  importance. 


Thus,  let  us  pass  to  the  exaaination  of  the  case  of  the  least 
positive  residues  and  subsequently  all  arithaetic  operations  we  will 
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sxaaina  in  tha  class  of  the  least  positive  residues  (Pig.  49)  . 

In  the  class  of  a.n.v.  "composite  sign"  ts.k.ch.  is  inscribed  in 
the  nonpositional  recording  of  a  nuaber  and  in  the  quite 
nonpositional  arithaetic  interest  us  vill  not  be. 


and 


x  +  (*i,  Pi!  ®j«  Pi!  •  •  • !  «»»  P»)» 


where 

a*e<*  I  7»’  ?»e<*  I  7k  (!<*<«)• 

It  is  obvious  that  for  detereining  the  composite  sign  of  a 
nuaber,  preset  by  the  nonpositional  code,  it  is  necessary  to 
translate  it  into  the  positional  code,  for  exaaple,  polyadic. 
Actually/really, 

*«<«.) 


and 

+  +  +  !*-«•  0*  ^  *)•  (®-4) 


where 

aoreover 

C.*0. 

Lat  it  be  further 


*-A'  +  Vl 
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Consequently,  the  coaposite  sign  of  nuaber  z  is  determined  by 
the  composite  sign  of  the  more  significant  digit  of  the  polyadic 
disintegration  of  nuaber  z. 

-A*" 

Let  us  consider  the  case  when  zs<yB*0.  x.^Oand  yM=0.  Then 

— —  —  A 

for  determining  the  sign  of  nuaber  8*  w»  aust  know  the  sign  of  the 
senior,  different  froa  zero,  the  digit  of  the  disintegration  of  real 
nuaber  B*  into  the  polyadic  cede.  Hence  it  follows  that  the 
infocaation  about  the  sign  ts. k.cb.  z  can  be  obtained  froa  the 
expansion  of  ts. k.ch.  z  into  the  polyadic  code,  since  the  combination 
of  the  signs  of  nnabers  A*,  B '  uniquely  deter  nines  sign  of  ts.k.ch. 
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som  operations,  characteristic  for  the  arlthaatics  of  ts.k.ch., 
which  do  not  derive/conclude  nuabar  z  for  range  {Qm)-  A  nuaber  of  such 
operations  includes  the  aulti plication  of  number  z  by  the 
divider/denoainator  of  unity. 


If 


*-*-(*i,  Pi;  »*,  Pj;...; 


then 

<•*-(<•« t.  <*Pi;  <"■«.  rp,;...;  *•«.,  fp.)e(C.). 


Taking  into  account  that  a.n.  ».  they  represent  by  the  code 

®*  ”  ®*  P»  “  »»* 

deductions  <“*»,  take  the  fora 

*“  **  —  I  **  +  •  I  4  **,  —  I  IB*  +  •  |  * 

i.a.,  aulti  plication  of  ts.  k.  ch.  z  on  *•  is  reduced  to  the 
appropriate  change  in  the  orders  cf  deductions,  their  aantissa  in 
this  case  they  ceaain  constant/inwariable . 


Juap  operation  to  the  con jugated/coabined  nuaber.  On  the 
reaainders/resiiues  of  ts.k. ch.  z  it  is  necessary  to  construct 
reaainders/residues  of  ts.k.ch.  z".  Let  us  consider  canonical 
deduction  ts.k.ch.  z: 


*»  “  **  m»  Pi  4-  P*  Pi  —  ?i  g*. 
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Hence 


«*»  —  «»»»  P»  +  f»  mkpk  —  r^t, 


i,i(f  tha  pair  of  reaainders/residues  «*,  ?*,  which  is  deteraining 
canonical  deduction,  with  the  Juap  operation  to  tha 
con jugated/coabLaed  nuabar  is  convartad  into  pair  (ft,  *k).  In  othar 
words. 


«*)• 


Page  184. 


This  transforaation  raqairas  tha  cparation  of  racoding.  Tha  function 
of  encoding  can  ba  deterained,  on  tha  basis  of  tha  principle  of 
isoaorphisa.  La t  us  consider,  for  axaeple,  tha  function  of  racoding 
of  basis/basa  iv  Proa 

*»  +  <v*<a“>  !  *»  +  p*p*  | 

whera  p»  -  coefficient  of  isoaorphisa,  which  corresponds  to 
basis/basa  it  follows  that 

x*  -*y*  <*s>  I  **  -  Pklfk  I  ^  I  +  . 

where  7*  -  coefficient  of  isoaorphisa,  which  corresponds  to 

basis/basa  p„ 

Algoritha  of  tha  deteraination  of  overflow  with  tha  addition  in 
tha  class  of  a. n.v.  Since  overflow  with  the  addition  in  the  class  of 
a.a.v.  is  characterized  p.s.a.n.v.  on  nod  3,  than  for  iaterainlag  tha 
overflow  through  range  (Qm)  it  suffices  to  have  surplus  basis/basa. 
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equal  to  3. 


Let  *i.  *i®<*  I  9  »  then 


where 


ii-4-a,  —  w  +  V$«,  (9.5) 

»e<  •  I  aa.  -ri 6  < •  I 


Passing  in  equality  (9.5)  to  the  comparison  on  aod  of  3,  we  will 
obtain 

■'  -  «•»  i  r+<  *  i  r  i  t-«»  i  r+*<  « i  r  i  r. 

Hence  the  value  of  overflow  is  deterained  froa  the  forsula 

Deduction  <  »  |  "  is  obtained  by  the  expansion  of  the  representation 
of  nodular  sub  to  basis/base  aod  3. 


The  block  liagraa  of  this  algoritha  is  shown  in  figure  50. 

Exanple.  Basic  range  of  systea  q.  =  1317  2a. 

Constants:  < 97* 1  f -  —  1;  -ia-i7» (■•h*)-  —  2. 

<  U  *  |  tTJM  “  i  i)» 

<lt~l  « 


Pig.  50.  Block  Jiagraa  of  algorithm  of  deteraination  of  value  of 
overflow. 


operation  of  expansion. 


i ut  1  -  the  operation  of  the  recoding  of  deduction  <»|f  by  the 
deduction  of  opposite  sign. 


1  uit  1-  the  operation  of  the  aultiplicabioa  of  deduction  to  constant 
<®J"1 1 r*  at  the  output/yield  of  this  blook  is  obtained  the  valae  of 
overflow. 


DOC  »  81024010 


PAG! 


Pag*  186. 


To  deteraine  to  re-divid*  overflow  with  the  addition  of  the  nuabers 


13  17  25  3 

*!-t-  (7.10;  0.8  ;  15.9;  —1+0 

*r*-  (0.3  ;  5.11;  24,5;  1+0 


According  to  block  diagram  (Pig.  48),  wa  have: 


*i  -t-7.10; 

0 

18,% 

-1+i 

*j  -<-8,3; 

».il; 

34,  * 

1+i 

W-4-0,0; 

~6>. 

14.14; 

—  i 

0,<fc 

14.14; 

0 

*X 

3.3; 

0 

4.2; 

i 

7.5; 

i 

21.15; 

—i 

1+i 

1 

l(-2)-l 

__  . 

-l  — <irir 

final  overflow  is  such: 

,  -  [«' + <_  <  w  i  pj  <  «-1  i  r  -  (- 1  - 1)  (- 1)  - 1 + i. 

In  conclusion  let  us  present  one  translation  algoritba  of 
nonpositional  representation  of  ccaplex  numbers  into  the  positional. 

Let  *«<•  I  #.• 


It  is  necessary  to  deteraine  the  digits  of  the  positional 
representation  of  the  number 


(9.6) 
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where 

S*e<*  IT- 

For  this  purposa  it  is  necessary  to  assuae  that  in  the  bases/bases  of 
range  (Q.)  is  included  basis/base  g.  In  this  case,  obviously,  the 
deduction  of  ts.  k.ch.  z  on  basis/base  g  deter  sines  the  low-order 
digit  of  representation  (9.6).  For  daternining  the  following  digit 
we  convert  (9.6)  to  the  fora 

^-n  +  ^  +  .-.  +  C.  <r . 

i.e. 

'  = <-  *=ar 
M  <  «  1,  • 

Page  187. 


In  the  language  of  the  nonpositional  representation  of  nuabers  this 
operation  appears  as  follows: 

1)  froa  nuaber  z,  preset  by  the  nonpositional  code,  is 
subtracted  ts.  fc.ch.  5o#  represented  by  the  nonpositional  code  on  all 
bases/bases  of  range  (Q,); 


2)  the  obtained  nuaber  is  divided  into  q,  this  operation  is 
iaplaaented  by  the  aodular  aultiplication  of  the  result  of  the 
previous  operation  on  ts. k.ch.: 


l  «„«-*-<<  f1 1  „•  <f  1 \j} 


As  a  result  we  will  obtain  the  nuaber 
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<  —  ’*o)  I  ,n,. 

represented  by  its  remainder  s/residues  in  the  range  QJq\ 

3)  let  us  expand  this  representation  to  base  g.  The  obtained 
deduction  on  basis/base  q  will  determine  digit  5. 

Continuing  this  process  consecutively/serially ,  we  will  obtain 
all  digits  of  rapresentatlon  (9.6) . 

The  block  diagram  of  tbe  described  operation  is  shown  in  figure 
51. 


Example.  Transfer  number  A- (4,  11;  5,  3;  1,  23;  3,  1)  from  the 
non positional  system  with  the  pair-wise  con jugated/combined 
bases/bases  13=  (2*31)  •  (2-31),  17=(1*4i)  •  (1-4i)  ,  29=  (2*5i)  •  (2-5i)  , 

10*  (1  ♦  31)  •  ( 1-3i)  into  the  ordinary  decimal  system.  The  composite 
digit  of  unity  of  decimal  representation  of  a  number,  obviously, 
corresponds  to  deductions  on  the  bases/bases  I0=(i*3i)  (i-3i),  i.e. 

<Wl5“l  +  8' 

Composite  digit  with  first  degree  of  10  is  determined  according  to 
block  diagram  (Pig.  49): 
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IS 

IT 

SO 

10 

+*-u 

+8.9 

5.3 

S.l 

1.33 
ST.  IT 

8.1 

(rt  aopMOxapona  <—(8,1)  I  j-jj.  i-n,  2.  w 

T.T 

S.2 

T.4 

18.14 

S8.ll 

28-4 

njwH'aajiT*****1*  »  p«yafct«Te  coitpomewM 

'  fUUKii  nm  wkmto  10 

.  1ft. IS  ST. ST  8.S  <~ 2  I  i-*i.  2_si.  It.U 

+14.1S  S47s  STs  „  _t , 

5.14  13-18  8.8  (jn»p*KO«iipo»«*  <  (* — -o«  <  a«  * 

+18.11  8.2  Qn*p**MWPo»*»  <— (5,14)  Ij.ji, 

04)  3-8  (Kyi***  ,v  . 

5.4  0WPM»A*1X>»**  <(*—■)  T  I  «i»  « 
13-lT-l  (mod  10) 
l*(8.4)m8.4  (mod  10) 

10-«»4 
10 — 4=8 

Hni,  BCKoaoe  <t«cao:  <4,8  i  to  =  5  +  *• 


Kay:  (1).  recoding.  (2).  sun.  (3).  code,  obtained  as  a  result  of 
ranga  redaction  to  basis/base  10.  (4).  Thus,  unknown  quantity. 
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13 

17 

29 

10 

2.2 

16,14 

28,4 

4.6 

+  10,8 

0,7 

17,2 

12.8 

16,4 

14,6 

9,6 

5,14 

13.18 

+12,8 

18,11 

6.2 

0,0 

0,0 

8.2 

ko4  nocjie  coKpamcHKH  ha  ocuoiaHwe  10 


2,4  ^fiepe«o*Hpo»K»  <(*— V>)  «_1  I  9.1 » 


13*3  (mod  io) 
3,(2,4)=8,2  (mod  10) 
10-8-4 
10—2-8 


Key:  (1).  recoding.  (2).  code  after  reduction  to  basis/base  10. 
Therefore  the  unknown  digit  is  equal  to  <  43 1  0=,i~i, 

Thus,  unknown  quantity  is  equal 

(1  +  i)-10*  +  (5  +  30-10'  +  (7  +  20-10*  =  157  4-  132i. 

Actually/really, 

13  17  29  10] 

157  +  132t-K(l  +  21.  4  — 40  12-131,  7  +  21.)  -(4.11;  5,3;  1.23;  3.1). 

§  10.  Arithmetic  of  fractional  coaplex  numbers. 


The  sat  of  the  fractions  of  the  fora 

a  =  «7’  (10.li 

where  ts.k.ch,  e<*le,  is  foraed  the  range  of  the  fractions, 
subordinated  to  the  liaitation 


—  -j*  <  Ba  a,  Im  a  <  . 


Nuaerator  z  of  each  such  fraction  as  ts.k.ch 


belonging  to  range 
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(Q,),  let  us  unaabiguously  represent  in  absolutely  saallest 
c eeainders/residues  on  the  bases/bases  of  range  Q„. 

Page  190. 


Since 


ai  4-«j 


“cT"’ 


57’ 


then  all  described  above  algorithes  apply  to  operations  with  the 
fractions  of  fora  (10.1). 


Operation  of  aultiplication.  We  have 


_  _  *i  *5  *r*s 

—  Qn  *Qb  —  • 

(10.2) 

Let 

2l’z2  ~  »  +  U>Qn* 

(10.3) 

where 

(10.4) 

Proa  (10.3)  and  (10.4)  on  the  strength  of  the  fact  that  Q„ 
real  nuaber,  follows  that  »e(Qn). 


Han ce  (10.2)  it  is  possible  to  rewrita  in  the  fora 


or 


o1*a2 


L 
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w  | 2  ^  1 

ai'a2  Q„  I 

Latter/last  evaluation  indicates  magnitude  of  error  which  appears 

Z  .*J 

during  the  replacement  of  fraction  "gp  to  the  fraction  of  for*  (10.1) 

u> 


Thus,  the  operation  of  the  eulti plication  of  fractions  aust 
contain  the  procedure  of  rounding  which  is  expressed  disregarding  by 
value  5  of  relationship/ratio  (10.3).  Let  us  paraphrase  now  these 
calculations  for  the  language  of  residual  classes. 

In  order  to  hold  dcwn/retain  the  value  of  the  product  of  two 
arbitrary  ts.k.ch.  range  (Q»),  are  necessary  certain  surplus  range  (Dm)» 
such  that 

Let  us  assuae  that  such  a  surplus  range  (Dm),  formed  by  bases/bases 
D„=*dldi...du,  is,  multipliers  z(  and  zz  are  represented  by 
reaainders/residues  in  the  range  Then  their  aodular  product 

will  determine  the  true  value  of  product  z^zj,  since  z^eCD*)-  Proa 
(10.3)  it  follows  that 

C  —  <  *,-*j  I 

i.e.,  5  is  represented  by  the  reaainders/residues  of  product  z4*za  on 


the  basas/bases  of  range  Q „■  widening  the  representation  of  a  number 
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C  to  the  basis/base  (D„)  2nd  Tubbrnctinf  it  rro-i  bh®  r.'-tmov*  bicn*». ?. 

«i»p»gser.tst1/)n  of  amber  Z|'Z{f  we  will  obtain  Quebec  u>'Qm, 
represented  by  cesainders/residues  on  the  bases/bases  of  range 
(Q„Dm),  where  in  the  bits  on  the  bases/bases  of  range  (Q„)  are 
arranged/located  zero. 


Pig.  52.  Block  diagram  of  multiplication  of  fractions. 

Pago  192. 

Reducing  this  nunbar  on  Q„  we  will  obtain  nuaber  w,  rapresented  by 
renainders/residues  on  the  bases/bases  of  range  Dm.  widening  the 
non posi tional  representation  of  nuaber  w  to  range  Q »>  we  will  obtaia 
the  expression  of  the  unknown  value  w  in  the  renainders/residues  on 
the  bases/bases  of  range  (Q„£*)-  By  thisr  strictly,  and  is  coaplatad 
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the  algorithm  of  the  au ltiplica tion  of  the  fractions,  accompanied  by 
the  procedure  of  rounding.  The  block  diagram  of  this  algoritha  is 
given  in  figure  52.  It  is  assuaed  that  the  nuaerators  of  fractions  of 
fora  (10.1)  are  represented  on  the  bases/bases  of  ranga  (Q„D «)■ 

observation.  As  is  known,  in  the  positional  arithmetic  basic 
production  tiaa  of  oultiplication  is  absorbed  by  the  very  procedure 
of  aultiplication.  The  process  of  rounding  is  hare  iaplaaented 
automatically.  For  the  nonposit ional  arithaetic  in  the  residual 
classes  the  picture  is  opposite. 

The  procedura  of  aultiplication  is  implemented  in  the  ainiaua 
tine  (for  one  aodular  stroke/cycle  of  aultiplication),  whereas  basic 
tiae  by  the  fulfillment  of  the  entire  operation  of  aultiplication  as 
a  whole  occupies  the  procedure,  connectad  with  the  need  for  the 
rounding  of  result.  Since  the  fundaaental  principle  of 
deparallelization  requires  reduct icn  to  tha  ainiaua  of  a  number  of 
nonaodule  operations,  then  aaxiaua  priza  in  the  tiae  in  the 
nonpositional  arithaetic  of  residual  classes  can  be  achieved /re  ached, 
for  example,  during  the  calculations,  which  consist  of  a  large  nuabec 
of  suas  of  tha  products 


since  the  process  of  calculations  here  can  be  organized  so  as  to 
aodularly  store  aodular  products,  and  in  the  coapletion  of  this 
operation  to  only  pass  to  the  procedure  of  rounding. 
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ACHMENT  1 

LES  FOR  CONVERSION  OF  CANONICAL  RESIDUES  INTO  RESIDUES  BY  MODULE 
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mod  2  +  31 


6 

8 

4 

8 

2 

1 

0 

—1 

-2 

-3 

—4 

—5 

- 5 

« 

0.2 

1.8 

2.1 

2.8 

0.8 

0.1 

3.3 

2.2 

1.2 

1.1 

0.0 

3.1 

3.2 

5 

0.1 

3.8 

2.2 

1.2 

1.1 

0.0 

3.1 

3.2 

0.2 

1.3 

2.1 

2.3 

0.3 

4 

0.0 

8.1 

8.2 

0.2 

1.8 

2.1 

2.3 

0.3 

0.1 

3.3 

2.2 

1.2 

1.1 

8 

2.1 

2.8 

0.8 

0.1 

3.3 

2.2 

1.2 

1.1 

0.0 

3.1 

3.2 

0.2 

1.3 

2 

2.2 

1.2 

1.1 

0.0 

8.1 

3.2 

0.2 

1.3 

2.1 

2.3 

0.3 

0.1 

3.3 

1 

8.2 

0.2 

1.8 

2.1 

2.3 

0.3 

0.1 

8.3 

2.2 

1.2 

1.1 

0.0 

3.1 

0 

0.8 

0.1 

8.8 

2.2 

1.2 

1.1 

0  0 

3.1 

3.» 

0.2 

1.3 

2.1 

2.3 

—1 

1.1 

0.0 

8.1 

3.2 

0.2 

1.3 

2.1 

2.3 

0.3 

0.1 

3.3 

2.2 

1.2 

—2 

1.8 

2.1 

2.8 

0.3 

0.1 

8.3 

2.2 

1.2 

1.1 

0.0 

3.1 

3.2 

0.2 

-8 

3.8 

2.2 

1.2 

1.1 

0.0 

8.1 

3.2 

0.2 

1.3 

2.1 

2.3 

0.3 

0.1 

— 4 

3.1 

3.2 

0.2 

1.8 

2.1 

2.3 

0.3 

0.1 

3.3 

2.2 

1.2 

1.1 

0.0 

—6 

2.8 

0.8 

0.1 

8.8 

2.2 

1.2 

1.1 

0.0 

3.1 

3.2 

0.2 

1.3 

2.1 

— « 

1.2 

1.1 

0.0 

3.1 

8.2 

0.2 

1.3 

2.1 

2.3 

0.3 

0.1 

3.3 

2.2 

mod  2—31 


6 

S 

4 

8 

2 

1 

0 

—1 

-2 

—3 

—4 

—5 

—6 

1  , 

8 

1.2 

1.1 

0.0 

8.1 

8.2 

2.2 

0.3 

0.1 

3.3 

1.3 

2.1 

2.8 

0.2 

t 

i  ; 

6 

8.3 

1.3 

2.1 

2.3 

0.2 

1.2 

1.1 

0.0 

3.1 

3.2 

2.2 

0.3 

0.1 

l- 

4 

8.1 

3.2 

2.2 

0.3 

0.1 

3.3 

1.3 

2.1 

2.3 

0.2 

1.2 

1.1 

0.0 

r 

8 

2.3 

0.2 

1.2 

1.3 

0.0 

3.1 

3.2 

2.2 

0.3 

0.1 

3.3 

1.3 

2.1 

2 

0.3 

0.1 

8.3 

1.8 

2.1 

2.8 

0.2 

1.2 

1.1 

0.0 

3.1 

3.2 

2.2 

?: 

1 

1.1 

0.0 

8.1 

3.2 

2.2 

0.3 

0.1 

3.3 

1.3 

2.1 

2.3 

0.2 

1.2 

0 

1.3 

2.1 

2.8 

0.2 

1.2 

1.1 

0.0 

3.1 

3.2 

2.2 

0.3 

0.1 

3.3 

h 

—1 

8.2 

2.2 

0.8 

0.1 

s.s 

1.8 

2.1 

2.3 

0.2 

1.2 

1.1 

0.0 

3.1 

H 

—2 

0.2 

1.2 

1.1 

0.0 

8.1 

8.2 

2.2 

0.3 

0.1 

3.3 

1.3 

2.1 

2.3 

f 

—8 

0.1 

3.8 

1.8 

2.1 

2.8 

0.2 

1.2 

1.1 

0.0 

3.1 

3.2 

2.2 

0.3 

1  i 

4 

0.0 

3.1 

8.2 

2.2 

0.8 

0.1 

3  3 

1.3 

2.1 

2.3 

0.2 

1.2 

1.1 

; 

—5 

2.1 

2.3 

0.2 

1.2 

1.1 

0.0 

3.1. 

3.2 

2.2 

0.3 

0.1 

3.3 

J  .3 

—8 

2.2 

0.3 

0.1 

3.3 

1.3 

2.1 

mod  1+4  i 

2.3 

0.2 

1.2 

1.1 

0.0 

3.1 

3.2 

A  \ 

8 

7 

8 

5 

4 

8 

2 

1 

0 

—1 

—2 

—3 

—4 

—5  -8 

-7 

-8 

8 

0.4 

0.2 

2.2 

2.4 

1.4 

1.8 

2.1 

2.8 

1.2 

1.1 

0.0 

3.1 

3.2 

0.3 

0.1 

3.3 

3.4 

7 

0.8 

0.1 

3.8 

8.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

2.3 

1.2 

1.1 

0.0 

8.1 

3.2 

8 

1.1 

0.0 

3.1 

8.? 

0.8 

0.1 

8.3 

8.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

2.3 

1.2 

6 

1.3 

2.1 

2.3 

1.2 

1.1 

0.0 

3.1 

3.2 

0.3 

0.1 

3.3 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

4 

0.2 

2.2 

2.4 

1.4 

1.8 

2.1 

2.8 

1.2 

1.1 

0.0 

3.1 

3.2 

2.2 

0.1 

3.3 

3.4 

0.4 

3 

0.1 

8.3 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.8 

2.1 

2.3 

1.2 

1.1 

0.0 

3.1 

3.2 

0.3 

2 

0.0 

3.1 

3.2 

0.8 

0.1 

8.8 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

2.3 

1.2 

1.1 

1 

2.1 

2.8 

1.2 

1.1 

0.0 

8.1 

8.2 

0.8 

0.1 

3.3 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

0 

2.2 

2.4 

1.4 

1.3 

2.1 

2.8 

1.2 

1.1 

0.0 

3.1 

3.2 

0.3 

0.1 

3.3 

3.4 

0.4 

0.2 

—1 

3.3 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

2.3 

1.2 

1.1 

0.0 

3.1 

3.2 

0.3 

0.1 

—2 

3.1 

3.2 

0.3 

0.1 

3.3 

8.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

2.3 

1.2 

1.1 

0.0 

—8 

2.8 

1.2 

1.1 

0.0 

3.1 

3.2 

0.3 

0.1 

3.3 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

—4 

2  4 

1.4 

1.3 

2.1 

2.8 

1.2 

1.1 

0.0 

3.1 

3.2 

0.3 

0.1 

3.3 

3.4 

0.4 

0.2 

2.2 

—8 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

2.3 

1.2 

1.1 

0.0 

3.1 

3.2 

0.3 

0.1 

3.3 

—8 

3.2 

0.3 

0.1 

3.3 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

2.3 

1.2 

1.1 

0.0 

3.1 

—7 

1.2 

1.1 

0.0 

8.1 

8.2 

0.8 

0.1 

3.3 

3.4 

0.4 

0.2 

2.2 

2.4 

1.4 

1.3 

2.1 

2.3 

-8 

M 

1.3 

2.1 

2.3 

1.2 

1.1 

0.0 

8.1 

3.2 

0.3 

0.1 

3.3 

3.4 

0.4 

0.2 

2.2 

2.4 

I 


\ 

* 


3/f 


nod  1— Ai 


N.  a 

A  \ 

8 

7 

8 

5 

4 

8 

2 

1 

0 

—1 

-2 

-3 

—4 

—6 

HI 

—7 

—8 

8 

0.4 

0.3 

0.1 

8.8 

1.? 

1.1 

0.0 

8.1 

3.2 

1.8 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

7 

1.2 

1.1 

0.0 

8.1 

8.2 

1.3 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

0.1 

3.3 

8 

8.2 

1.8 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

0.1 

8.3 

1.2 

1.1 

0.0 

3.1 

S 

2.4 

1.4 

2.2 

0.2 

8.4 

0.4 

0.8 

0.1 

3.3 

1.3 

1.1 

0.0 

3.1 

3.2 

1.3 

2.1 

2.3 

4 

8.4 

0.4 

0.3 

0.1 

8.3 

1.2 

1.1 

0.0 

8.1 

3.2 

1.3 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3 

1  8.3 

1.2 

1.1 

0.0 

8.1 

8.2 

1.3 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

0.1 

2 

eh 

8.2 

1.3 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

0.1 

3.8 

1.2 

1.1 

0.0 

1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

0.1 

3.3 

1.2 

1.1 

0.0 

8.1 

8.2 

1.8 

2.1 

0.2 

3.4 

0.4 

0.8 

0.1 

3.3 

1.2 

1.1 

0.0 

3.1 

3.2 

1.3 

2.1 

2.3 

2.4 

1.4 

2.2 

—i 

0.1 

3.8 

1.2 

1.1 

0.0 

8.1 

8.2 

1.3 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

—2 

0.0 

3.1 

8.2 

1.8 

2.1 

2.8 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

0.1 

8.3 

1.2 

1.1 

-8 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

8.4 

0.4 

0.3 

0.1 

3.3 

1.2 

1.1 

0.0 

3.1 

3.2 

1.3 

—4 

2.2 

0.2 

8.4 

0.4 

0.3 

0.1 

3.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.3 

2.1 

2.3 

2.4 

1.4 

—5 

0.3 

0.1 

3.8 

1.2 

1.1 

0.0 

3.1 

8.2 

1.3 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

—6 

1.1 

0.0 

3.1 

8.2 

1.3 

2.1 

2.3 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

0.1 

3.3 

1.2 

—7 

1.3 

2.1 

2.8 

2.4 

1.4 

2.2 

0.2 

3.4 

0.4 

0.3 

0.1 

3.3 

1.2 

1.1 

0.0 

8.1 

3.2 

—8 

1.4 

2.2 

0.2 

8.4 

0.4 

0.8 

0.1 

8.3 

1.2 

1.1 

0.0 

3.1 

8.2 

1.3 

2.1 

2.8 

2.4 

— ■—  —  - »•  — ..  ■  i  - -  -- -  -  i  i  -  wmatti  iJ1Y#iVbC 


r-a 
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’continuation  of  table. 


mod  2+5  i 


BS 

14 

10 

12 

11 

10 

9 

8 

7 

8 

5 

4 

3 

2 

1 

0 

14 

0.7 

0.5 

0.3 

0.1 

3.3 

8.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.8 

0.4 

IS 

3.0 

1.2 

1.1 

0.0 

0.1 

8.2 

1.8 

1.5 

2.2 

2.4 

2.0 

3.7 

0.7 

0.5 

0.3 

12 

3.4 

1.4 

1.3 

2.1 

2.8 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.6 

1.2 

1.1 

11 

3.2 

1.0 

1.5 

2.2 

2.4 

2.8 

8.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

10 

2.S 

2.7 

1.7 

0.0 

0.4 

0.2 

8.5 

3.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

0 

2.0 

3.7 

0.7 

0.5 

0.8 

0.1 

8.3 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

8 

0.2 

8.5 

8.0 

1.2 

1.1 

0.0 

8.1 

8.2 

1.8 

1.5 

2  2 

2.4 

2.8 

3.7 

0.7 

r 

0.1 

3.3 

0.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

o!a 

0.4 

0.2 

3.6 

3.6 

« 

0.0 

8.1 

0.2 

1.8 

1.5 

2.2 

2.4 

2.8 

3.7 

0.7 

0.5 

0.3 

0.1 

S3 

3-4 

5 

2.1 

2.3 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.8 

1.2 

1.1 

0.0 

3.1 

3.2 

4 

2.2 

2.4 

2.0 

8.7 

0.7 

0.5 

0.8 

0.1 

33 

3.4 

1.4 

1.3 

2.1 

2.3 

25 

3 

0.0 

0.4 

0.2 

3.5 

8.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.8 

15 

2.2 

2.4 

2.6 

2 

0.5 

0.3 

0.1 

8.8 

8.4 

1.4 

1.8 

2.1 

2.3 

2.5 

2.7 

1.7 

0.6 

0.4 

0.2 

1 

1.2 

1.1 

0  0 

3.1 

8.2 

1.8 

1.6 

2.2 

2. 4 

2.0 

3.7 

0.7 

0.5 

0.3 

0.1 

0 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.8 

1.2 

1.1 

0.0 

—1 

1.0 

1.5 

2.2 

2.4 

2.0 

8.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

2.1 

—2 

2.7 

1.7 

0.8 

0.4 

0.2 

8.3 

8.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

2.2 

— 3 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

oi« 

— 4 

3.5 

3.8 

1.2 

1.1 

0.0 

8.1 

3.2 

1.8 

1.5 

2.2 

2.4 

2.6 

3.7 

0.7 

0.5 

—6 

3.3 

3.4 

1.4 

1.3 

2.1 

2.8 

2.5 

2.7 

1.7 

oie 

0.4 

0.2 

3.6 

3.8 

1.2 

— 4 

3.1 

3.2 

18 

1.5 

2.2 

2.4 

2.8 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

—7 

2.3 

2.5 

2  7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.8 

1.2 

1.1 

0.0 

3. 1 

3.2 

1.6 

— 8 

2.4 

2.8 

8  7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

I. » 

1.3 

2.1 

2.3 

2.5 

-» 

o.» 

0.2 

3  5 

3.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

2.2 

2.4 

2.6 

-10 

0.3 

0.1 

8  3 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.6 

0.4 

0.2 

3.5 

-11 

1.1 

0  0 

3  1 

8  2 

1.8 

1.5 

2.2 

2.4 

2.8 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

—12 

1.3 

2.1 

2  3 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.8 

1.2 

1.1 

0.0 

3.1 

-13 

IS 

2.2 

2  4 

2.0 

3.7 

0.7 

0.5 

0.3 

0  1 

3  3 

3.4 

1.4 

1.3 

2.1 

2.3 

-14 

1.7 

0.8 

0  4 

0.2 

3.5 

3.0 

1.2 

1.1 

0.0 

3.1 

3.2 

1.8 

1.5 

2.2 

2.4 

aaa 


Continuation  of  table. 

mod  2 — 5i 


\  B 

A 

-1 

-2 

-3 

—4 

-5 

— 6 

—7 

—8 

—9 

-10 

-11 

—12  —13 

—14 

14 

0.2 

3.5 

3.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

2.2 

2.4 

2.6 

3.7 

13 

0.1 

3.3 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

12 

0.0 

3.1 

3.2 

1.8 

1.5 

2.2 

2.4 

2.6 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

11 

2.1 

2.3 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.6 

1.2 

1.1 

0.0 

3.1 

10 

2.2 

2.4 

2.8 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

2.1 

2.3 

9 

0.8 

0.4 

0.2 

3.5 

3.6 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

2.2 

2.4 

8 

0.5 

0.3 

0.1 

8.3 

3.4 

1.4 

1^ 

2.1 

2.3 

2.5 

2.7 

1.7 

0.8 

0.4 

7 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

2.2 

2.4 

2.6 

3.7 

0.7 

0.5 

0.3 

0 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.6 

0.4 

0.2 

3.5 

3.8 

1.2 

1.1 

5 

1.0 

1.5 

2.2 

2.4 

2.6 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

4 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.6 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

3 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

2 

3.5 

3.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

2.2 

2.4 

2.8 

3.7 

0.7 

1 

3.3 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.6 

0.4 

0.2 

3.5 

3.6 

0 

8.1 

3.2 

1.8 

1.6 

2.2 

2.4 

2.6 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.1 

—1 

2.3 

2.6 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.6 

1.2 

1.1 

0.0 

3.1 

3.2 

—2 

2.4 

2.8 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

—3 

0.4 

0.2 

3.5 

8.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.3 

1.5 

2.2 

2.4 

2.8 

—4 

0.3 

0.1 

8.3 

8.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

—5 

1.1 

0.0 

3.1 

3.2 

1.8 

1.5 

2.2 

2.4 

2.6 

3.7 

0  7 

0.5 

0.3 

0.1 

— a 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.8 

1.2 

1.1 

0.0 

—7 

1.5 

2.2 

2.4 

2.8 

3.7 

0.7 

0.3 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

2.1 

—8 

1.7 

0.8 

0.4 

0.2 

3.5 

3.6 

1.2 

1.1 

0.0 

3.1 

3.2 

1.8 

1.5 

2  2 

—9 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

0.0 

-10 

3.8 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

1.5 

2  2 

2.4 

2.6 

3.7 

0.7 

0.5 

—11 

3.4 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

1.7 

5' 6 

0.4 

0.2 

3.6 

3  8 

1.2 

—12 

3.2 

1.8 

1.5 

2.2 

2.4 

2.6 

3.7 

0.7 

0.5 

0.3 

0.1 

3.3 

3.4 

1.4 

—13 

2.5 

2.7 

1.7 

0.8 

0.4 

0.2 

3.5 

3.6 

1.2 

1.1 

0.0 

3.1 

3.2 

1.6 

-14 

2.0 

3.7 

0.7 

0.5 

0.3 

0.1  3.3  3.4  ‘ 

mod  l+« 

1.4 

1.3 

2.1 

2.3 

2.5 

2.7 

\  B 

A  X, 

18 

17 

18 

15. 

14 

IS 

12 

11 

10  9 

8 

7 

6  6 

4 

« 

3  2 

1  0 

18 

17 

18 

15 

14 

13 

12 

11 

10 

9 

8 

7 

0.9 

0.8 

0.8 

2.3 

2.8 

2.9 

1.9 

1.8 

1.7  2.2 

2.5 

2.8 

1.6  1.5 

1.4 

2.1  2.4 

2.7  1.3 

0.8 

0.5 

0.2 

8.7 

8.8 

8.9 

0.9 

0.8 

0.3  2.8 

2.6 

2.9 

1.9  1.8 

1.7 

2.2  2.5 

28  1.6 

0.7 

0.4 

0.1 

8.4 

3.5 

3.8 

0.8 

0.5 

0.2  3.7 

3.8 

3.9 

0  9  0.8 

0.3 

2.3  2.0 

2.9  19 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1  3.4 

3.5 

3.0 

0.8  0.5 

0  2 

3.7  3  8 

3  9  0.9 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0  3.1 

3.2 

3.3 

0.7  0  4 

0.1 

3.4  3  5 

3.6  0.8 

1.8 

1.7 

2.2 

2.6 

2.8 

1.8 

1.5 

1.4 

2.1  2.4 

2.7 

1.3 

1.2  1.1 

0.0 

3.1  3.2 

3.3  0  7 

0.8 

0.3 

2.3 

2.8 

2.9 

1.9 

1.8 

1.7 

2.2  2.5 

2.8 

1.8 

1.5  1.4 

2.1 

2.4  2.7 

1.3  1.2 

0.6 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

0.3 

2.3  2.6 

2.9 

1.9 

1.8  1.7 

2.2 

2.5  28 

1.6  1.5 

0.4 

0.1 

3.4 

3.5 

8.8 

0.8 

0.6 

0.2 

3.7  3.8 

3.0 

0.9 

0.6  0.3 

2.3 

2.8  2.9 

1.9  18 

1.1 

0.0 

3.1 

3.2 

8.3 

0.7 

0.4 

0.1 

3.4  3.5 

3.6 

0.8 

0.5  0.2 

3.7 

3.8  3.9 

0.9  0.8 

1.4 

2.1 

2.4 

2.7 

1.8 

1.2 

1.1 

0.0 

3.1  3.2 

3.3 

0.7 

0-4  0.1 

8.4 

3.5  3  8 

0.8  0.5 

1.7 

2.2 

2.5 

2.8 

1.8 

1.5 

1.4 

2.1 

2.4  2.7 

1.3 

1.2 

1-1  0.0 

3.1 

3.2  3.3 

0.7  0.4 

g 

0.3 

2.3 

2.8 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5  2.8 

1.6 

1.5 

1-4  2.1 

2.4 

2.7  1.3 

1.2  1.1 

s 

0.2 

3.7 

3.8 

8.9 

0.9 

0.6 

0.3 

2.3 

2.6  2.9 

1.9 

1.8 

1-7  2.2 

2.6 

2.8  1.6 

1.5  1.4 

4 

0.1 

3.4 

3.5 

8.8 

0.8 

0.5 

0.2 

3.7 

3.8  3.9 

0.9 

0.6 

0-3  2.3 

2.6 

2.9  1.9 

1.8  1.7 

3 

0.0 

3.1 

3.2 

3.8 

0.7 

0.4 

0.1 

3.4 

3.3  3.6 

0.8 

0.5 

0.2  3.7 

3.8 

3.9  0.9 

0.6  0.3 

2 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2  3.3 

0.7 

0.4 

0-1  3.4 

3.5 

3.8  0.8 

0.5  0.2 

1 

2.2 

2.5 

2.8 

1.8 

1.5 

1.4 

2.1 

2.4 

2.7  1.3 

1.2 

1.1 

0°  3.1 

3.2 

3.3  0.7 

0.4  0.1 

0 

2.3 

2.8 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8  1.6 

1.5 

1.4 

2-1  2.4 

2.7 

1.3  1.2 

1.1  0.0 

_ 1 

3.7 

3.8 

8.9 

0.9 

0.8 

0.3 

2.3 

2.6 

2.9  1.9 

1.8 

1.7 

2-2  2.5 

2.8 

1.6  1.5 

1.4  2.1 

—2 

3.4 

3.5 

8.8 

0.8 

0.5 

0.2 

8.7 

3.8 

3.9  0.9 

0.6 

0.3 

2-3  2.6 

2.9 

1.9  1.8 

1.7  2.2 

—3 

3.1 

3.2 

8.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.8  0.8 

0.5 

0.2 

3-7  3.8 

8.9 

0.9  0.6 

0.3  2.3 

— 4 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

8.1 

8.2 

3.3  0.7 

0.4 

0.1 

3-4  3.5 

3.6 

0.8  0.5 

0.2  3.7 

—6 

2.5 

2.8 

1.8 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3  1.2 

1.1 

0.0 

3-1  3.2 

3.8 

0.7  0.4 

0.1  3.4 

—8 

2.8 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6  1.5 

1.4 

2.1 

24  2.7 

1.3 

1.2  1.1 

0  0  3.1 

—7 

3.3 

3.9 

0.9 

0.8 

0.3 

2.8 

2.8 

2.9 

1.9  1.8 

1.7 

2.2 

2  s  2.8 

1.6 

1.6  1.4 

2.1  2.4 

—8 

3.5 

3.8 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9  0.6 

0.3 

2.3 

2.6  2.9 

1.9 

1.8  1.7 

2.2  2.5 

— 9 

3.2 

3  3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.8 

0.8  0.6 

0.2 

3.7 

3-8  3.9 

0.9 

0.6  0.3 

2.3  2.8 

—10 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7  0  4 

0.1 

3  ; 

3-3  3,8 

0.8 

0.6  0.2 

3.7  3.8 

—  11 

2.8 

1.8 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2  11 

0.0 

3.1 

3-2  3.3 

0.7 

0.4  0.1 

3.4  3.5 

—12 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.8 

1.5  1.4 

2.1 

2.4 

2  t  1.3 

1.2 

1.1  0.0 

8.1  3  2 

—13 

3.9 

0.9 

0.8 

0.3 

2.3 

2.8 

2.9 

1.9 

1.8  1.7 

2.2 

2.5 

2.8  1.0 

15 

1.4  2.1 

2.4  2.7 

—14 

3.8 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.8  0.3 

2.3 

2.8 

2.9  1.9 

1.8 

1.7  2.2 

2.5  2.8 

—16 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.8 

0.8 

0  5  0.2 

3  7 

3.8 

3.9  0.9 

0.8 

0.3  2.3 

2.6  2.9 

—18 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4  0  1 

3.4 

3.5 

3  6  0.8 

0.5 

0.2  3.7 

3.8  3.9 

—17 

1.8 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1  00 

3.1 

3.2 

3.3  0  7 

0.4 

0.1  3.4 

3.5  3.6 

—18 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6 

1.5 

1.4  2.1 

2.4 

2.7 

1.3  1.2 

1.1 

0.0  3.1 

3.2  3.3 

3^3 


'continuation  of  table. 

mod  1  +  6* 


\  3 

A 

—1 

-2 

—3 

— 4 

—5 

—6 

—7 

—8 

—9 

—10 

-11 

—12 

—  13 

—14 

-15 

—16 

—17 

—18 

18 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.6 

08 

0.5 

0.2 

3.7 

3.8 

3.9 

17 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.6 

10 

1.8 

1.7 

2.2 

2.5 

2.8 

1.8 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

16 

0.6 

0.3 

2.3 

2.6 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.8 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

14 

0.6 

0.2 

3.7 

3.8 

3.9 

0.9 

0.8 

0.3 

2.3 

2.6 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6 

13 

0.4 

0.1 

3.4 

3.5 

3.6 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

0.3 

2.3 

2.6 

2.9 

1.9 

12 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.6 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

11 

1.4 

2.1 

24 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.6 

0.8 

10 

1.7 

22 

2.5 

2.8 

1.6 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

9 

0.3 

2.3 

2.6 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

8 

0.2 

3-7 

38 

3.9 

0.9 

0.6 

0.3 

2.3 

2.6 

2.9 

1.9 

1.3 

1.7 

2.2 

2.5 

2.8 

1.6 

1.5 

7 

0.1 

34 

35 

3.8 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

0.3 

2.3 

2.6 

2.9 

1.9 

1.8 

8 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.6 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

5 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.8 

0.8 

0.5 

4 

2.2 

2.5 

2.8 

1.8 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

3 

2.3 

2  6 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

2 

3.7 

38 

3.9 

0.9 

0.6 

0.3 

2.3 

2.6 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6 

1.5 

1.4 

*  1 

3.4 

3.5 

3.6 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

0.3 

2.3 

2.6 

2.9 

1.9 

1.8 

1.7 

0 

3.1 

3.2 

8.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.6 

0  8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

0.3 

—1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.6 

3.6 

0.8 

0.5 

0.2 

—2 

2.5 

2.8 

1.0 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

—3 

2.0 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.8 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

—4 

3.8 

3.9 

0.9 

0.6 

0.3 

2.3 

2.8 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.8 

1.5 

1.4 

2.1 

—6 

3.5 

3.6 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

0.3 

2.3 

2.6 

2.9 

1.9 

1.8 

1.7 

2.2 

— fl 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.6 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

0.3 

2.3 

—7 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.6 

0.8 

0.5 

0.2 

3.7 

—8 

2.8 

1.0 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

— 9 

2.8 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

— 10 

3.9 

0.9 

0.0 

0.3 

2.3 

2.8 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6 

1.5 

1.4 

2.1 

2.4 

-11 

3.0 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.8 

0.3 

2.3 

2.6 

2  9 

1.9 

1.8 

1.7 

2.2 

2.5 

-12 

3.3 

0.7 

0-4 

0.1 

3.4 

8.5 

3.6 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.8 

0.3 

2.3 

2.6 

-13 

1.8 

1.2 

1.1 

0.0 

8.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

3.8 

0.8 

0.5 

0.2 

3.7 

3.8 

—14 

1.0 

1.6 

i.« 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

0.7 

0.4 

0.1 

3.4 

3.5 

-16 

1.8 

1.8 

1.7 

2.2 

2.6 

2.8 

1.6 

1.5 

1.4 

2.1 

2.4 

2.7 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

—10 

0.9 

0.0 

0.8 

2.3 

2.6 

2.9 

1.9 

1.8 

1.7 

2.2 

2.5 

2.8 

1.6 

1.5 

1.4 

2.1 

2.4 

2.7 

—17 

0.8 

0.5 

0.2 

3.7 

3.8 

3.9 

0.9 

0.6 

0.3 

2.3' 

2.6 

n  9 

1.9 

1.8 

1.7 

O  V 

15 

2  * 

—18 

07 

0.4 

0.1 

3.4 

3.5 

3  8 

0  8 

0  5 

0.2 

3.7 

3  3 

3  9 

0.9 

0.4 

JUi— 

JLim 

. 

mod  1 — 6i 


un  n  mi 


‘OC-ltCt. 


cntinuation  of  table. 


18 

1.6 

1.4 

2.1 

2.4 

2.8 

2.8 

1.7 

1.8 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

17 

1.7 

1.6 

2.2 

2.5 

2.7 

2.9 

1.9 

1.6 

2.8 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.6 

3.7 

16 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.6 

3.7 

0.8 

0.6 

0.4 

0.1 

3.4 

3.5 

15 

0.9 

0.7 

0.5 

0.2 

3.6 

3.7 

0.8 

0.6 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

14 

0.8 

0.8 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

2.6 

13 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

2.6 

2.8 

1.7 

1.6 

2.2 

2.6 

2.7 

12 

3.3 

1.5 

1.4 

2.1 

2.4 

2.8 

2.8 

1.7 

1.6 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

11 

2.8 

1.7 

1.8 

2.2 

2.5 

2.7 

3.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.6 

10 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.6 

3.7 

0.8 

0.6 

0.4 

0.1 

3.4 

9 

3.9 

0.9 

0.7 

0.5 

0.2 

3.6 

3.7 

0.8 

0.6 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

8 

3.7 

0.8 

0.6 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

7 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

2.6 

2.8 

1.7 

1.6 

2.2 

2.5 

6 

3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

2.8 

2.8 

1.7 

1-6 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2^3 

0.3 

5 

2.8 

2.3 

1.7 

1.8 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

4 

2.7 

2.0 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.6 

3.7 

0.8 

0.6 

0.4 

0.1 

3 

3.8 

3.0 

0.9 

0.7 

0.5 

0.2 

3.8 

3.7 

0.8 

0.6 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

2 

3.6 

3.7 

0.8 

0.8 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

i.l 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

2.1 

1 

3.4* 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

2.3 

1.5 

1.4 

2.1 

2.4 

2.8 

2.8 

1.7 

1.6 

2.2 

0 

3.1 

3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

2.8 

3.8 

1.7 

1.6 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2.3 

—1 

2.4 

2.6 

2.8 

1.7 

1.8 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2^3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

_ 2 

2.5 

2.7 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0. 5 

0.2 

3.8 

3.7 

0.8 

0.6 

0.4 

—3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.6 

0.2 

3.6 

3.7 

0.8 

0.6 

0.4 

0.1 

3.4 

3.6 

1.3 

1.2 

1.1 

—4 

0.2 

3.8 

3.7 

0.8 

0.8 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

—5 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

2.6 

2.8 

1.7 

1.6 

—6 

0.0 

3.1 

3.2 

33 

1.5 

1.4 

2.1 

2.4 

2.6 

2.8 

1.7 

1.6 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

—7 

2.1 

2.4 

2.8 

2.8 

1.7 

1.8 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

—8 

2.2 

2.6 

2.7 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.8 

3.7 

0.8 

0.6 

—9 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.6 

3.7 

0.8 

0.8 

0.4 

0.1 

3.4 

3.6 

1.3 

1.2 

—10 

0.5 

0.2 

3.8 

8.7 

o.a 

0.6 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

-11 

0.4 

0.1 

8.4 

8.6 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

2.6 

2.8 

1.7 

-12 

1.1 

0.0 

3.1 

8.2 

8.3 

1.6 

1.4 

2.1 

2.4 

2.6 

2.8 

1.7 

1.6 

2.2 

2.5 

2.7 

2.9 

1.3 

-13 

1.4 

2.1 

2.4 

2.6 

2.8 

1.7 

1.6 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

—14 

1.8 

2.2 

2.5 

2.7 

2.9 

1.9 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.8 

3.7 

0.3 

—15 

1.8 

2.3 

0.3 

3.8 

3.9 

0.9 

0.7 

0.5 

0.2 

3.6 

3.7 

0.8 

0.8 

0.4 

0.1 

3.4 

3.5 

1.3 

—16 

0.7 

0.5 

0.2 

8.8 

3.7 

0.8 

0.8 

0.4 

0.1 

•3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

—17 

0.8 

0.4 

0.1 

3.4 

3.5 

1.3 

1.2 

1.1 

0.0 

3.1 

.3.2 

3.3 

1.5 

1.4 

2.1 

2.4 

2.6 

2.H 

—  18 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

1.5 

1.4 

2. 1 

2.4 

2  <5 

2.8 

1.7 

1.6 

2. 2 

2.5 

2.7 

2.  '< 

mod  4+6i 


20  0.4  1.7  1.6  1.8  2.1  2.6  2.8  2.10  0.7  0.3  3.10  1.9  1.8  2.2  2.8  2.9  0.9  0.6  0.2  3.8  3.9 

19  0.3  3.10  1.9  1.8  2.2  2.6  2.9  0.9  0.6  0.2  3  8  3.9  1.10  2.3  2.7  0.10  0.8  0.6  0.1  3.5  3.6 

18  0.2  8.8  8.9  1.10  2.3  2.7  0.10  0.8  0.5  0.1  3.5  3.6  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2 

17  0.1  3.5  8.8  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3  1  3.2  3.3  3.4  0.4  1.7  1.6  1.5  2.1  2.5  2.8 

10  0.0  8.1  3.2  8.3  3.4  0.4  1.7  1.6  1.5  2.1  2.5  2.8  2.10  0.7  0.3  3.10  1.9  1  8  2.2  2.6  2.9 

15  2.1  2.5  2.8  2.10  0.7  0.3  3.10  1.9  1.8  2.2  2.6  2.9  0.9  0.6  0.2  3.8  3.9  1.10  2.3  2.7  0.10 

14  2.2  2.6  2.9  0.9  0.8  0.2  3.8  3.9  1.10  2.3  2.7  0.10  0.8  0.5  0.1  3.5  3.6  3.7  2.4  1.4  1.3 

13  2.3  2.7  0.10  0.8  0.5  0.1  8.6  3.8  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2  3.3  3.4  0.4  1.7 

12  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2  3.3  3.4  0.4  1.7  1.6  1.5  2.1  2.5  2.8  2.10  0.7  0.3  3.10 

11  3  4  0.4  1.7  1.8  1.5  2.1  2.5  2.8  2.10  0.7  0.3  3.10  1.9  1.8  2.2  2.6  2.9  0.9  0.6  0.2  3.8 

10  0.7  0.3  8.10  1.9  1.8  2.2  2.6  2.9  0.9  0.6  0.2  3.8  3.9  1.10  2.3  2.7  0.10  0.8  0.5  0.1  3.5 

9  0.6  0.2  3.8  3.9  1.10  2.3  2.7  0.10  0.8  0.5  0.1  3.5  3.8  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1 

8  0.5  0.1  3.5  3.8  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2  3.3  3.4  0.4  1.7  1.8  1.5  2.1  2.5 

7  1.1  0.0  3.1  3.2  3.3  3.4  0.4  1.7  1.6  1.5  2.1  2,5  2.8  2.10  0.7  0.3  3.10  1.9  1.8  2.2  2.6 

0  1.5  2.1  2.5  2.8  2.10  0.7  0.3  3.10  1.9  1.8  2.2  2.6  2.9  0.9  0.6  0.2  3.8  3.9  1.10  2.3  2.7 

5  1.8  2.2  2.8  2.9  0.9  0.6  0.2  3.8  3.9  1.10  2.3  2.7  O.1O0.8  0.5  0.1  3.5  3.8  3.7  2.4  1.4 

4  1.10  2.3  2.7  0.10  0.8  0.5  0.1  3.5  3.6  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2  3.3  3.4  0.4 

3  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2  3.3  3.4  0.4  1.7  1.6  1.5  2.1  2.5  2.8  2.10  0.7  0.3 

2  3.3  3.4  0.4  1.7  1.8  1.5  2.1  2.5  2.8  2.10  0.7  0.3  3. 10  1.9  1.8  2.2  2.6  2.9  0.9  0.6  0.2 

1  2.10  0.7  0.3  3.10  1.9  1.8  2.2  2.6  2.9  0.9  0.8  0.2  3.8  3.9  1,10  2.3  2.7  O.lO  0.8  0.5  0.1 

0  0.9  0.6  0.2  3.8  3.9  1.10  2.3  2.7  0.10  0.8  0.5  0.1  3.5  3.6  3.7  2.4  1.4  1.3  1.2  1.1  0.0 

_1  0.8  0.5  0.1  3  5  3.6  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2  3.3  3.4  0.4  1.7  1.6  1.5  2.1 

—2  1-2  1.1  0.0  3.1  3.2  3.3  3.4  0.4  1.7  1.6  1.5  2.1  2.5  2.8  2.10  0.7  0.8  3.10  1.9  1.8  2.2 

—3  1.6  1.5  2.1  2.5  2.8  2.10  0.7  0.3  3.10  1.9  1.8  2.2  2.6  2.9  0.9  0.6  0.2  3.8  3.9  1.10  2.3 

—  t  1.9  1.8  2.2  2.8  2.9  0.9  0.6  0.2  3.8  3.9  1,10  2.3  2.7  0.10  0.8  0.5  0.1  3.5  3.8  3.7  2.4 

—5  3.9  1.10  2.3  2.7  0.10  0.8  0.5  0.1  3.5  3.8  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2  8.3  3.4 

— 0  8.8  3.7  2.4  1.4  1.3  1.2  1.1  0.0  3.1  3.2  3.3  3.4  0.4  1.7  1.6  1.5  2.1  2.5  2.8  2.10  0.7 

—7  3.2  3.3  3.4  0.4  1.7  1.0  1.5  2.1  2.5  2.8  2.10  0.7  0.3  3.10  1.9  1.8  2.2  2.5  2.9  0.9  0.6 

—8  2.8  2.10  0.7  0.3  8.10  1.9  1.8  2.2  2.8  2.9  0.9  0.8  0.2  3.8  3.9  1.10  2,3  2.7  0.10  0.8  0.5 


'continuation  of  table 
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mod  4  -r  5 i 


20 

19 

18 

17 

16 

15 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 

—9 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10  2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

—10 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

8.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

—11 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.7 

0.3 

3.10 

1.9 

1.8 

—12 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.7 

0.3 

3.10 

1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

—18 

3.10  1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

—14 

8.8 

3.9 

1.10  2.3 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

—15 

8.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

—1# 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.10 

1.9 

1.8 

2.2 

2.6 

2.9 

0  9 

—17 

2.5 

2.8 

2.10  0.7 

0.3 

3.10  1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10  2.3 

2.7 

0.10 

0.* 

—18 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10  2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

—19 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.8 

-20 

1.4 

13 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.7 

0.3 

3.10 

1.9 

mod  4  +  5i 


—l 

—2 

—3 

—4 

—5 

-6 

—7 

—8 

—9 

-10 

—11 

—12 

—13 

—14 

—15 

—16 

-17 

—18 

—19 

—20 

20 

1.10  2.3 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

19 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.7 

18 

3.3 

3.4 

0.4 

1.7 

1.6 

1.6 

2.1 

2.5 

2.8 

2.10  0.7 

0.3 

3.10 

1.9 

1.8 

2.2 

2.6 

2.9 

0  9 

O.b 

17 

2.10  0.7 

0.3 

3.10  1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10  OH 

0.5 

16 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10  2.3 

2.7 

0.10  0.8 

0.5 

O.l 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

15 

0.8 

0.5 

0.1 

3.5 

3.6 

8.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

14 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.10 

1.9 

1.8 

13 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.7 

0.3 

3.10 

1.9 

1.8 

0  P 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1  10 

12 

1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

3.6 

3.6 

3.7 

11 

3.9 

1.10  2.3 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

i.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

10 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3*. 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

9 

|  3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.10 

1.9 

18 

2.2 

2.6 

2.9 

0  9 

Continuation 

Of 

table . 

mod 

4  +  5i 

—1 

-2 

—3 

—4 

—5 

-« 

—7 

—8 

—9 

-  k. 

—10 

—11 

—12 

—13 

—14 

—15 

—16 

—17 

—18 

-19 

—20 

8 

2.8 

2.10  0.7 

0.3 

3.10 

1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10  0.8 

7 

2.9 

0  9 

0.8 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

6 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

5 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.10 

1.9 

4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.10 

1.9 

1.8 

2  2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

3 

3.10 

1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

2 

3.8 

3.9 

1.10  2.3 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.8 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

1 

36 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

0 

3.1 

3  2 

3.8 

3.4 

0.4 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.10  1.9 

1.8 

2.2 

2.6 

2.9 

—1 

2.5 

2.8 

2.10  0.7 

0.3 

8.10 

1.9 

1.8 

2.2 

2.8 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10  2.3 

2.7 

0.10 

—2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

3.5 

3.8 

3.7 

2.4 

1.4 

1.3 

—3 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

—4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.7 

0.3 

3.10 

—5 

0.4 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.10 

1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

— 6 

0  3 

3.10 

1.9 

1.8 

2.2 

2.8 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

O.lO  0.8 

0.5 

0.1 

3.5 

—7 

0.2 

3.8 

3.9 

1.10  2.3 

2.7 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

—8 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1 . 7 

1.6 

1.5 

2.1 

2.5 

—9 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.1° 

1.9 

1.8 

2.2 

2.6 

—10 

2.1 

2.5 

2.8 

2.10  0.7 

0.3 

3.10  1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10  2.3 

2.7 

—11 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10  2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

—12 

2.3 

2.7 

0.10  0  8 

0.5 

0.1 

3.5 

3.8 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

—13 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3  4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

—14 

3.4 

0.4 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.7 

0.3 

3.10 

1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.9 

0.2 

—15 

0.7 

0.3 

3.10 

1.9 

1.8 

2.2 

2.6 

2.9 

0  9 

0  6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

-16 

0  8 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

-17 

0.5 

0.1 

3.5 

3.6 

3.7 

2.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

-18 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

0.4 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.7 

0.3 

3.10 

1.9 

1.8 

2.2 

—19 

1.5 

2.1 

2.6 

2.8 

2.10  0.7 

0.3 

3.10 

1  1.9 

1.8 

2.2 

2.6 

2.9 

0.9 

0.8 

0.2 

3.8 

3.9 

1.10 

2.3 

-20 

1.8 

2.2 

2.6 

2.9 

0.9 

0.6 

0.2 

3.8 

3.9 

1.10 

2.3 

2.7 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6. 

,  3.7 

2.4 

mod  4—5 i 


3MT 


\  B  1 

A 

20 

19 

18 

17 

18 

16 

14 

18 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

20 

1.4 

1.3 

1.2 

1.1 

0.0 

8.1 

3.2 

3.3 

3.4 

2.4 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10 

2.3 

2.7 

19 

3.10  1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10 

18 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10  1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

1.4 

1.3 

IT 

3.5 

3.8 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10 

1.7 

16 

8.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.6 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

16 

2.5 

2.8 

2.10  0.4 

1.4 

1.8 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

14 

2.8 

2.9 

0.7 

0.3 

3.10  1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

13 

2.7 

0.9 

0.8 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10  1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

12 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

8.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

11 

1.8 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10 

2.3 

2.7 

0.9 

10 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

1.4 

1.3 

1.2 

i.i 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10 

0.8 

9 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10  1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

8 

3.8 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

7 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10 

2.3 

2.7 

0.9 

0.8 

0.2 

3.8 

6.9 

1.9 

S 

2.8 

2.10 

0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

5 

2.9 

0.7 

0.3 

3.10  1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

4 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10  1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

3 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.8 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

2 

1.2 

1.1 

0.0 

3.1 

8.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

1 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10 

0.8 

O.o 

0 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10  1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

i.i 

—1 

3.7 

1.10 

2.3 

2.7 

0.9 

0.8 

0.2 

3.8 

3.9 

1.9 

1.8 

*> 

2.6 

2.9 

0.7 

0.3 

310 

1.7 

1.8 

1.5 

—2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10 

2.3 

2.7 

0.9 

0.8 

0.2 

3.8 

3.9 

1.9 

1.8 

-3 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10 

—4 

0.7 

0.3 

8.10  1.7 

1.6 

1.6 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

—5 

0.8 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

—6 

0.5 

0.1 

3.5 

8.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

-7 

1.1 

0.0 

8.1 

8.2 

8.3 

8.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

-8  1 

1.5 

2.1 

2.6 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

o.o- 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10 

0.8 

0.5 

0.1 

Continuation  of  table.' 


\  B 
A 

20 

19 

18 

17 

16 

IS 

14 

18 

12 

11 

10 

9 

8 

7 

8 

5 

4 

3 

2 

1 

—9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2. 10 

0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

—10 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2. 1 

—11 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.8 

3.7 

1.10 

2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

—12 

0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10 

2.3 

—13 

0.3 

3.10 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.1 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

—14 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

1.4 

—15 

0.1 

3.6 

3.8 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

—18 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10 

2.3 

2.7 

0.9 

0.8 

0.2 

3.8 

—17 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10 

0.8 

0.5 

0.1 

3.5 

—18 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.1 

1.4 

1.3 

1.2 

1.1 

0.0 

3,1 

—19 

2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

2.5 

-20 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.9 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

mod  4— 5i 


><! 

0 

l 

— 1 

-2 

—8 

—4 

-5 

-6 

—7 

—8 

«— 0 

—10 

-11  • 

-12 

—13 

—14 

—15 

-16 

—17 

—18 

—19 

—20 

20 

0.9 

0.8 

0.2 

8.8 

?.9 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.6 

2.1 

2.5 

2.8 

2.10  0.4 

19 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

18 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

17 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

18 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10  1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

16 

3.7 

1.10  2.3 

2.7 

0.9 

O.fl 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

14 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.8 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

13 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.8 

3.7 

1.10  2.3 

12 

0.7 

0.3 

3.10  1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

11 

0.6 

0.2 

8.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2. 

2.5 

2.8 

2.10  0.4 

1.4 

10 

0.5 

0.1 

3.5 

3.6 

3.7 

1. 10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2./- 

2.6 

2.9 

0.7 

0.8 

3.10 

9 

1.1 

0.0 

3.1 

8.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.8 

3.7 

1.10 

2.3 

2.7 

Q.9 

0.6 

0.2 

3.8 

Continuation  of  table 


3*9 


mod  4— 5£ 


\  B 

A 

0  —1 

-2 

— 3 

-4 

-5 

—7 

—8 

-9  - 

-10  —11  —12 

—13 

—14 

-15 

—16 

-17 

—18 

—19 

—20 

1 

8 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

7 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

6 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

2.5 

5 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

0.8 

3.9 

1.9 

1.8 

2.2 

2.8 

4 

0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

MO  2.3 

2.7 

3 

0.3 

3.10 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10 

2 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

1.4 

1.3 

1 

0.1 

3.5 

3.8 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.8 

2.9 

0,7 

0.3 

3.10 

1.7 

0 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

—1 

2.1 

2.6 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0-10  Q.8 

0.5 

0.1 

3.5 

3.6 

—2 

2.2 

2.8 

2.9 

0.7 

0.3 

3.10  1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

—3 

2.3 

2.7 

0.9 

0.8 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0-3 

3.l0 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

—4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2-9 

—5 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1-10  2.3 

2.7 

0.9 

—6 

3.10 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

—7 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

—8 

3.5 

3.8 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1-9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

—9 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.8 

0.2 

3.8 

3.9 

1.9 

—10 

2.5 

2.8 

2.10  o.4 

1-4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10 

0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

—11 

2.6 

2.9 

0.7 

0.3 

3.10 

i  1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

-12 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.8 

2.9 

0.7 

0.3 

3-10 

l  1.7 

1.6 

1.5 

2.1 

2.6 

2.8 

2.10 

-13 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.8 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

—14 

1.3 

1.2 

1.1 

0.0 

31 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.8 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

—15 

1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

—18 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10  1.7 

1.8 

1.5 

2.1 

2.5 

2.8 

2.10 

0.4 

1.4 

1.3 

1.2 

1.1 

-17 

3.6 

3.7 

1.10  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

2.2 

2.6 

2.9 

0.7 

0.3 

3.10 

1.7 

1.6 

1.5 

—18 

3.2 

3.3 

3.4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.8 

3.7 

1.10 

1  2.3 

2.7 

0.9 

0.6 

0.2 

3.8 

3.9 

1.9 

1.8 

-19 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3.3 

3,4 

2.4 

0.10  0.8 

0.5 

0.1 

3.5 

3.6 

3.7 

1.10 

—20 

2.9 

0.7 

0.3 

3.10  1.7 

1.6 

1.5 

2.1 

2.6 

2.8 

2.10  0.4 

1.4 

1.3 

1.2 

1.1 

0.0 

3.1 

3.2 

3  3 

3.4 

\TTACHMENT  2 


DECODING  TABLES 


at  c*rf*  comho 
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Continuation  of  table. 


8 

1.2 

0.4 

2.6 

3.3 

0.0 

3.4 

1.3 

0.6 

2.4 

3.2 

3.3 

1.1 

0.1 

2.3 

2.5 

3.1  3.5 

9 

3.2 

1.5 

1.1 

0.5 

0.3 

2.1 

3.1 

3.6 

1.2 

0.4 

2.6 

3.3 

1.4 

0.0 

1.3 

0.6  2.4 

10 

2.5 

2.6 

3.5 

1.4 

0.4 

0.2 

2.2 

2.4 

3.2 

1.5 

1.1 

0.5 

0.3 

1.6 

2.1 

3.6  1.2 

11 

1.5 

0.8 

0.5 

3.2 

1.6 

1.1 

0.1 

1.2 

2.5 

2.6 

3.6 

1.4 

0.4 

0.2 

3.3 

2.2  3.4 

J2  j 

3.1 

3.5 

1.2 

0.4 

2.6 

3.3 

2.2 

0.0 

1.5 

0.6 

0.5 

3.2 

1.6 

1.1 

0.1 

0  3  2.3 

13 

1.3 

2.4 

3.2 

1.5 

1.1 

0.1 

0.3 

2.3 

2.1 

3.5 

1.2 

0.4 

2.8 

3.3 

1.4 

0.0  0.2 

14 

0.1 

3.8 

2.5 

2.6 

3.3 

1.4 

0.0 

0.2 

1.3 

2.2 

3.2 

0.8 

l.l 

0.5 

0.3 

1.8  2.1 

15 

2.2 

0.0 

3.4 

1.1 

0.5 

0.3 

1.8 

2.1 

0.1 

3.6 

2.3 

2.6 

3.5 

1.4 

0.4 

0.2  3.3 

16 

0.3 

2.3 

2.5 

3.1 

1.4 

0.4 

0.2 

3.3 

2.2 

0.0 

3.4 

1.3 

0.5 

3.2 

1.8 

1.1  0.1 

< 

1  —  u> 

1  17  1 

«■ 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15  16 

I 

0 

0.0 

1.7 

0.3 

1.5 

0.7 

2.5 

3.2 

2.2 

3.3 

1.3 

0.2 

1.2 

0.5 

2.7 

3.5 

2.3  3.7 

i 

3.3 

2.1 

0.2 

1.1 

0.5 

0.6 

3.5 

2.6 

3.7 

3.1 

1.6 

0.1 

1.4 

0.4 

1.5 

0.7  2.4 

2  ! 

2.5 

3.1 

2.2 

0.1 

1.3 

0.4 

1.2 

0.7 

2.7 

3.4 

2.3 

3.6 

0.0 

1.7 

0.3 

0.5  2.6 

3  1 

2.7 

3.5 

2.3 

3.7 

0.0 

1.6 

0.3 

1.4 

0.6 

1.5 

3.2 

2.4 

3.3 

2.1 

0.2 

1.2  0.4 

4  I 

0.3 

1.5 

0.7 

2.4 

3.4 

2.1 

3.6 

1.1 

1.7 

1.2 

0.5 

2.6 

2.5 

3.1 

1.6 

0.1  1.4 

5  ; 

1.7 

1.1 

0.5 

0.8 

2.5 

3.2 

2.2 

3.3 

1.3 

0.2 

1.4 

0.4 

2.7 

3.4 

2.3 

3.6  0.0 

6 

2.1 

0.2 

1.3 

0.4 

1.2 

3.5 

2.8 

3.7 

3.1 

1.6 

0.1 

1.7 

0.8 

1.5 

3.2 

2.4  3.3 

7 

3.1 

2.2 

0.1 

1.8 

0.3 

1.4 

0.7 

2.7 

3.4 

2.3 

3.6 

1.1 

0.2 

1.2 

0.5 

2.6  2.5 

8 

3.5 

2.3 

3.7 

0.0 

3.6 

1.1 

1.7 

0.6 

1.5 

3.2 

2.2 

3.3 

1.3 

0.1 

1.4 

0.4  2.7 

9 

1.5 

0.7 

2.4 

3.4 

2.1 

3.3 

1.3 

0.2 

1.2 

3.5 

2.6 

3.7 

3.1 

1.6 

0.0 

1.7  0.3 

10 

1.1 

0.5 

0.8 

2.5 

3.2 

2.2 

3.1 

1.8 

0.3 

1.4 

0.7 

2.7 

3.4 

2.3 

3.6 

2.i  0.2 

11 

0.1 

1.3 

0.4 

1.2 

3.5 

2.8 

3.7 

2.1 

3.6 

1.1 

1.7 

0.6 

1.5 

3.2 

2.4 

3.3  2.2 

12 

3.7 

0.0 

1.8 

0.3 

1.4 

0.7 

2.4 

3.4 

2.2 

3.3 

1.3 

0.2 

1.2 

0.5 

2.6 

2.5  3.1 

13 

2.3 

3.4 

2.1 

3.8 

1.1 

0.5 

0.8 

2.5 

3.2 

3.7 

3.1 

1.6 

0.1 

1.4 

0.4 

2.7  3.5 

14 

0.7 

2.4 

3.2 

2.2 

0.1 

1.3 

0.4 

1.2 

3.5 

2.6 

3.4 

2.3 

3.8 

0.0 

1.7 

0.3  1.5 

15 

0.5 

0.8 

2.5 

2.3 

3.7 

0.0 

1.8 

0.3 

1.4 

0.7 

2.7 

3.2 

2.4 

3.3 

2.1 

0.2  l.l 

16 

1.3 

0.4 

2.7 

3.5 

2.4 

3.4 

2-1 

3.6 

1.1 

1.7 

0.8 

1.5 

2.6 

2.5 

3.1 

2.2  01 

<T  1  -»  IT, 

4- 

2-51 

1  0 

l 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15  16 

o 

0.0 

0.3 

1.7 

1.6 

3.3 

2.8 

2.1 

1.1 

0.7 

2.7 

3.1 

0.1 

0.6 

1.3 

3.6 

3.7  2.3 

1 

|  2.8 

2.1 

1.1 

0.7 

2.7 

3.1 

0.2 

2.2 

1.3 

3.6 

3.7 

2.3 

0.0 

0.5 

1.5 

3.4  3.5 

*> 

3.3 

0.2 

2.2 

1.3 

3.8 

3.7 

2.3 

0.1 

0.6 

1.5 

3.4 

3.5 

2.4 

2.1 

1.2 

1.7  1.6 

3 

2.7 

3.1 

0.1 

0.8 

1.5 

3.4 

3.5 

2.4 

0.0 

0.5 

1.7 

3.2 

3.3 

0.4 

2.2 

1.3  0.' 

4 

1  3.6 

3.7 

2.3 

0.0 

0.6 

1.7 

3.2 

3.3 

0.4 

2.1 

1.2 

0.7 

2.5 

3.1 

0.1 

0.6  ;  .5 

5 

1  1.7 

3.4 

3.5 

2.4 

2.1 

1.2 

0.7 

0.4 

3.1 

0.3 

oo 

1.4 

3.8 

3.7 

2.3 

0.0  0.5 

0 

1.2 

0.7 

3.2 

3.3 

0.4 

2.2 

1.4 

3.8 

2.6 

2.3 

i.i 

0.8 

1.5 

3.4 

3.5 

2.4  2.1 

7 

1  2.2 

1.4 

3.8 

2.5 

3.1 

0.3 

0.8 

1.6 

3.4 

0.2 

2.4 

2.1 

0.5 

1.7 

3.2 

3.3  il.4 

8 

0.3 

0.6 

1.8 

3.4 

2.6 

2.3 

1.1 

0.5 

2.7 

3.2 

3.3 

0.4 

2.2 

1.2 

0.7 

2.5  3.1 

9 

2.3 

1.1 

0.5 

2.7 

3.2 

0.2 

2.4 

1.3 

1.2 

0.7 

2.5 

3.1 

0.3 

0.6 

1.4 

3.6  2.6 

10 

0.2 

2.4 

1.3 

1.2 

3.7 

2.5 

0.1 

0.4 

2.2 

1.4 

3.6 

2.6 

2.3 

1.1 

0.5 

16  3.4 

11 
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